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Where does the speedup come from?’

@ Where does the speedup In quantum computation come
from?
@ Solne answers:
e superposition and entanglement
e the fact that the state space of n bits is a space of 2" states
while the state space of n qubits is a space of 2™ dimensions
e the possibility of computing all values of a function in a
single computational step by ‘quantum parallelism’
e the possibility of an efficient implementation of the discrete
quantum Fourier transform.
o all of the above
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Dentsch's problem

Where does tl}_e speedup come from?

@ Where does the speedup In quantum computation come
from?
@ Some answers:
e superposition and entanglement
e the fact that the state space of n bits is a space of 2™ states

20 dimensions

while the state space of n qubits is a space of

e the possibility of computing all values of a function in a
single computational step by ‘quantum parallelism’

o the possibility of an efficient implementation of the discrete
quantum Fourier transform.

e all of the above
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Deutsch’s problem

Quantum logical perspective

@ The salient feature of a quantum computation relative to a
classical computation in period-finding and related
algorithms is the possibility of processing the information
in a disjunctive statement—this or that—without
evaluating the truth or falsity ot the disjuncts.

@ This i1s redundant classical information for a quantum
algorithm but essential information for a classical
algorithm.
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Dentsch's problem

Quantum logical perspective

Rather than ‘computing all values of a function at once, the
point of a quantum computation is precisely to avoid the
evaluation of any values of the function at all. in the sense of
producing a value i the range of the function for a value n its
domain.
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Deutsch’s pTO blem

Deutsch’s problem

e B={0.1}, a Boolean algebra
@ XOR problem: given a “black box™ or oracle that computes
a function
i:B—B
we are required to determine whether the function is
‘constant’ (takes the same value for both mmputs) or
‘balanced’ (takes a different value for each input).
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Deutsch's pro blem

Deutsch’'s XOR Algorithm
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Dentsch’'s problem

Deutsch’'s XOR Algorithm

(10) + [1))]0)

-

(10)1£(0)) + |1)[£(1)))
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Dentsch’s problem

Deutsch’'s XOR Algorithm

f constant: the final state is :

1) + ITZH )
f balanced: the final state is:

by) (\nx 0)+1|1)|1))

ba) = —(|0)]1) + [1)]0))
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Deutsch’s XOR Algorithm

f constant: the final state 1s :

I balanced: the final state 1s:

by ) =(10)]0) + |1)|1))

bo) (\U 1) +11)|0))
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Deutsch’'s XOR Algorithm

Orthogonal states |cy), [c2) and |by), |ba) span two planes that
intersect in the rayv:

1

—S(HJLZ + |bo)) = 3( 00) + |01) + |10) + [11))
v 4 P

by,

balanced
plane

=

constant
plane
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Deutsch's XOR Algorithm

In Hadamard basis |0/) = H|0). 1"

00"

balanced
plane

g
constant 111" = —=(|b1) — |b2})

plane "
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Deutsch’s problem

Deutsch’s XOR Algorithm

In Hadamard basis |0') = H|0).|1"

00"

balanced
plane

constant
plane
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Dentsch’s problem

Deutsch’'s XOR Algorithm

In Hadamard basis |0/) = H|0). 1"

00"

balanced
plane

h L
constant \lflf,} — ( b)) — .”""’ )

A

plane
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Deutsch’s problem

Deutsch’'s XOR Algorithm

To find whether f i1s constant or balanced. we could measure the
observable with eigenstates [0/0"). |0/17), [170/). |117).

00"

balanced
plane

710
constant g
plane
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Deutsch’s XOR Algorithm

@ A Hadamard transformation to the final state amounts to

dropping the primes in the representation for the constant
) H

and balanced planes (since H- = 1. so [0/0’) — |00), etc.)
The relationship between the states |cy).|c2).|by). |b2) and
the constant and balanced planes Py gy + Pgy )7y and

P oyj0ry + Pjiyj1ry 18 the same, after the Hadamard
transformation of the state. as the relationship between the
states H|cy).Hl|co). H|by).H|b2) and the planes defined by
P|”-!” -+ P|”|L and P|”:.|”-: —+- PH 1) -
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Dentsch’s problem

Deutsch’'s XOR Algorithm

To find whether f i1s constant or balanced. we could measure the
observable with eigenstates [0/0"). |0/17), [170/). |1'1").

00"
|

b1,
balanced
plane

70
constant 11717
plane
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Dentsch’s problem

Deutsch’s XOR Algorithm

@ A Hadamard transformation to the final state amounts to

dropping the primes in the representation for the constant
H

and balanced planes (since H- = 1. so |0/0’) — |00), etc.).
The relationship between the states |cy).|c2).|by). |b2) and
the constant and balanced planes P|“;: oy + P|”; ) [17) and

P o0y + Pjiyj1vy 1s the same, after the Hadamard
transtformation of the state. as the relationship between the
states Hl|cy).Hlca). H|by ), H|bs) and the planes defined by
Pig)j0) + Pjoyj1y and Pgyj0y + Py 1y
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Deutsch’s XOR Algorithm

To find whether f i1s constant or balanced. we could measure the
observable with eigenstates |0'0"). |0/17), [170/). [1"1").

00"

balanced
plane

71N
constant i g
plane

Pirsa: 06120048 Page 22/236




Dentsch’s problem

Deutsch’'s XOR Algorithm

@ A Hadamard transformation to the final state amounts to
dropping the primes in the representation for the constant
and balanced planes (since 2 =1. so |0/0" = 00), etc.).
The relationship between the states |cy).|c2).|by). |b2) and
the constant and balanced planes Py oy + P g1y and
P o0y + Pj1ryj1ry 1s the same, after the Hadamard
transtformation of the state. as the relationship between the
states H|cy).Hlco). H|by).H|b2) and the planes defined by
P|H'-Ill 53 P|llj‘-|£';:- and P|ll'z|nf ¥ 1j|i_’:- L) -
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Deutsch’'s XOR Algorithm

‘Hbq)
balanced
plane

h'.
constant 111)
plane
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Dentsch’'s problem

Cleve variation

@ The algorithm has an even probability of failing.

@ A variation by Cleve avoids this feature.
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Dentsch’s problem

Cleve variation
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Cleve variation
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Dentsch’'s problem

Cleve variation

@ The algorithm has an even probability of failing.

@ A variation by Cleve avoids this feature.
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Dentsch’'s problem

Deutsch’s XOR Algorithm

| Hb 1
balanced
plane

h \
constant 11)
plane
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Deutsch’s problem

Deutsch’'s XOR Algorithm

Orthogonal states |cy), [c2) and |by), |ba) span two planes that
Intersect in the rayv:
1 1 \ Bty o e s
<3 ) ) = —3(“,11_, + |ba)) = —(|00) + |01) + |10) + |11))

)
v L L

by |
balanced
plane

m=n

constant
plane
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Dentsch’s problem

Deutsch’'s XOR Algorithm

tant: the final state is :

(|0}]0) + |1)]0))

(10)]1) + |1)|1))

[ balanced: the final state is:
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Deuntsch’s problem

Deutsch’'s XOR Algorithm

H

|
(10) + [1))[0)

-

0)[0
A’

L (10Y[£(0)) - |1)[£(1)))

'
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Dentsch’'s problem

Deutsch’'s XOR Algorithm

- the final state 1s :

(10)]0) + |1)|0))

(|0)[1) + [1)]1))
I balanced: the final state 1s:

by ) (\l] 0) +11)|1))

bs) —(10)|1) + |1)]0))
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Dentsch’s problem

Deutsch’s XOR Algorithm

I Hb 1
balanced
plane

h \
constant 111)
plane
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Deutsch’s problem

Cleve variation

@ The algorithm has an even probability of failing.

