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Abstract: A multi-partite entanglement measure is constructed via the distance or angle of the pure state to its nearest unentangled state.

The extention to mixed states is made via the convex-hull construction, as is done in the case of entanglement of formation. This geometric measure
is shown to be a monotone. It can be calculated for various states, including arbitrary two-qubit states, generalized Werner and isotropic states in
bi-partite systems. It is also calculated for various multi-partite pure and mixed states, including ground states of some physical models and states
generated from quantum alogrithms, such as Grover's. A specific application to a spin model with quantum phase transistions will be presented in
detail. The connection of the geometric measure to other entanglement properties will aso be discussed.
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What is Entanglement?

¥
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{EPR, Schrodinger, ...}

Philosophical
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What is Entanglement?

{EPR, Schrodinger, ...} {Bell, Bohm,GHZ....}

Philosophical =
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What is Entanglement?

(S

{EPR, Schrodinger. ...} {Bell, Bohm, GHZ....} {Akert, Bennett, Shor,...}

Philosophical _— Useful
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Entangled vs separable

2 A pure state is separable (unentangled) if it can be written
as a product state |¢> ZI‘pA)@‘?B)@‘@C)...
Eg. |HV)=|H)®|F)

)T+ 1) +[44) =(T)+ () V)
a A state is entangled iff it is not separable

@)= —=(|00)11)

1

1_(jor)Jon))

Eg
N2

)=

(Gtiz) = =000+ 111)). [} = —=([001) + 010) - 100)}









Mixed entangled states

2 A mixed state is separable if it can be written as
a mixture of separable pure states

p=nof) ot 0]of) (af|o

1 1
Eg. E|00)(00|+E|11)(11|

a A mixed entangled state has no such decomposition
Permges * 2. 21|01 | @0 ) (@ |®|of ) @ |©--
)

Eg. p=r|¥ ) (¥ |+1-r)[00)(00)

—— ks )s%(|01)+\01))









A toy model

a Two spins with antiferromagnetic interaction:

H=J5'-G'. withJ >0 (@ . e

>Eigenstates: [T1), [3), (|T9)+[¥1))ivz, ([T4)-[¥T))/V2
>Eigenvalues: J.J,J,-3J

> The density matrix is a Werner state

Ze_ﬂg |n){n| ——Im+r“P_>(‘P_‘

r=(e w_gw (@ +37)
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A toy model

a Two spins with antiferromagnetic interaction:

Pirsa: 07010012

H=J5'6" wihs>0 (@ @@ "™

>Eigenstates: |T1), [34), (]T¢>+|¢T )!J_ (|T¢}—|‘LT});J§
>Eigenvalues: J,J,J,-3J
> The density matrix is a Werner state

Ze“” “|n)(n ——I4x4+r\‘f’“)(‘l"\ 3 When is this

entangled?
r—(e 3“” —e MW" 13"
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Properties of Werner state

grmw(r)zr‘q’_)(?_‘+(l—r*)] /4

a Peres’ positive partial transpose (PPT) criterion:
Werner state is entangled whenr >1/3

aVia Horodeckis' results:
Werner state violates Bell-CHSH if » > 1/ \E ~ 0.707

aWerner '89: if r <1/2. the state can be
described by a LHV theory;
Doherty and Terhal '02 further pushed to r <2/3

__ Entangled
1 1 1 2 1 i
3 - aaaa—— T L S
0000000000000 S —

LHV ? T Violates B&FY —
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Entanglement of distillation

[Bennett et al. '96]

7 pairs of | y/)
| .
khalves of | :  wmep  k halves of
Bell states i < : > | | iy Bell states
— bl

[ Only local operations and classical communication are allowed |

2E,(w) EE’E(H n) (idea also applies to mixed states)

)™ B Forpure state ¥, K, (w)=S, (77, |v) w])

where S, is the von Neumann entropy

28 S, (p)=-Trplog p
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Entanglement cost

Dilution process (reverse of distillation): ~ [Pennettetal S7]

—  pairsof | @& —_—
nhalves. © | pme| M : n halves

of ly Hé | ‘_} of |»

