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Abstract: Inferring a quantum system\'s state, from repeated measurements, is critical for verifying theories and designing quantum hardware. It\'s
also surprisingly easy to do wrong, as illustrated by maximum likelihood estimation (MLE), the current state of the art. I\l explain why MLE
yields unreliable and rank-deficient estimates, why you shouldn\'t be a quantum frequentist, and why we need a different approach. I\'ll show how
operational divergences -- well-motivated metrics designed to evaluate estimates -- follow from quantum strictly proper scoring rules. This
motivates Bayesian Mean Estimation (BME), and I\'ll show how it fixes most of the problems with MLE. I\Il conclude with a couple of
speculations about the future of quantum state and process estimatio
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What is State Estimation?

a-—-'BQd

® Goal: Characterize a
source of quantum systems.

® You measure N identical copies.

® Measurement record:
M = {EhE?a“'EN}
® Then report your best guess for p.

e Key Application: Verifying quantum hardware
for fault tolerant quantum computation.



A few points up front:
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® Estimation procedures consist of:
a) a rule for making measurements,
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A few points up front:

® Estimation procedures consist of:
a) a rule for making measurements,
b) a rule for analyzing the data.

® |I'm only talking about the data analysis part.

® Every [sane] procedure works roughly the same as
N = . 'minterested in | <N < o,
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What I'm a-gonna say

I. Motivation: problems with MLE™.
2. Foundation: quantum scoring rules.
3. Solution: the BME algorithm (& its features)

4. Testing: dueling procedures! (numerics)
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2. Foundation: quantum scoring rules.
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What’s the Problem?

e Current technology: Maximum Likelihood Estimation

M =By, By,... Bn| — L(p) =p(Mlp) — prus

® puie does not honestly represent the experimentalist’s
knowledge about the observed ensemble.

¢ Why? p.u.: typically has zero eigenvalues:

Ai = (o] prre |6:) =0

e Zero eigenvalue = zero probability
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What’s the Problem?

e Current technology: Maximum Likelihood Estimation

M ={Ey, E;,...En} — L(p) = p(MIp) — prus

® puviee does not honestly represent the experimentalist’s
knowledge about the observed ensemble.

¢ Why? p..: typically has zero eigenvalues:
Ai = (& prre |6:) = 0
e Zero eigenvalue = zero probability
L)absolute certainty
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Yes, it’s a problem

PHYSIGAL R=vIEW /i, VOLUME 84, 052312
Measurement of qubirs

Densel F. V. Jemes.~* Poul G. Ewiot ™ William J. Muaro.** na Andrew G. White—
“Thecsetsccd Divindom T-d, Tos Alame: Nuttonad Lafwrclons, Los Alamos New Meiico 87545
:I"'.'l}wll Dyvisizm {*-22. Lo: Alnos sechonal Loderatory Los Lamc:. ow Mence 50734
 Deparancra of Finvmicz, Unrarzity of llinoss, Urbara Chanpaien. [limess 680
‘Derarpmenr of Piynics. Tanverst™ of Queensiamd, Brisbane, Queensiond <0072 Awstreiia
‘Hewiew-Packard Laborsiortes. Friton Poad, Stoke Gyfford Brizio! B534 SQZ. Unired K'ngdew:
(Recrived 70 March YW1 prblshed 16 Oetoher 7007)

035069 - 00239400106 —-004]12-:/00221 04833+i00329 |

- 00239 i0.0106 00048 0.0023 + {00019 ~0.0296— 00077

e -002412+i00221 0002300019 000435 = 004254 /00192
DA4A%33-i0.0329 00296+ {00077 0042500192 04839 'l

This matrix i1s illustrated in Fig. 3 (night). In this case, the
matrix has eigenvalues 0.986022, 00139777, 0. and 0: and
Tr{p>} =0.972435. indicating that, while the linear recon-
struction gave a nonphysical density matrix. the maximum
likelihood reconstruction gives a legitimate density matrix.