@ A variation by Cleve avoids this feature.
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Deutsch’s problem

Cleve variation
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Dentsch’s problem

Cleve variation
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Cleve variation

Pirsa: 06120048 Page 53/236




Deutsch’s problem

Cleve variation

So we end up with:

f constant (£(0) = f(1)): the final state is:

0) +[1) |0y —|1)
i

)

Y V 2

f balanced (f(0) £ f(1)): the final state is:
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Deutsch’s ;‘__‘nl't'r}':-]-:!'."i

Cleve variation
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Deutsch’s problem

Cleve variation

So we end up with:
f constant (£(0) = f£(1)): the final state is:
0} 4+ |1} |0} — |1) &\
j: | ‘ ‘ | |

v V 2

+|0)|1

f balanced (f(0) = t(1)): the final state is:

0) — |1) [0) — |1
- SLul AN -

V. V 2

L +{1)[1,
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Dentsch’s problem

Cleve variation
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Dentsch’s problem

Cleve variation

So we end up with:

f constant (£(0) = f(1)): the final state is:

0) + H } ‘l} — 1)
4

f balanced (f(0) = 1(1)): the final state is:

0) — [1) |0

V5
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Dentsch’s problem

Cleve variation

v . 7
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Deutsch’s problem

Cleve variation

So we end up with:

f constant (£(0) = £(1)): the final state is:

0) + |1) |0) — |1)
2

V. V2

f balanced (f(0) =% 1t(1)): the final state is:

0y — [1) |0) — |1)
e '

V. V2
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Cleve variation
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Dentsch’s problem

Cleve variation

Note that Uy with |1) as the inifial state in the output register
either does

f constant (f(0) = f(1)): nothing

f balanced (f(0) # f(1)): reflects the state = _—ll' of the input

"
register in the line orthogonal to |1):

10) + (1) |0) — |1) ©, |0) —[1) |0) —|1)

!l ) .-"'5

vV 2 \ V2 V2
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Dentsch’s problem

Cleve variation
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Deutsch’s problem

Cleve variation

So we end up with:

L
T a B =

f constant (£(0) = £(1)): the final state is:

0) + |1) |0) — |1)
%

V- V2

f balanced (f(0) == 1(1)): the final state 1s:

0) — [1) |0) — [1)
:t I I

V. V2
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Dentsch’s problem

Cleve variation
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Dentsch’'s problem

Cleve variation

Pirsa: 06120048 Page 66/236




Dentsch’s problem

Cleve variation

Note that Uy with |1) as the inifial state in the output register
either does

f constant (f(0) = £(1)): nothing

. # e 5 . = l z 5
f balanced (f(0) # £(1)): reflects the state — —1 ~ of the mput
v &
register in the line orthogonal to |1):

10) +|1) |0) — |1) ©, |0) —|1) |O) — |1)

V2 V2 v
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Dentsch’s problem

Cleve variation

So we end up with:

f constant (£(0) = f(1)): the final state is:

|0) +|1) |0) —|1)
j: fé

v V 2

f balanced (f(0) == £(1)): the final state is:

10) — 1) [0) — 1)
L0 — 1] = 4L

V. V2
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Dentsch’s problem

Cleve variation

lote that U with |1) as the inifial state in the output register
Note that Uy with |1 tl tial stat tl tput regist
either does
f constant (£(0) = f(1)): nothing
0y +|1)

- - - \\‘?
register in the line orthogonal to |1):

f balanced (f(0) # f(1)): reflects the state of the input

!

0)+ 1) |10) —|1) v, |0) —|1) |0) — |1)

e /oy fon oy
V2 V2 V2 V2
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Deutsch’s problem

Cleve variation

Note that Uy with |1) as the initial state in the output register
either does

f constant (f(0) = f(1)): nothing
. £ g . \ L)y l . -
f balanced (f(0) = £(1)): reflects the state — —1 -~ of the mput
V 4
register in the line orthogonal to |1):

0+ 1) 10) —|1) we |0) — 1) |0) — |1)

/i /oy
V2 V2

\' f i
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Dentsch’s problem

Cleve variation

In general, if £ : B" — B maps all n-bit sequences except xy onto
0. then:

0) —1|1) U, 10y — (1)
} ‘ : [:}{n ““ ‘ :

o

V2 V2

where I, 18 a reflection in the hyperplane orthogonal to |xp).
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Deutsch’s problem

Deutsch’s problem

@ Generalization to "Deutsch’s problem’: determine whether
a Boolean function f : B" — B 1s constant or whether it 1s
balanced, where it is promised that the function 1s either
constant or balanced.

‘Balanced™ here means that the funection takes the values 0
and 1 an equal number of times, i.e.. 2% ' times each.
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Dentsch’s problem

Deutsch-Jozsa algorithm
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Deutsch’s problem

Deutsch-Jozsa algorithm
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Dentsch’s problem

Deutsch-Jozsa algorithm
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Deutsch-Jozsa algorithm
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Dentsch’s problem

Deutsch-Jozsa algorithm

1 | | 0) — (1)
5, 1000) + 101) + |10} + |11)). .

> 7
After Ug. state is:

[ constant:

| |
+5(]00) +|01) +[10) + |11))

I balanced:

10) — |1)

(£/00) + |01) + [10) + [11))——

'\;.
with two +'s and two —'s.
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Deutsch’s problem

Deutsch-Jozsa algorithm
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Dentsch’s problem

Deutsch-Jozsa algorithm

1 | - 0) —11)
- 5(100) + |01) + 'm:.-+\11.-)‘ ' .‘
s .\r

After U, state is:

f constant:

1 . | (
+5(]00) +101) +[10) + |11))

f balanced:
oy — 1
(:’:‘UU ) =F ‘Ul_ + |10) & !ll_.-) =
\/ 2

with two +'s and two —'s.
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Dentsch’s problem

Deutsch-Jozsa algorithm

After final H. state of input register is:
f constant: =£|00)
f balanced: +£|01) or £|10) or £|11,
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Dentsch’s problem

Deutsch-Jozsa algorithm

1 , , ) — 1)
— =(|00) + [01) + |10) + 1))/ “
- "

After Ug. state is:

I constant:

0) — |1

; |
+5(|00) + 01) + [10) + [11))

v 2

: -. o 0) — 1)
(+|00) + |01) +|10) + |11))

. 75
with two +'s and two —'s.
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Deutsch-Jozsa algorithm

After final H. state of input register is:
f constant: :I:‘{'l['l'}-
T' ba 'l L11C 4 —|_—‘{]'|_ Vo Or i| 1“ or i‘ 1 l
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Simon’s algorithm

Simon’s problem

@ Simon’'s problem: find the period r of a periodic function
f : B" — B". i.e.. a Boolean function for which

f(x;) =1(x;) if and only f x; = x; O r for all x;, x; € B"

@ Since x@&r & r =X, the function is 2-to-1.
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Simon’s algorithm

Simon'’s problem

@ Since f is periodic, the possible outputs of f—the values of
f for the different inputs—partition the set of input values
into mutually exclusive and collectively exhaustive subsets.
and these subsets depend on the period.

@ Determining the period of f amounts to distinguishing the
partition corresponding to the period from alternative
partitions corresponding to alternative possible periods.
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Simon's Algorgthm—quantum logical picture

@ Consider case n = 2. Apply H to imput state |00). then Uy.
@ There are 2% — 1 = 3 possible values of the period r: 01, 10,
11. and the corresponding partitions are:
r=01: {00,01}, {10,11}
r=10: {00.10}. {01,11}
r=11: {00.11}.{01.10}

s
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Simon’s algorithm

Simon’s problem

@ Since f is periodic, the possible outputs of f—the values of
f for the different inputs—partition the set of input values
into mutually exclusive and collectively exhaustive subsets.
and these subsets depend on the period.