[ Only local operations and classical communication are allowed |

Q E.(y)= lim(k/n)  (idea also applies to mixed states)
For bipartite pure states,

E.=E,=S,(Tr.|y){w|)

oA\ =» dilution and distillation are reversible!
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Entanglement cost

Dilution process (reverse of distillation): ~ [Pennettetal S7]

kpaquof (I)’“ —}
nhalves™ I | / n halves

of | {_ —: ° of v

[ Only local operatlons and classmal cornmumcatmn are allowed |

Q E, (;y)s%i_ﬂ(ki n) (idea also applies to mixed states)
For bipartite pure states,

E.=E,=S,(Tr.|y¥){w])

= dilution and distillation are reversible!
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Entanglement of formation

aBennett et al. [ 96] constructed an average quantity
for mixed states:

Ex(p)=min > pE(y;) with o=, plw:) (W]

aWootters [ 98]: an analytical formula of E¢
for arbitrary two-qubit states
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Entanglement of formation

aBennett et al. [ 96] constructed an average quantity
for mixed states:

Ex(p)=min ) pE.(v;) withp=) pi|v.)(v,

aWootters [98]: an analytical formula of E,
for arbitrary two-qubit states

2 Other bi-partite states in higher dimensions (dxd)
that allow analytical formulas:

@ Generalized Werner states: [Vollbrecht & Werner '01]

@ Isotropic states: [Terhal & Vollbrecht '00]
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Difficulties of extension to multi-parties

aNo asymptotic reversible inter-conversion for
multi-partite pure entangled states

|GHZ) = = (| m0)+|111)) | Bell state)

(Griz) = —=(000) <[111)) & [W)=—(|001)+[010) [100)
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Difficulties of extension to multi-parties

aNo asymptotic reversible inter-conversion for
multi-partite pure entangled states

|GHZ) = I(|000)+|111)) | Bell state)
1
(Griz) = —=(1000) <[111) &> ) =—([001) +]010) +]100))

aHence, no single unique “ruler” state for entanglement,

but MREGS exist? (minimal reversible entanglement generating sets
[Bennett et al. '01] )
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Difficulties of extension to multi-parties

aNo asymptotic reversible inter-conversion for
multi-partite pure entangled states

|GHZ) = I(|m0)+|111)) | Bell state)
1
(Griz) = —=(1000) <[111) &> ) =—(]001) +[010) +]100))

aHence. no single unique “ruler” state for entanglement,

but MREGS exist? (minimal reversible entanglement generating sets
[Bennett et al. '01] )

aNo explicit generalizations of E,, E- and E. yet
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A general multipartite measure:

Relative entropy of entanglement
[ Vedral et al. '97]

: : P
a Define entanglement via m _x

relative entropy: P €
. {  Setof ﬁ |
. separable Set 01_1 "
E = min D( “O’ ) | \_ states entangled |
- ()0) ceD, P . 5 states

D(pllo)=Tr| plog,(p o)]
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A general multipartite measure:
Relative entropy of entanglement

a Define entanglement via

relative entropy:

E.(p)=minD

D,
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(~])

D(pllo)=Tr| plog,(p o)]

[ Vedral et al. '97]

= :

: Set of :
. separable Set of -.
\_ states L), entangled |
N g states |
























Why need new measures?

a Some intuitive measures fail for more than two parties

a Existing multi-partite measures (e.g. Er) are difficult
to calculate (even for pure states)

aWant a measure: simple and manageable,
at least for pure states
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Why need new measures?

aSome intuitive measures fail for more than two parties

a Existing multi-partite measures (e.g. Er) are difficult
to calculate (even for pure states)

aWant a measure: simple and manageable,
at least for pure states

a Study of new measures may help understand existing
measures better
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Picture for the geometric measure

> Entangled state

Pure states }f v

A () =max((g |y)]
Separable states

= g . ~ . e
COSG ;. {|¢3)=® @O\ _ | ) ¢ml>}
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Geometric measure of entanglement

Pure states [Shimony 95, Barnum & Linden 01,
Wei & Goldbart '03]

a2 A n-partite pure state described by
‘W)= Z £ ooy -2, EE}>® 6;?)@"'@ e:)

2 Find the closest separable (product) pure state
¢:,—> - ® ‘¢(i)> = |¢(1]>® o ¢(ﬂ]>

i=1
.