@ Determining the period of f amounts to distinguishing the
partition corresponding to the period from alternative
partitions corresponding to alternative possible periods.
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on’s algorithm

Simon’s problem

@ Simon’'s problem: find the period r of a periodic function
f : B" — B". i.e.. a Boolean function for which

f(x;) =1(x;) if and only i x; = x; ©r for all x;, x; € B”

e Since x & r & r = x, the function is 2-to-1.
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Simon’s algorithm

Simon's Algorithm—quantum logical picture

@ Consider case n = 2. Apply H to input state |00). then Uys.
@ There are 2% — 1 = 3 possible values of the period r: 01, 10.
11, and the corresponding partitions are:
r=01: {00.01}, {10.11}
r=10: {00,10}.{01,11}
r =11 : {00.11}, {01, 10}
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Simon’s algorithm

Simon's Algorithm—quantum logical picture

@ States of the mmput and output registers after Ug are:
r=01: (|00) + |01))|£(00)) + (|10) + |11))|f
r=10: (|00) + |10))|£(00)) + (|01) + |11))|£(C
r=11: (|00) + [11))[£(00)) + (|O1) + |10))|f
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Simon’s algorithm

n — 2 case reduces to Deutsch’'s XOR algorithm

@ lhe n =2 case reduces to the same geometric construction
as in Deutsch’s XOR algorithm.

r = 10 : input register states are |c;) = |00) + |10) or
lco) = |01) + |11), depending on the outcome
of the measurement of the output register.
input register states are |by) = [00) + |11) or
'ba) = |01) + |10). depending on the outcome
of the measurement of the output register.

@ So the three possible periods are associated with three
orthogonal planes in H- « H”, which correspond to the
constant and balanced planes in Deutsch’s XOR algorithm.
and a third orthogonal plane, all three planes intersecting
in the line spanned by the vector |00).
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Simon’s algorithm

Simon's Algorithm—quantum logical picture

@ States of the input and output registers after U; are:
r=01: (|00) + |01))|£(00)) + (|10) + |11))|£(10))
r=10: (|00) + |10))|£(00)) + (|01) + |11))|£(01))
r=11: (|00) + |11))|£(00)) + (]01) + |10))|£(01))
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Simon’s algorithm

n = 2 case reduces to Deutsch’'s XOR algorithm

@ The n = 2 case reduces to the same geometric construction

as in Deutsch’s XOR algorithm.
input register states are |cy) = |00) + |10) or
lco) = |01) + |11), depending on the outcome
of the measurement of the output register.
input register states are |by) = [00) + |11) or
bs) = |01) + |10). depending on the outcome
of the measurement of the output register.

@ So the three possible periods are associated with three
orthogonal planes in H* « H?, which correspond to the
constant and balanced planes in Deutsch’s XOR algorithm,
and a third orthogonal plane, all three planes intersecting
in the line spanned by the vector |00).
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Simon’s algorithm

Simon's algorithm: n = 2 case
|

In the Hadamard basis obtained by applying H:

10°0)
)
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Simon’s algorithm

n = 2 case reduces to Deutsch’'s XOR algorithm

@ lhe n = 2 case reduces to the same geometric construction
as in Deutsch’s XOR algorithm.

r = 10 : input register states are |c;) = |00) + |10) or
lca) = |01) + |11), depending on the outcome
of the measurement of the output register.
input register states are |by) = [00) + |11) or
bs) = |01) + [10). depending on the outcome
of the measurement of the output register.

@ So the three possible periods are associated with three
orthogonal planes in H- © H”, which correspond to the
constant and balanced planes in Deutsch’s XOR algorithm.,
and a third orthogonal plane, all three planes intersecting
in the line spanned by the vector |00).
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Simon's Algorithm—quantum logical picture

@ States of the input and output registers after Uy are:
r=01: (|00) + |01))|£(00)) + (|10) + |11))|t
r=10: (|00) + |10))|£(00)) + (|01) + |11))|£(C
r=11: (|00) + |11))|£(00)) + (|01) + |10))|f
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Simon’s algorithm

Simon s algorithm: n = 2 case

In the Hadamard basis obtained by applying H:

00
A
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Simon’s algorithm

Simon's Algorithm—quantum logical picture

@ States of the input and output registers after Uy are:
r=01: (|00) + |01))|£(00)) + (|10) + |11))|f
r=10: (|00) + |10))|£(00)) + (|01) + |11))|£(C
r=11: (]00) 4+ [11))|£(00)) + (|01) + |10))|t
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Simon’s algorithm

Simon s algorithm: n = 2 case

In the Hadamard basis obtained by applying H:

1404
A
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Simon s algorithm: n = 2 case

@ As in Deutsch’s algorithm. a final Hadamard

. : < H .
transformation |0'0") — |00). ete. amounts to dropping the

primes. Allows the plane corresponding to the period to be
identified by a measurement in the computational basis.
except when the state of the register is projected by the
measurement onto the state |00).

So the algorithm will generally have to be repeated until
we find an outcome that 1s not 00.
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Simon’s algorithm

Simon s algorithm: n = 2 case

In the Hadamard basis obtained by applying H:

140
A
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Simon’s algorithm

Simon s algorithm: n = 2 case

As in Deutsch’s algorithm. a final Hadamard

: ’ x B .
transformation |0'0") — |00). etec. amounts to dropping the

primes. Allows the plane corresponding to the period to be
identified by a measurement in the computational basis.
except when the state of the register is projected by the
measurement onto the state |00).

So the algorithm will generally have to be repeated until
we find an outcome that 1s not 00.
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Simon’s algorithm

Simon s algorithm: n = 3 case

@ We can see what happens in the general case if we consider
the case n = 3.

@ There are now seven possible periods: 001, 010. 011, 100,
101, 110. 111.
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Simon’s algorithm

Simon s algorithm: n = 2 case

As in Deutsch’s algorithm. a final Hadamard

: : x B .
transformation |0'0") — |00). ete. amounts to dropping the

primes. Allows the plane corresponding to the period to be
identified by a measurement in the computational basis.
except when the state of the register is projected by the
measurement onto the state |00).

So the algorithm will generally have to be repeated until
we find an outcome that 1s not 00.
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Simon’s algorithm

Simon s algorithm: n = 3 case

@ We can see what happens in the general case if we consider
the case n = 3.

@ There are now seven possible periods: 001, 010, 011, 100,
101, 110. 111.
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Simon s algorithm: n = 3 case

@ Period r = 001: the state of the two registers after the
unitarv transtormation Uy 1s:

(1000) + |001))|£(000)) + (|010) + |011))[£(010))
+(]100) + [101))|£(100)) + (|110) + [111))[£(110))

@ Measure the output register = the input register is left in

Pirsa: 06120048

one of four states, depending on the outcome of the

measuremnent:

000) + |001)
010) + |011)
100) + |101)
110) + |111)

0'0'0"
0’0’0
000"

000"

0'1'0")
0’1’0
010/
0'1'0")

100"
1’00
1'0'0")
1'0'0")

1’10/
110/}
1"1'0/)

11ty
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Simon’s algorithm

Simon's algorithm: n = 3 case

@ Applving a Hadamard transformation amounts to dropping
the primes.

@ So if the period is r = 001. the state of the input register
ends up in the 4-dimensional subspace spanned by the
vectors: |000),|010), [100), [110).
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Simon’s algorithm

Simon's algorithm: n = 3 case

@ Period r = 001: the state of the two registers after the
unitary transformation Us is:

(1000) + |001))|£(000)) + (|010) + |011))[£(010))
+(|100) + |101))|£(100)) + (|110) + [111))|£(110))

@ Measure the output register = the input register is left in
one of four states, depending on the outcome of the
nmeasurement:

000) + [001) 0'0’'0") + |0'1°0") + |1700") + [11'0)
010) + |011) 000" — |0'10) + 17007y — 1710
100) + |101) 0'0'0") + |0'1°0") — |170°'0") — |1°1°0")
1110) + [111) 0'0’0"y — |0/'1°0") — |170°0") + |11
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Simon’s algorithm

Simon s algorithm: n = 3 case

@ Applving a Hadamard transformation amounts to dropping
the primes.