A () =max((g. |w)
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Geometric measure of entanglement

Pure states [Shimony '95, Barnum & Linden 01,
Wei & Goldbart '03]

2 A n-partite pure state described by
“l’)= Z £ ooy, egl})® E;}>®'“® 6;:})

PIPTPn

a2 Find the closest separable (product) pure state
¢3) - ® ‘¢{i)> . |¢(1)>® ___ ¢(ﬂ-]>

i=1
(¢.

A e () =max|(g. )
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a The larger A__ (y/) is. the less entangled Il,l/) is









GME and Groverian measure

a Groverian measure [ Biham, Nielsen & Osborne '02]

Derived from a modified Grover search
with a general initial state ® and general local unitaries

-
Pmax: max |{t’1 ..... f;’ﬂlt.b)l_'FOl‘—T?

SRR %

aEquivalent to GME if ignore o(1/VN)
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Entanglement among partitions

dincono
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Entanglement among partitions
S R IEX N BN
e By W F TR B Be A e
a To study entanglement between two groups:
{1,2,3.4} and {5,6.7.8}. take the separable state

‘¢S> - I¢(1,z,3,4) ) R I¢(5,6,?,)>
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Entanglement among partitions

00000 RO
B S N W

a To study entanglement between two groups:
{1.2.3.4} and {5,6,7.8}. take the separable state

‘ﬂ) — wtl,z,sm) R I¢(5,6,?,)>

and evaluate A__(y)= meI(ﬁ w)
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Entanglement among partitions

fﬂ"’//—\_\ .H,f ~ ﬁ_—‘_ﬁ“
Ry — W 4 6 7 3

a To study entanglement between two groups:
{1,2,3.4} and {5,6.7.8}. take the separable state

‘ﬂ) - I ¢(l,z,3,4)> R |¢(5,6,:’,))

and evaluate A__(¥)=

(@.|v)

a To study entanglement among {1.2.3}, {4.5.6}.
and {7/.8}. take the separable state

prsa 07010012 ‘¢3> - ‘¢(1,z,3)> R ‘¢,(4,5,6)> %8 |¢,(?,81>



Global entanglement
NN R N E N N _

a Making the finest partition in the separable state

4.)-147)014)--0|4)

Pirsa: 07010012



Global entanglement

4 3 6 7 3

1 2 3

aMaking the finest partition in the separable state
6.)=|¢7)0]s)0 -0 s")

we are studying global entanglement of the system
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GME: Two specific forms

[Wei & Goldbart '03]

—

Esin2 (V/) E 1_Ain (V/)

Bounded by unity: suitable for finite number of parties

2. Eg, (v)=-2log, A (¥)

No upper limit; suitable for arbitrary number of parties,
useful for large N



GME: Two specific forms

[Wei & Goldbart '03]

Esin2 (W) E I_Ai.; (V/)

Bounded by unity; suitable for finite number of parties

2. B, (v)=-2log, A (¥)

No upper limit; suitable for arbitrary number of parties,
useful for large N

& (y)=lim

—
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GME: Mixed states via convex hull

Enﬂ'red(p) Zpr puae V/)' Y‘lthpzzip"y/f><wf|

{p {78

a This construction is called convex hull;
Recall: E; uses the same construction

a Convex-hull construction ensures that
any unentangled state has £=0

a It complicates the calculation for
mixed-state entanglement
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Benchmark states

2 Bipartite states: P>
All pure states, Werner, Isotropic states

a Multipartite: >|
GHZ, W, symmetric states, and mixture of them

aPhysical states: >|
Ground states of Bose-Hubbard model (small no.)
eta-pairing states, GS of XY model, XXZ model

a Exotic states: "
Bound entangled states of Smolin and of Dur

aStates in Grover’s algorithm P
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GME for benchmark states

® Two-qubit pure states & |[w) = y/p|00)+/1- p|11)

A =max(yp.fl-p) cf Cc=2ypJyl-p concurrence

l— 1-C*
E ,=1-A__ = (valid for all 2-qubit mixed states)

b [cf Vidal '02]
@ Generalized Werner states ( I dUU QU pU* QU™ = p)