@ So if the [?Hl‘.im'i 1s T = 001. the state of the iupur register
ends up in the 4-dimensional subspace spanned by the
vectors: |000), |010), |100}. [110).

Pirsa: 06120048 Page 120/236




Simon’s algorithm

Simon s algorithm: n = 3 case

A similar analysis applies to the other six possible periods. The
corresponding subspaces are spanned by the following vectors:
001: |000).|010).|100). |110)
- 010: |000), [001), |100), |101)
011: |[000),|011).[100), |111)
— 100: |000).]001).]010). |011)
101: |000), |010).|101), |111)
= 110: |000),|001), |110), [111)
= 111: |000), |011).|101), |110)
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Simon’s algorithm

Simon s algorithm: n = 3 case

@ These subspaces are orthogonal except for intersections in
2-dimensional planes. The period can be found by
measuring in the computational basis.

Repetitions of the measurement will eventually vield
sufficiently many distinct values to determine the subspace
containing the final state.

In this case, it 1s clear by examining the above list that two
values distinct from 000 suffice to determine the subspace.
Note these are just the values v; for which v; - r = 0.
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Simon’s algorithm

Simon s algorithm: n = 3 case

A similar analysis applies to the other six possible periods. The
corresponding subspaces are spanned by the following vectors:
- = 001: ]000). |010), [100). |110)
000), |001). |100), |101)
000). |011).100). |111)
000), |001).|010), |O11)
000),|010), [101), |111)
000). |001).|110). |111)
000).|011).|101), |110)
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Shor’s algorithm

Shor’s factorization algorithm

@ The problem of factorizing a composite integer N that is
the product of two primes. N = pq. reduces to the problem
of finding the period of a function f(x) = a* mod N. for any
a < N which 1s coprime to N, i.e., has no common factors
with N other than 1.

Pirsa: 06120048 Page 127/236




or’s algorithm

Shor’s factorization algorithm

@ The problem of factorizing a composite integer N that is
the product of two primes. N = pq. reduces to the problem
of finding the period of a function f(x) = a* mod N. for any
a < N which 1s coprime to N, i.e., has no common factors
with N other than 1.
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Shor’s algorithm

Shor’s algorithm: case N = 15

@ Consider case N = 15.a

X

e The function f(x) = a* mod 15, where x € [0. 63]

(f : Zga — Zy5), 1s:

77 mod 15
7! mod 15
I‘"]

= mod 15

7° mod 15

74 mod 15

—F: |
72 mod 15

ey G and the period is evidently r = 4. S




Shor’s algorithm

Shor’s algorithm: case N = 15

@ Consider case N = 15.a

="
@ The function f(x) = a* mod 15, where x € [0. 63]
(f : Zga — Zy5), 1s:

7 mod 15
7! mod 15

7 mod 15

.
- 4
|

mod 15

74 mod 15

— .
72 mod 15
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Shor’s algorithm

Shor’s algorithm: case N = 15

The factors 3 and 5 of 15 are derived as the greatest common
- F D | : - =iy D] - 0
factors of a”< — 1 = 48 and 15 and a'"< + 1 = 50 and 15.
respectively.
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Shor’s algorithm

Shor’s algorithm: case N = 15

After the application of the unitary transformation
U = a* mod N. the state of the two registers is:

(10)[1) + |1)[7) +2)]4) + |3)]13)

+ |B)|1) + |5)|7) +16)[4) + |7)[13]

+ [60)|1) + |61)|7) + |62)[4) + |63)[13))
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Shor’s algorithm

Shor’s algorithm: case N = 15

@ Consider case N = 15.a =

b4

e The function f(x) = a* mod 15, where x € [0. 63]

(f : Zga — Zy5), 1s:
" mod 15
mod 15
= mod 15
lllt_H_l 15
lll(_}{_l 15

—63
i

mod 15
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Shor’s algorithm

Shor's algorithm: case N = 15

After the application of the unitary transformation
U = a*© mod N. the state of the two registers is:

1(10) (1) + |1)|7) + |2)[4) + |3)]13)

+ |4)|1) + |5)|7) + |6)|4) + |7)[13

+ |60)|1) + [61)|7) + |62)|4) + |63)|13))
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or’s algorithm

Shor’s

algorithm: case N = 15

This state can be expressed as

2(10) +[4) +8) +-.
+=(|1) +[5) +19) + ..
%(P +\b + [10) +.
++(]: 17) + |11) +

.+ 160))|1

-+ |61))[7)
..+ 62))[4)

.+ 163))|13))

Pirsa: 06120048
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or’'s algorithm

Shor’s algorithm: case N = 15

[f we measure the output register, we obtain (equiprobably) one

of four states for the input register. depending on the outcome

of the measurement: 1. 7. 4. or 13:

(10) +14) +|8) + ...+ [60))
(|11) +1[5) +1(9)+...+|61))
2) + |6) +|10) + ... + |62))
3+ 7+ 11+ ...+ |63})
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or’s algorithm

Shor’'s algorithm: case N = 15

This state can be expressed as:

%(-“:-_ + |4) + |8) + ...+ |60))|1)
'-Gj. +19) +...+ |61))|7

.-+ |62))|4)
Hl +...4+163))[13))

Pirsa: 06120048 Page 137/236




Shor’s algorithm: case N = 15

[f we measure the output register, we obtain (equiprobably) one
of four states for the input register. depending on the outcome
of the measurement: 1. 7, 4, or 13:
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Shor’s algorithm: case N = 15

@ Applv a discrete quantum Fouriler transform for the
integers mod 64 (analogous to the Hadamard transform.
which 1s a Fourler transtorm for the integers mod 2):

r—1

Un . l oy X e :
. -\ [FTH — E i__’-}“l%‘k:‘::_l- r:::

‘T
v =

0) + |16) + |32) + |48))
1: 5(|0) +1/16) —|32) — i|48))
2: 5(|0) —|16) + [32) — |48))

@ So for the period r = 4. the state of the input register ends

up in the 4-dimensional subspace spanned by the
rzoszowe  Orthogonal vectors [0), [16), [32). [48). Page 1301236




5 3 :
Or's algoritnm

Shor’s algorithm: case N = 15

[f we measure the output register, we obtain (equiprobably) one

of four states for the input register. depending on the outcome

of the measurement: 1. 7. 4. or 13:

(10 +1|4) +|8) +...+|60))
(|1 +15) +1(9)+...+|61))
2) +|6) + [10) + ...+ |62))
3) + |7) + [11) + ... + |63))

Pirsa: 06120048
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Shor’s algorithm: case N = 15

@ Apply a discrete quantum Fourler transtorm for the
integers mod 64 (analogous to the Hadamard transform.
which is a Fourier transtorm for the integers mod 2):

r—1

. . Uprr; 1 i AL =
X+ Jr) — E e ™' |ks/r)
-

V©® k=0
(here s = 64, r = 4) which vields:
x; =0: 3(|0) + |16) + |32) + |48))
x7 =1: 1(]0) +i|16) —|32) — i|48))
xy =2: 1(]0) — |16) + |32) — |48))
x13 =3: 1(]0) —i|16) — |32) + i|48))
@ So for the period r = 4. the state of the input register ends

up in the 4-dimensional subspace spanned by the
rzoszowe — Orthogonal vectors [0), [16), [32). [48). Page 1411236




Shor's algorithm: case N = 15

[f we measure the output register, we obtain (equiprobably) one

of four states for the input register. depending on the outcome

=

of the measurement: 1, 7, 4, or 13:
.+ 160))
.+ [61))
2) + |6) + |10) + ...+ |62))
3) +|7) +|11) + ... + |63))

Pirsa: 06120048

Page 142/236




Shor’s algorithm: case N = 15

@ Applv a discrete quantum Fouriler transtorm for the
integers mod 64 (analogous to the Hadamard transform.
which 1s a Fourier transtorm for the integers mod 2):