P ()= (;4 fdf®l+](;d- —F.  where F =) |ij){jil
i =

1—J1—f>

ooz E__o ()= —, for f =0. O otherwise page 7111

2 " <







Unambiguous discrimination

With two copies of any one of the 16 Bell states,
we can unambiguously determine the state

Ej(: S $
3%:)%2 ﬂ

— 8BS <>PBS @0deg (| PBS @45deg
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icrosoft PowerPoint - [Entanglement_Perimeter. ppi]

- I — T
e ~Ford
—EET ——
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_—— 1% |
L . el .

e —
B —
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e
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]
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icrosoft PowerPoint - [Entanglement Perimeter. ppi]
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2 Microsoft PowerPoint - [Entanglement Perimeter.ppt]
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- [Entanglement Perimeter. ppi]

Pure states

(> stay | (B3 shce show |

= _ [¥] SxstuPreview
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crosoft PowerPoint

- [Entanglement Perimeter. ppt]

Geometric measure of entanglement

Pure states [Shimany 95, Barmum & Linden 01,

‘Wi & Golghart '03] 193 F Shape S Fndthed..

o A n-partite pure state described by * Dh*“ .
& Object 2

D= 3 Zan [R)O|2) 0 O]e) 8 e —
. & Obiects

& Picture frame 10

o Find the closest separable (product) pure state
" le)=5e”)=[e")e o)
i=l

. :\_{WIEm!'aI(t’, )

a The largs, A__ () is. the less entanglcu |l,U) is

(> _slay | |E sace show |

[«] BastoPreview
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: - GME and Groverian measure
*I==—= | & N o Groverian measure [Biham, Nisisen & Osbarne ‘02 ] 19 ¥ Pcoreframe2
_f'::.. g B & Shape &: Derived fr...
' = " Derived from a modified Grover search # Object7
ol [y = with a general initial state ® and general local unitaries 24 ¥ Shape %: Equivalent...
- ¥ ObjectS
E Pﬂ‘_= max I'h'.'| t',llﬁ'!i:'f‘ﬂl ]—_*
e g x G(@E.Ji—Pm
[r e e ;
Tl === z 2 g Equivalent to GME if ignorZ o/ /W
: 4+ S=Tr=r #
_ (> sy | [EF side show |
IClick 1 add notes _
- [+] satoPrevies
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: Microsoft PowerPoint - [Entanglement Perimeter. ppt]

GME: Two specific forms

[Wes & Galdhad "03]

1.0 E_ (y)=1-A"_(p)

— ; * Bounded by unity; suitable for finite number of parties

. ‘Elugz (w) E_Zlﬂgz “me{ )

% No upper limit; suitable for arbitrary number of parties.
useful for large N

3

_ 1
siwl=g_‘,

nnnnn

$+ C=Tr= F

- | 3“' (> ey | [ET sice show |
e ich |, : i
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: Microsoft PowerPoint - [Entanglement Perimeter. ppt]

GME: Mixed states via convex hull

Epes(py=min > pE, (y) withp=2> ply){w]

' o This construction is called convex hull:
Recall: E- uses the same construction

2

o Convex-hull construction ensures that

any unentangled state has £=0

o It complicates the calculation for
mixed-state entanglement

§ C=Tr= #F

=— ICEal==
g=s | JE—
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icrosoft PowerPoint - [Entanglement Perimeter. ppi]

Benchmark states

o Bipartite states: b
All pure states, Werner, Isotropic states

= Multipartite: >

GHZ, W, symmetric states, and mixture of them

o Physical states: >
Ground states of Bose-Hubbard model (small no.)
eta-pairing states, GS of XY model, XXZ model

o Exotic states: "
Bound entangled states of Smglin and of Dur

o States in Grover’s algorithm }‘
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Benchmark states

2 Bipartite states: P>
All pure states, Werner, Isotropic states

a Multipartite: >|
GHZ, W, symmetric states, and mixture of them

%
aPhysical states: >|
Ground states of Bose-Hubbard model (small no.)
eta-pairing states, GS of XY model, XXZ model

a Exotic states: "
Bound entangled states of Smolin and of Dur

aStates in Grover's algorithm P
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GME for benchmark states

@ Two-qubit pure states & [w) = /p|00)+/1- p|11)

A =max(yJp.\Jl-p) cf C=2ypJl-p concurrence

_1-+1-C
E ,=1-A__ = (valid for all 2-qubit mixed states)

b [cf Vidal "02]
@ Generalized Werner states ( _[ dUU QU pU* QU™ = p)

| —fd £ — g
= 1T+ ,F. where FEZ i i
pFF'emer(f) d_l_ d _d_ = ‘ J)('] ‘

Pirsa: 07010012 Egm_: { _f‘.} = l _ l _ *f > :I:‘Gr f — 0- 0 Dthi“NTISE.‘ Page 87/164
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Benchmark states

2 Bipartite states: P>
All pure states, Werner, Isotropic states

a Multipartite: >|
GHZ, W, symmetric states, and mixture of them

aPhysical states: >|
Ground states of Bose-Hubbard model (small no.)
eta-pairing states, GS of XY model, XXZ model

a Exotic states: "
Bound entangled states of Smolin and of Dur

aStates in Grover's algorithm P

Pirsa: 07010012 Page 90/164







GME and other entanglement properties

[ Wel, Ericsson, Goldbart & Munro '04]

a Entanglement withess: an observable that detects

entanglement
= =
min’/r (W

W

w)(v|
w){w|)=-1+ N (v)=-E_. (v)

a Relative entropy of entanglement

Ex(v)=-2log, A, (v)= Ee, (v)

e.g. Ex(W) = -2 log, A(W)= log, (9/4)

Pirsa: 07010012



GME and other entanglement properties

[ Wel, Ericsson, Goldbart & Munro '04]

a Entanglement withess: an observable that detects

entanglement
-7
min7/r (W

W

w)(v|
w)w|)=-1+ N (v)=-E_.(v)

a Relative entropy of entanglement

Ex(v)2 2108, A (¥) = Eng, (v)

e.g. Ex(W) = -2 log, A(W)= log, (9/4)

a Entanglement of formation

" (log,e)E

,<E_<E,

log, —






GME and correlation functions

a A single spin state  e| ™)+ B|¥) can be expressed
In terms of a density matrix

| L .
p:5(1+r-0'). with [r|=1
a N-spin separable pure state:

1 L 1 L 1 e
|¢S><¢S‘:5(I+q-0)®5(l+r2-J)®---®E(I+rﬂ-0')
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GME and correlation functions

a A single spin state  e| ™)+ B|¥) can be expressed
In terms of a density matrix

| L .
p:5(1+r-0'). with |r|=1
a N-spin separable pure state:

1 L 1 [ 1 P
‘¢S><¢S‘:5(I+rl-o')®5(l+rz-G)@---@E(IJrrN-J)

a The overlap square

A% = <(‘¢S><¢S D)w

G Is a linear combination of all correlation functions ==






Entanglement in many-body systems

a The notion of entanglement applies naturally to
systems of spins on a lattice
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Entanglement in many-body systems

a The notion of entanglement applies naturally to
systems of spins on a lattice
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a Pioneer works: Osborne and Nielsen 01.
Osterloh et al. ‘02, Vidal et al. ' 02




Entanglement in many-body systems

a The notion of entanglement applies naturally to
systems of spins on a lattice

‘TN RYXE X N

aPioneer works: Osborne and Nielsen '01.
Osterloh et al. ‘02, Vidal et al. '02

More: Calabrese & Cardy 04, Refael & Moore '04
Kitaev & Preskill ‘06, Levin & Wen 06,

Fradkin & Moore ‘06, Fendley, Fisher & Nayak 06, ...