Sor r—1

1 Zr ., Uppr, 1 Z i Xik .
.-'T Xi _i"_ .-_I I‘ : - "" 2 -~ ‘ k::: i I-‘ ."::
Vr !

=0 v =8

(here s = 64, r = 4) which vields:
0) + |16) + |32) + |48))
0) +1/16) —|32) —1/|48))
Xa =2 0) —|16) + [32) — |48))
x13 =3 3(|0) —i|16) — [32) +i[48))
@ So for the period r = 4, the state of the input register ends
up in the 4-dimensional subspace spanned by the
rzoszowe — Orthogonal vectors [0), [16), [32). |48).

i

Xy =0
) 1 e

b2 | =D | =D =

P —
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Shor’s algorithm

Shor's algorithm: case N = 15

[f we measure the output register, we obtain (equiprobably) one

of four states for the input register. depending on the outcome

of the measurement: 1. 7. 4. or 13:

(10) +1[4) + |8) +...+]60))

1
1
L(|1) +15) +(9) +... +61))
(12) + |6) + [10) + ...+ |62))
(13)+|7) +[11) + ...+ |63))
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or’s algorithm

Shor’s algorithm: case N = 15

@ Applv a diserete quantum Fouriler transtorm for the
integers mod 64 (analogous to the Hadamard transform.
which is a Fourier transform for the integers mod 2):

r—1

l_z 2mi5 s /r)

.'l‘
v k=l)

(here s = 64, r = 4) which vields:
x; =0: 2(|0) +]16) + |32) + |48))
x7 =1: 1(]0) +i|16) —|32) — i|48))
x4y =2: 5(|0) —|16) + |32) — |48))
x13 =3 3(]0) —1i|16) — |32) +1]48))
So for the period r = 4, the state of the input register ends

up in the 4-dimensional subspace spanned by the
eszosizoos  Orthogonal vectors |0), [16), |32). |48). Page 145/236




hor’s algorithm

Shor's algorithm: case N = 15

[f we measure the output register, we obtain (equiprobably) one
of four states for the input register. depending on the outcome
of the measurement: 1. 7, 4, or 13:
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or’s algorithm

Shor's algorithm: case N =

@ Apply a discrete quantum Fourler transform for the
mtegers mod 64 (analogous to the Hadamard transform.
which 1s a Fournier transtorm for the integers mod 2):

1 % l U 1 = k
«  “DFTs g e \
— X; + jr) — E e~ r |ks/r)
o x 11 r

VrE i— ¥ 6
(here s = 64, r = 4) which yields:
x; =0: (|0) +|16) + |32) + |48))
x7 =1: 1(|0) +i|16) —|32) — i[48))
xy =2: 1(|0) — |16) + |32) — |48))
X3 =3 '%(\n —i|16) — |32) + i|48))
@ So for the period r = 4, the state of the input register ends
up in the 4-dimensional subspace spanned by the
rzoszoe  Orthogonal vectors [0), [16), [32). [48).
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Shor’s algorithm

Shor's algorithm: case N = 15

[f we measure the output register, we obtain (equiprobably) one

of four states for the input register. depending on the outcome

of the measurement: 1. 7. 4. or 13:

(10) + |4) + |8) +. ..+ |60))
(11) +15) +[9) + - - + |61))
2) + |6) + [10) + ... + [62))
3) +7) +[11) + ... + [63))

Pirsa: 06120048
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Shor’s algorithm

Shor's algorithm: case N =

@ Apply a discrete quantum Fourler transtorm for the
integers mod 64 (analogous to the Hadamard transform.
which 1s a Fourler transtorm for the integers mod 2):

r—1

l_z 2mi—= “:\.Hl

.-']-I|I
v k=l)

x; =0: 5(|0) + |16) + |32) + |48))
xr =1: 5(|0) +1]16) —[32) —1|48))
:{4 2 0) — |16) + |32) — |48))
%(\n —1i|16) — |32) +i[48))
@ So for the pwru_u:i = -L. the state of the input register ends

up in the 4-dimensional subspace spanned by the
rzoszowe  Orthogonal vectors [0), [16), [32). |48). Page 1491236




5

@ Consider case N = 15.a

@ The function f(x) = a* mod 15, where x € [0, 63]
(f : Zga — Zy5), 1s:

) :
7" mod 15

7! mod 15

7- mod 15

=
i

mod 15

74 mod 15

—f1. %

772 mod 15
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Shor’s algorithm

Shor’s factorization algorithm

@ The problem of factorizing a composite integer N that is
the product of two primes, N = pq. reduces to the problem
of finding the period of a function f(x) = a* mod N, for any
a < N which 1s coprime to N, i.e., has no common factors
with N other than 1.
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Simon’s algorithm

Simon s algorithm: n = 3 case

@ Applving a Hadamard transformation amounts to dropping
the primes.

@ So 1if the period 1s r = 001. the state of the Input register
ends up in the 4-dimensional subspace spanned by the
vectors: |000). |010), |100). |110).
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Simon’s algorithm

Simon s algorithm: n = 3 case

@ Period r = 001: the state of the two registers after the
unitarv transtormation Uy 1s:

(|000) 4 |001))|£(000)) 4+ (]010) + |011))|£(010))
+(|100) + [101))|£(100)) + (|110) + [111))|£(110))
@ Measure the output register = the input register is left in

one of four states, depending on the outcome of the
measurement:

000) + |001)
010) + |011)
100) + [101)
110) + |111)

Pirsa: 06120048

000"

0’0’0
000"

000"

0'1'0")
0'1'0/)
0'10"
0'1'0")

100"
1"0/'0")
100"
1'0'0")

1’10)
1'170/)
171707

1l i | 4

Page 153/236




Simon’s algorithm

Simon s algorithm: n = 3 case

@ Applving a Hadamard transformation amounts to dropping
the primes.

@ So if the period is r = 001. the state of the input register
ends up in the 4-dimensional subspace spanned by the
vectors: |000), |010), |100). [110).
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Shor’s algorithm

Shor’s factorization algorithm

The problem of factorizing a composite integer N that is
the product of two primes. N = pq. reduces to the problem
of finding the period of a function f(x) = a* mod N. for any
a < N which 18 coprime to N, i.e., has no common factors
with N other than 1.
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Shor’s algorithm

Shor’s algorithm: case N = 15

[f we measure the output register, we obtain (equiprobably) one

of four states for the input register. depending on the outcome

of the measurement: 1. 7. 4. or 13:

(10) + [4) + |8) + ...+ |60))
(1) +[5) +19) + - .-+ |61))
2) + |6) +[10) + ... + |62))
3) +|7) +|11) + ...+ |63))

Pirsa: 06120048
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Shor’s algorithm: case N =

@ Apply a discrete quantum Fourier transform for the
integers mod 64 (analogous to the Hadamard transform.
which 1s a Fourler transtorm for the integers mod 2):

L = U L=
L - DFTs Pris
—= 2 X+ =Y ¥ ks /)

Vr T v k=0
(here s = 64, r = 4) which vields:
x; =0: 2(|0) +]16) + |32) + |48))
X7 - 110y +1i]16) — |32) — i[48))
xy =2: 1(]0) — |16) + |32) — |48))
X13 = _ 3. 1(|0y —i|16) — |32) +i|48))
@ So for the period r = 4. the state of the input register ends
up in the 4-dimensional subspace spanned by the
rzoszowe — Orthogonal vectors [0), [16), [32). |48). Page 157236




Shor's algorithm: case N = 15

@ Consider all possible even periods r for which
f(x) = a* mod 15, where a is coprime to 15.
The other possible values of a are 2. 4, 8. 11, 13, 14 and the

corresponding periods turn out to be 4. 2. 4, 2. 4. 2. So we
need only consider r = 2.

Different values of a with the same period affect only the
labels of the output register (e.g.. for a = 2, the labels are
11).]2), |4). |8) instead of |1).|7). |4),|13)). So different a
values for the same period are irrelevant to the quantum
algorithm.
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Shor’s algorithm

Shor’s algorithm: case N = 15

After the application of the unitary transformation
U = a® mod N. the state of the two registers is:

(|0)[1) + [1)|T) +|2)]4) + |3)|13)

- H':: 1)+ |5 ‘T* + |f3 |—L_} — ‘T:ﬁ' ‘13.

+ |60)|1) + |61)|7) + |62)|4) + |63)|13))
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Shor’s algorithm

Shor’s algorithm: case N = 15

This state can be expressed as:

2(10) + [4) +[8) + ...+ |60))[1)
$=(11) + |5 + 19 + ...+ [61))|7

+%(|2) + |6) + |10) + ...+ [62))[4)
+3(13) +|7) +11) + ... +[63))|13))
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Shor’s algorithm

Shor's algorithm: case N = 15

After the application of the unitary transformation
U = a© mod N. the state of the two registers is:

L(103[1) + |1)]7) + |2)]4) + |3)[13)

+ [4)[1) + |5)|7) + [6)]4) + |7)[13)

+ |60)|1) + [61)|7) + |62)|4) + |63)|13))
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Shor’s algorithm

Shor’s algorithm: case N = 15

The factors 3 and 5 of 15 are derived as the greatest common
r.'

- - ; = iy L T = =
factors of a"“ — 1 =48 and 15 and a™”< + 1 = 50 and 15.
respectively.
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Shor’s algorithm

Shor’s algorithm: case N = 15

@ Consider case N =15.a=7T
e The function f(x) = a* mod 15, where x € [0. 63]
(f: Zes — Zy5), 1s:

7 mod 15
7! mod 15

7 mod 15

=
i

mod 15

74 mod 15

w— -
792 mod 15
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Shor’s algorithm

Shor’s algorithm: case N = 15

After the application of the unitary transformation
[T{- — Hx L1 HI N_ til{J state (.}f rl_l{—‘“ TWO l"{_uglt..‘f{_xlh i.:__-.:

(10)|1) + [1)|7) + [2)|4) + [3)]13)

+ |D|1) + |5)|7) +|6)[4) + |7)[13

+ |60)|1) + |61)|7) + |62)|4) + |63)|13))
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or’'s algorithm

Shor's

algorithm: case N = 15

This state can be expressed as:

%(-nj + 4+ 18+
+5(]1) +15) + |9) + ..
%(‘) + 16) + |10) + ..
+%(‘_~3.._|1 + |11) + ...

.+ [60))[1)

.+ [61))|7

.+ |62))|4)
+ 163))[13))
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Shor’s algorithm: case N = 15

@ Applv a diserete quantum Fouriler transtorm for the
integers mod 64 (analogous to the Hadamard transform.
which 1s a Fourier transform for the integers mod 2):

. r—1

1 Zr . Uppr; 1 Z s o
— Xi —IT_ | r) — ¢ T T ‘ k;-_-. | ¥ .*::
Vr

=
=0 v | —

(here s = 64, r = 4) which vields:
X3 =0 %( 0) + |16) + |32) + |48))
xy =1: 1(|0) +i|16) — |32) — i|48))
2: 35(|0) —|16) + |32) — |48))
x;3=3: 1(|0) —i|16) — |32) +i48))
@ So for the period r = 4, the state of the input register ends

Xq4 =

up in the 4-dimensional subspace spanned by the
rzoszoe  Orthogonal vectors [0), [16), [32). |48). Page 166/236




Shor’s algorithm

Shor’s algorithm: case N = 15

@ Consider all possible even periods r for which
f(x) = a* mod 15, where a is coprime to 15.
The other possible values of a are 2, 4, 8. 11, 13, 14 and the

corresponding periods turn out to be 4. 2. 4. 2. 4. 2. So we
need only consider r = 2.

Different values of a with the same period affect only the
labels of the output register (e.g.. for a = 2. the labels are
11).12),]4), |8) instead of |1), |7), |4),|13)). So different a
values for the same period are irrelevant to the quantum
algorithm.
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r’s algorithm

Shor's algorithm: case N = 15

@ For r = 2. if we measure the output register, we will obtain
(equiprobably) one of two states for the imput register.

depending on the outcome of the measurement (say. a or
b):

0) +(2) + |4) + ... ,_
1)+ [3)+[5) + ...+ |63)
@ After the discrete Fourler transtform. these states are

transtormed to:

XH 1: |0) — |3'_)':-
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Shor's algorithm: case N = 15

@ Applv a discrete quantum Fourler transtform for the
mtegers mod 64 (analogous to the Hadamard transform.
which 1s a Fourler transform for the integers mod 2):

o

?_l - r—1
1 E : .« Uppr, 1 Z 2 TS ;
~ Xl —uL_ ’ r) — L:— T ‘k:-. I .*::
Vr

.l‘

(here s = 64, r = 4) which vields:
—0: 1(|0) + |16) + |32) + |48))
—1: 1(|0) +i|16) —|32) — i|48))
= 2: 5(|0) — [16) + |32) — |48))
x;3=3: 1(|0) —i|16) — |32) +i48))
@ So for the period r = 4, the state of the input register ends

up in the 4-dimensional subspace spanned by the
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Shor’s algorithm: case N = 15

@ Consider all possible even periods r for which
f(x) = a* mod 15, where a is coprime to 15.
The other possible values of a are 2. 4. 8. 11, 13, 14 and the
corresponding periods turn out to be 4. 2. 4, 2. 4. 2. So we
need only consider r = 2.
Different values of a with the same period affect only the
labels of the output register (e.g.. for a = 2, the labels are
11).|2), |4), |8) instead of |1),|7).|4),|13)). So different a
values for the same period are irrelevant to the quantum
algorithm.
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Shor’s algorithm

Shor’s algorithm: case N = 15

@ In this case. the 2-dimensional subspace V,—» spanned by
10).|32) for r = 2 is included in the 4-dimensional subspace
Vi—4 for r = 4 (spanned by |0).|16), |32). ket48).

@ A measurement can distinguish r = 4 from r = 2 reliably,
1.e., whether the final state of the input register is in V,—y
or Vy—o. only if the final state is in V,—y — V,—», the part of
V:—4 orthogonal to V,.—s.

@ What happens if the final state ends up in V;—27
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Shor’s algorithm

Shor's algorithm: case N = 15

@ Shor’s algorithm works as a randomized algorithm. It
produces a candidate value for the period r and hence a
candidate factor of N. which can be tested (in polynomial
time) by division into N.

A measurement of the input register in the computational
basis vields an outcome ¢ = ks/r. The value of k 1s chosen
equiprobably by the measurement of the output register.
The procedure 1s to repeat the algorithm until the outcome
vields a value of k coprime to r, in which case canceling ¢ /s
to lowest terms vields k and r as k/r.
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Shor’s algorithm

Shor's algorithm: case N = 15

@ In this case. the 2-dimensional subspace V.—s spanned by
10).|32) for r = 2 is included in the 4-dimensional subspace
Vi—4 for r = 4 (spanned by |0).|16). |32). ket48).

@ A measurement can distinguish r = 4 from r = 2 reliably,
1.e., whether the final state of the input register is in V,—4
or Vy—o. only if the final state is in V,—4y — V,—», the part of
V:—4 orthogonal to V,—».

@ What happens if the final state ends up m V,—27
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Shor’s algorithm

Shor’s algorithm: case N = 15

@ For r = 2. if we measure the output register. we will obtain
(equiprobably) one of two states for the input register,
depending on the outcome of the measurement (say. a or
b):

0) +12) + |4) +— ...
1 +3)+15) + ...

@ After the discrete Fourier transform. these states are
transtormed to:
xp=1: [0) — [32)
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Shor’s algorithm

Shor’s algorithm: case N = 15

@ In this case. the 2-dimensional subspace V,—5 spanned by
10).|32) for r = 2 is included in the 4-dimensional subspace
Vi—4 for r = 4 (spanned by |0).|16). |32). ket48).