Entanglement in many-body systems

a The notion of entanglement applies naturally to
systems of spins on a lattice

‘TN RYXE XN

a Pioneer works: Osborne and Nielsen 01.
Osterloh et al. ‘02, Vidal et al. ' 02

More: Calabrese & Cardy 04, Refael & Moore '04
Kitaev & Preskill ‘06, Levin & Wen 06,

Fradkin & Moore ‘06, Fendley, Fisher & Nayak 06, ...

a Entanglement and DMRG:

QI helps to revitalize DMRG
prsa: 0701002 [Verstraete et al. '04, Vidal et al. '03-'04]












Multipartite Entanglement?

a Concurrence and entropy approaches are
essentially bipartite

~ @ S I
subsystem | the rest
Concurrence: \—/”/

ent. of two spins Entropy
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Multipartite Entanglement?

a Concurrence and entropy approaches are
essentially bipartite

e ...

" subsystem the rest _
Concurrence: R B
ent. of two spins Entropy

2 Goal:

To quantify multipartite entanglement of
many-body system near QPT
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Pi

IIIII

Model: transverse XY

1+7 1 r

XX=> 0
Ordered
anisotropy r 0.5 Oscillatory Paramagnetic
Ferro
Ising=> 1
0 1 2

External field B
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Model: transverse XY

1+7 1—7
HXY:_Z(TO-IO-;I_F 5 D-o-r+1+ho-zj

XX=> 0
Ordered
anisotropy 0.5 | Oscillatory Paramagnetic
&
: & Ferro
Ising=> 4
0 1 2

External field B

Qlsing limit: =1;  Isotropic (XX) limit: =0
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Model: transverse XY

Ordered
anisotropy 1 0.5 | Oscillatory Paramagnetic
&>
: & Ferro
Ising=> 1
0 1 2

External field
Qlsing limit: =1;  Isotropic (XX) limit: =0

- 0 Quantum phase transitions at h=1 between
" Ferromagnetic and Paramagnetic phases
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IIIII

Model: transverse XY

1+7 1-7
HXY:_Z(TO-IO-;:I_F 5 O'O'I+1+ho'zj

XX=> 0
Ordered
anisotropy r 0.5 | Oscillatory Paramagnetic
Ferro
Ising=> 4
0 1 2

External field B
Qlsing limit: =1;  Isotropic (XX) limit: =0

g Quantum phase transitions at h=1 between
"Ferromagnetic and Paramagnetic phases
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Solving XY model

a2 The Hamiltonian of XY model is

__Z[lJrra‘a‘ +1—ro"’o"’ +h0')

+1 i+1
2

2 Solvable by two transformations:

1. Jordan-Wigner: from spins to fermions | ©Obtain eigenstates
_ _ _ _ _ & eigen-energies
2. Bogoliubov: diagonalizes Hamiltonian
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Solving XY model

3 The Hamiltonian of XY model is

Hyy :_2(1;?’0_10_1 +1—rc:ryo'*" +ho; )

i+1 i+1
2

2 Solvable by two transformations:

1. Jordan-Wigner: from spins to fermions | ©btain eigenstates
_ _ _ _ _ & eigen-energies
2. Bogoliubov: diagonalizes Hamiltonian

2 Can study ground-state entanglement
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Solving ground-state entanglement

1. The ground state at h=c< : all spins are pointing up In z-axis

%, (r, ) = [T A

2. Locally rotate each spin to certain direction using
Euler rotations to construct separable states



Solving ground-state entanglement

1. The ground state at h=c< : all spins are pointing up In z-axis

%, (r, ) =[PP A

2. Locally rotate each spin to certain direction using
Euler rotations to construct separable states

3. Symmetry renders that all spins in the closest separable
state are pointing in the same direction

= obtain Ansatz state

A
o) =]]e " M1 111111)
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Solving ground-state entanglement

1. The ground state at h=c< : all spins are pointing up In z-axis

%, (r, ) =[PP A

2. Locally rotate each spin to certain direction using
Euler rotations to construct separable states

3. Symmetry renders that all spins in the closest separable
state are pointing in the same direction

= obtain Ansatz state

A
o) =]]e " ? M1 111111)
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Solving ground-state entanglement

4. Evaluate the overlap between ground state “PO (r, h))
and the Ansatz state

INGECTGS1E NN

S. Entanglement of U, is obtained via maximizing Aover £

Lo, (¥,)=—log, m?XAz ($)
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Solving ground-state entanglement