@ A measurement can distinguish r = 4 from r = 2 reliably,
1.e., whether the final state of the input register is in V,—4
or Vy—o., only if the final state is in V,—y — V,—», the part of
V:—4 orthogonal to V,—s.

e What happens if the final state ends up in V,—27
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Shor’s algorithm

Shor's algorithm: case N = 15

@ Shor’s algorithm works as a randomized algorithm. It
produces a candidate value for the period r and hence a
candidate factor of N. which can be tested (in polynomial
time) by division into N.

A measurement of the input register in the computational
basis vields an outcome ¢ = ks/r. The value of k 1s chosen
equiprobably by the measurement of the output register.

The procedure 1s to repeat the algorithm until the outcome
vields a value of k coprime to r, in which case canceling c/s
to lowest terms vields k and r as k/r.
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ir’s algorithm

Shor’s algorithm: case N = 15

@ For r = 2. if we measure the output register, we will obtain
(equiprobably) one of two states tor the input register.
depending on the outcome of the measurement (say. a or
b):

0) + |2} + |4) + ...+ |62)
1 +3)+15) + ...+ |63)

o Aftor the discrote Eastios transiorns Lo shates ave
transtormed to:
xp=1: |0) —[32)
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Shor's algorithm: case N = 15

@ Applv a diserete quantum Fouriler transtorm for the
mntegers mod 64 (analogous to the Hadamard transform.
which 1s a Fourier transtorm for the integers mod 2):

r—1

. . Uppr, 1 i Xik .
Xj + jr) = E e~ |ks/r)

v k=l)

(here s = 64, r = 4) which vields:
=0: 1(|0) + [16) + |32) + |48))
r=1: 5(|0) +1i|16) — [32) —1]|48))
=2: 5(|0) — [16) + |32) — [48))
x13=3: =(|0) —i|16) — |32) +i|48))
@ So for the period r = 4. the state of the input register ends

up in the 4-dimensional subspace spanned by the
rzoszowe  Orthogonal vectors [0), [16), [32). |48). Page 1781236




Shor’s algorithm: case N = 15

@ Consider all possible even periods r for which
f(x) = a* mod 15, where a is coprime to 15.
The other possible values of a are 2. 4. 8. 11, 13, 14 and the
corresponding periods turn out to be 4. 2. 4, 2. 4. 2. So we
need only consider r = 2.

Different values of a with the same period affect only the
labels of the output register (e.g.. for a = 2, the labels are
2),|4), |8) instead of [1).|7).|4).|13)). So different a

values for the same period are irrelevant to the quantum

algorithm.
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Shor’s algorithm

Shor’s algorithm: case N = 15

@ In this case. the 2-dimensional subspace V,.—5 spanned by
10).|32) for r = 2 is included in the 4-dimensional subspace
Vi—4 for r = 4 (spanned by |0).|16). |32). ket48).

@ A measurement can distinguish r = 4 from r = 2 reliably,
1.e., whether the final state of the input register is in V;—4
or V,—o, only if the final state is in V,—y — V,—», the part of
V:—4 orthogonal to V,—s.

@ What happens if the final state ends up mm V,—27
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ir’s algorithm

Shor’'s algorithm: case N =

e Putting it geometrically: the value k =1 for r = 2
corresponds to the same state, |32). as the value k = 2 for
r—4
Once we obftain the candidate period r = 2 (byv cancelling
c/s = 32/64 to lowest terms), we {.ilLllLl[l‘ the factors of N
as the greatest common factors of az =1 and N and test
these by division into N.

@ If a = 7. these calculated factors will be incorrect. If a = 2
the factors calculated in this way will be correct.
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Shor’s algorithm

Exploiting the non-Boolean logic

@ We see how a global property of a function i1s computed
without actually computing any function values.

@ Does it always work this way”’
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r’s algorithm

Exploiting the non-Boolean logic

@ We see how a global property of a function is computed
without actually computing any function values.

@ Does it always work this way?
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Shor's algorithm: case N =

e Putting it geometrically: the value k =1 forr =
corresponds to the same state, |32). as the 1':_1.11_15- E—=2 few
F=—4
Once we obtain the candidate period r = 2 (byv cancelling
c/s = 32/64 to lowest terms), we {-ilLllldT{‘ the factors of N
as the greatest common factors of az == 1 and N and test
these bv division into N.

@ If a = 7. these calculated factors will be incorrect. If a = 2
the factors calculated 1 this way will be correct.

Pirsa: 06120048 Page 184/236




r’s algorithm

Shor’s algorithm: case N = 15

@ For r = 2. if we measure the output register, we will obtain
(equiprobably) one of two states for the input register,
depending on the outcome of the measurement (say. a or
b):

0 +12)+14) + ...+ |62)
1 +13)+ 15 + ...+ [63)
@ After the discrete Fourier transform. these states are
transformed to:
X, =0: |0) + |32)
xp =1: |0) —[32)
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Shor’s algorithm

Shor’s algorithm: case N =

@ Consider all possible even periods r for which
f(x) = a* mod 15, where a is coprime to 15
The other possible values of a are 2. 4. 8. 11. 13, 14 and the

corresponding periods turn out to be 4. 2. 4, 2. 4. 2. So we
need onlv consider r = 2.

Different values of a with the same period affect only the
labels of the output register (e.g.. for a = 2. the labels are
11).]2), |4), |8) instead of |1), |7). |4).|13)). So different a

values for fhp same period are irrelevant to the quantum
algorithm.
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Shor’s algorithm

Shor’s algorithm: case N = 15

@ For r = 2. if we measure the output register, we will obtain
(equiprobably) one of two states for the imput register.
depending on the outcome of the measurement (say. a or
b):

0) +12) + |4) + ...+ |62)
1+ 13+ |5 + ...+ |63)

@ After the discrete Fourler transform. these states are
transtformed to:

X 1: 10) — |3'_)':-
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Shor’s algorithm

Shor’s algorithm: case N = 15

@ In this case. the 2-dimensional subspace V,—» spanned by
10).|32) for r = 2 is included in the 4-dimensional subspace
Vi—4 for r = 4 (spanned by |0).(16). |32). ket48).

@ A measurement can distinguish r = 4 from r = 2 reliably,
1.e., whether the final state of the input register is in V,—4
or Vy—o. only if the final state is in V,—4 — V,—», the part of
V:—4 orthogonal to V,—s.

@ What happens if the final state ends up in V,—27
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Shor’s algorithm

Shor’s algorithm: case N = 15

@ Shor’s algorithm works as a randomized algorithm. It
produces a candidate value for the period r and hence a
candidate factor of N. which can be tested (in polynomial
time) by division into N.

A measurement of the input register in the computational
basis vields an outcome ¢ = ks/r. The value of k is chosen
equiprobably by the measurement of the output register.

The procedure 1s to repeat the algorithm until the outcome
vields a value of k coprime to r, in which case canceling ¢ /s
to lowest terms vields k and r as k/r.
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Shor’s algorithm: case N =

e Putting it geometrically: the value k =1 for r = 2
corresponds to the same state, |32). as the value k = 2 for
E—4

@ Once we obtain the candidate period r = 2 (bv cancelling
c/s = 32/64 to lowest terms), we ¢ _.tlLIlLl[{‘ the factors of N
as rhe greatest common factors of az +1 and N and test
these bv division mto N.

o If a = 7, these calculated factors will be incorrect. If a = 2
the factors calculated m this way will be correct.
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Shor’s algorithm

Exploiting the non-Boolean logic

@ These quantum algorithms work by exploiting the
non-Boolean logic represented by the subspace structure of
Hilbert space in a similar way. Essentially. a global
property of a function (such as a period. or a disjunctive
property) is encoded as a subspace in Hilbert space
representing a quantum proposition. which can then be
efficiently distinguished from alternative propositions,
corresponding to alternative global properties. by a
measurement (or sequence of measurements) that identifies
the target proposition as the proposition represented by
the subspace containing the final state produced by the
algorithm.
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Shor’s algorithm

Exploiting the non-Boolean logic

@ We see how a global property of a function is computed
without actually computing any function values.

@ Does it always work this way”’
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Parity problem and Grover’s search algorithm

Parity problem

@ The parity of a function f : B" — B is defined byv

par(f)

@ Classically. N = 2" function calls are required to determine
the parity of f. Can a quantum algorithm do better?
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Parity problem and Grover’'s search algorithm

Parity problem

@ n = 2 case: like Deutsch’s problem. 1 constant state, 3
balanced states, 4 unbalanced states after Uy:

10) — 1)

\’ -

+—(4|00) + |01) £+ [10) £ |11))

with three +'s and one —’s.

@ The constant and balanced states have parity 1; the
unbalanced states have parity -1.
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Parity problem and Grover’s search algorithm

Parity problem

@ n = 2 case: like Deutsch’s problem. 1 constant state, 3
balanced states. 4 unbalanced states after Uy:

0) — 1)

Wi

+—(+|00) + |01) + [10) £+ |11))
with three +'s and one —’s.

@ The constant and balanced states have parity 1; the
unbalanced states have parity -1.
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Parity problem and Grover’s search algorithm

Parity problem

After U;, the state of the input register is:
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Parity problem and Grover’s search algorithm

Parity problem

To find the parity of 1. apply VU twice, where V 1s the
permutation:

01)
00)
11)
10)
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Parity problem and Grover’s search algorithm

Parity problem

After U;, the state of the input register is:
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Parity problem and Grover’'s search algorithm

Parity problem

@ n = 2 case: like Deutsch’s problem. 1 constant state, 3
balanced states. 4 unbalanced states after Uy:

0) — 1)

V.

+—(+|00) £+ |01) £ [10) £+ [11))
with three +'s and one —’s.

@ The constant and balanced states have parity 1; the
unbalanced states have parity -1.
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Parity problem and Grover’s search algorithm

Parity problem

@ n = 2 case: like Deutsch’s problem. 1 constant state, 3
balanced states. 4 unbalanced states after Uy:

0) — |1)

\’ -

+—(4/00) + |01) £ [10) £ |11))

with three +'s and one —'s.

@ The constant and balanced states have parity 1; the
unbalanced states have parity -1.
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Parity problem and Grover’s search algorithm

Parity problem

To find the parity of f, apply VU; twice. where V 1s the
permutation:

V|00) — |01)
V|01) — |00)
10) — [11)
11) 10}
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Parity problem and Grover’s search algorithm

Parity problem

To find the parity of f. apply VU twice, where V is the
permutation:

V1]00) - |01)
V|0l) — |00)
V|[10) 1)
VI11) 10)
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Parity problem and Grover’s search algorithm

Parity problem

After U;, the state of the input register is:

((—1)'"200) + (—1)"Yjo1) + (—1)'"10) + (—1)'Y"Y11))

1
2
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Parity problem and Grover’s search algorithm

Parity problem

After applving VU twice, the state of the input register is:

1
2

(—L)t'{“”}(—],)HUH(‘“”?—l—‘l}]_ .::)_i_%(_l)t-(lnj(_l)[-(11}( “}Jr‘“.)

So the state is either:

parity +1: £5(|00) + |01) + [10) + [11))

parity -1: i,—E[(\{'H'J:} +101)) — (|10) +|11)))
Parity determined in 2 runs of the algorithm instead of 4
classically.
In general case. speedup N/2 is optimal for N values of the
function.
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Parity problem and Grover's search algorithm

Parity problem

After applving VU twice, the state of the input register is:

_L)[{_HH}(_]’)i(ll]_j(‘““}_'_‘“]..::)_l__;(_l)i(lilj( )[(ll}( 1[} J—‘].L )

So the state is either:
F1: +£1(]00) + |01) + |10) + |11))
- +2((|00) +]01)) — (]10) + [11)))
Parity determined in 2 runs of the algorithm instead of 4
classically.
In general case. speedup N/2 is optimal for N values of the

funection.
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Parity problem and Grover’s search algorithm

Grover'’s search algorithm

o f:B"—B.B={0.1}
@ Promised that f(x) = O for all bit strings except one, xj.

o Find x.
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Parity problem and Grover’s search algorithm

Grover’s search algorithm

o f:B"—B.B={0.1}
@ Promised that f(x) = O for all bit strings except one. xj.

o Find x.
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Parity problem and Grover’s search algorithm

Grover'’s search algorithm

o f :B"—B.B=1{0.1}
@ Promised that f(x) = O for all bit strings except one. xj.

o Find x.
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Parity problem and Grover’s search algorithm

Grover'’s search algorithm

1

V 4

Uy l

" /)N

X

Reflects —— S~ |x) in hyperplane orthogonal to |xg): equivalent

on LuX
VvV &

to applying Iy = I — 2|x0)(x0|.
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Parity problem and Grover’'s search algorithm

Grover's search algorithm

V2

Reflects —— S~ |x) in hyperplane orthogonal to |xg): equivalent

I et X
YV &

to applying I, = I — 2|x0)(x0].
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Parity problem and Grover’s search algorithm

Grover's search algorithm

1

V 2

Uy l_ (_1)1(1) <) ‘“f __‘ 1
N..-:Zn _: vV )

Reflects —— S~ |x) in hyperplane orthogonal to |xg): equivalent

I et X
vV &

to applying I,y = I — 2|x¢) (xp]|.
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Parity problem and Grover’s search algorithm

Grover’s search algorithm

Write: [w) = =Y __an |X)
Iy =1—2|w)(w| is a reflection in the hyperplane
orthogonal to |w).

—Lwy\ Iy = LiwiyIjxyy, Where [w—) is orthogonal to |w) in
the plane spanned by |w) and |xg).

Iyl 1s rotation through 23. where 3 is angle between

lw—) and |xp).
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Parity problem and Grover’'s search algorithm

Grover's search algorithm

@ Consider case n = 2 and suppose |x5) = [11) = |4

o After H, state of input register is:

(100} +101) + [10) + |11)) = (1) +|1) +|3) + [4))
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Parity problem and Grover’'s search algorithm

Grover’s search algorithm

o After Iy =1 —2|xp)(x0| (U with output register in state

0)—|1) : :
H|l) = 9 —L~ ). state of input register is:

L
5l

1) +]1) +[3) —

o After -Ijy I,y = L1yl . state of input register is |4
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Parity problem and Grover’'s search algorithm

Grover’s search algorithm

o After I|\‘ y = I —2|xp) (x0| (Us with output register in state

~). state of input register is:

1
2

(11) +11) +3) — |4))

o After -Ijw)lj,) = Ljwi)Ix,). state of input register is |4
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Parity problem and Grover’'s search algorithm

Grover’s search algorithm

Pirsa: 06120048

Angle o between |w) = lﬁ Zil x) and |xXgp) 1s such that
JN L

COSa — LY for ally |K” ).

.

If N is large. a =~ 7w /2.

= ix 2 . §
So angle 3 between |[w—) and |xg) is given by
sin 3 = (Xg|w) = —=. So = —.

R v N v N

We need O(V/N) iterations of rotation through angle
20 =~ 1/vN to move iT Z\I | |X) near to |xp).

V1 = '
In general case, apply —Ijy) I,y O(v N) times to rotate
i 1

<
—= 2 _x—1 /%) to [x0) through angle § ~ —.
/N £ /1
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Parity problem and Grover’s search algorithm

Grover's search algorithm

o After I|\“ = [ — 2|xp) (x0| (Ug with output register in state

L), state of input register is:

1
2

(1) +1|1) +1|3) —

o After -Ijw)lj,) = Ljwe)Iix,). state of input register is |4
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