4. Evaluate the overlap between ground state “PO (r. h))
and the Ansatz state

INGECTGIE N

S. Entanglement of ¥, is obtained via maximizing Aover &

Ei, (¥o) = —log, maxA*($)

6. Entanglement density in the thermodynamic limit is

1
5(Tu) :IlglinmﬁEl%z (LPO)

00000000






Global entanglement in XY model

I
—ro'!." c.,+ho’ )
2
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Global entanglement in XY model

H=—Z[1+ra.‘o" +1_—rofo"’ +ho'f]

2 i i+1 2 I+1
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Entanglement in different
universality classes
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universality classes
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Singular behavior of entanglement
near critical points

2 Across critical line h=1. field-derivative of
entanglement diverges

|. Ising universality class r-=0

ag(r,h) = _Llogz ‘h -

) forh—>1
ch 27r




Singular behavior of entanglement
near critical points

2 Across critical line h=1. field-derivative of
entanglement diverges 8 L
E 0.

|. Ising universality class r=0 -8,

65(1‘,}1) =" _Llogz ‘h 3

) forh—>1
ch 27r

= Can extract correlation length exponent by
comparing with finite-size scaling

= h
= — —
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Singular behavior of entanglement:
XX universality class

1 Across critical line A=1. field-derivative of

entanglement diverges 86 L
o °
ll. XX (isotropic) universality class r=0 0.
ag 0 h 10 g 7{/2 1 0.5 1 5
OB log,(x/2) forh>1"

coh 2z 1-h
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Singular behavior of entanglement:
XX universality class

2 Across critical line h=1. field-derivative of

entanglement diverges T
o o
ll. XX (isotropic) universality class r=0 0.8
1 /9 5 T 15
05O _ tom(x12) 1 gy
ch N2x 1-A

= Can directly read off the correlation length exponent

v=1/2, L.~|h—h|"
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Zero entanglement along disorder line

2 Along disorder line 2 + h? =1, which separates
phases O and F, entanglement density is identically zero

a Ground state at the line is separable (or at most a cat state);

With all spins pointing in the direction

x .}1 r
i I+r 1+r
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Zero entanglement along disorder line

2 Along disorder line 72 + h? =1, which separates
phases O and F, entanglement density is identically zero

a Ground state at the line is separable (or at most a cat state);

With all spins pointing in the direction

x ’1 r
s I+r 1+r
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Singular behavior of entanglement:
XX universality class

2 Across critical line h=1. field-derivative of

entanglement diverges T
o
ll. XX (isotropic) universality class r=0 0.8
1 /9 e5 T 15
o5OR  lom(xD) 1 gy T
ch N2x 1-A

= Can directly read off the correlation length exponent

v=1/2, L.~|h—h|"
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Entanglement in different
universality classes
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Entanglement in different
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Global entanglement in XY model

H=—Z[1+raf‘o" +1_—rofo" +hof)

2 il 2 I+1
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Singular behavior of entanglement
near critical points

2 Across critical line h=1. field-derivative of
entanglement diverges

|. Ising universality class r—=0

85(1‘,}1) - _Llogz |h -

; forh—>1
ch 27r




Singular behavior of entanglement:
XX universality class

2 Across critical line h=1. field-derivative of

entanglement diverges as 1
h O
ll. XX (isotropic) universality class r=0 0. |
log, (/2 .
06O.h) og,(z/2) 1  forhol h
ch N2x 1-A

= Can directly read off the correlation length exponent

v=1/2, L.~|h—h|"
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Zero entanglement along disorder line

2 Along disorder line 72 + h? =1, which separates
phases O and F, entanglement density is identically zero

a Ground state at the line is separable (or at most a cat state);

With all spins pointing in the direction

x ’1 r
Wt I+r 1+ r
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Other activities

Linear optics:

[with Kwiat's group] /ﬂM}. ’ ‘

—1

o, L =
Superconductivity P52 betecror 1 i j.*"";: ___f"'*.__:ﬂ :
& condensed matter: — o Supsrconducting % :; :_; m
Carbon 1 | f—T: 7y ) k u_.g ? = *{i_
e [Nanotube ,,___-;" m 3 st T=0.3K
BEC and optical lattice: e Ze s
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Work in progress
entanglement in XXZ
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