1. D.FE V James et. al., “Measurement of Qubits,” Phys. Rev. A, 64:052312 (2001)
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Jf qubm mn::

Yes, it’s a problem
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1. D. F V James et. al., “Measurement of Qubits,
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2. Hafiner et. al., “Scalable muluparticle entanglement of trapped 1ons,

3 qubits (10ns)

Y Ny

¥ |e-iH0 liz-diy ]

H Haffmer —, W, Hansel ,
M. Reebe’. P. 0. Schemdt”, C. Becher '+, 0. GEhme , W. Dir™ & R Blakt

I

C.F. Roos |, ). Beshelm

0.S
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6 qubits (10ns)

1e-12 le® le |
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Scalable multiparticle entanglement of trapped ions '~

UL D. Ragyol

le-12

0.1

h‘-l: | =3 [Pl

7 qubits (10ns)

fe-0® o086 000

" Phys. Rev. A, 64:052312 (2001
” Nature, 438:643-6 (2005
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Error Bars’

® “But aren’t there error bars in there?”

® Not always.

® What does p = 0 -
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Error Bars’

® “But aren’t there error bars in there?”

® Not always.

® What does -p-—-9-:L—9—1- mean?
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Error Bars’

® “But aren’t there error bars in there?”

® Not always.

¢ \What does $—=—8-==—8-4 mean’
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Error Bars’

® “But aren’t there error bars in there?”

® Not always.

¢ What does #—==—8-===8-4 mean’ k

P(p)

— p = 0.05 = 0.05

0 P 1

® [ncreasing small probabilities
=> decreasing large ones
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Error Bars’

® “But aren’t there error bars in there?”

® Not always.

® \What does =884 mean’
—> o9— 00563 0.06 o

0 p 1

® [ncreasing small probabilities
=> decreasing large ones

8 qubats (10ns)

e Effect of “fixing”
~2 18 zero eigenvalues? ”
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Error Bars’

re?”’

P(p)

0 p 1

3 qubits (10ns;

e Effect of “fixing”
~218 zero eigenvalues?

)
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Error Bars’

-
-
- 7 X 107 measurements
p= < 65,536 indep. components .,
6,561 different meas. re?
\ c) 256 eigenvalues
£ = E': *eruuaz.uru:uuntzjl' g “r]“’lt i:’: E\'T?

P(p)

0 p 1

3 quhits ‘1ons)

® Effect of “fixing”
~218 zero eigenvalues?
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Error Bars’

-
{-75 \
e 7 x 10° measurements
p= - 65,536 indep. components .,
6. 561 different meas. re?
\ 107%) 256 eigenvalues
& = E( "I-.\rl.lu_"ﬂ:llrl_'"u_‘n[:)' - \-\r'lli'lt i:": —'?\'T?
P(p)
0 [+] 1

3 qui}its ‘1ons)

® Effect of “fixing”
~218 zero eigenvalues?
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Tomography

9/10

n;

NTTI-E s

® Assume p(NIi) =

® Probabilities give

expectation values. 9/10

1710
® Expectation values
uniquely identify
the density matrix.

1/10

® Negativity: Piomo 2 0
Why? (a) equation of frequencies with probabilities,
rsa: 06120042 (b) observables aren’t truly independent. Page 25/95
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Maximum Likelihood (MLE)

® Report the state that makes the data most
likely -- i.e., maximize the likelihood of data.

L(p) =pMl|p) =Tr (Iﬂrlp) Tr (I\:Izp) R (I\}Np)

® |nvolves maximization over valid states
(parameterized by their square roots)

® 7 Hradil “Quantum-state Estimation,” Phys. Rev. A, 55:R1561 (1997
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How MLE Works
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How MLE Works

Example |: Bias of a Coin
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How MLE Works

Example |: Bias of a Coin

(a)
I X head
0 X tails

Likelihood
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How MLE Works

Example |: Bias of a Coin

@ Z

I X head S
0 X tails =
-

b 3

9 X heads C
I X tails =
-
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How MLE Works

Example |: Bias of a Coin Example 2: Qubit

@ 2
I X head S
0 X tails =
=
(b)
9 X heads

I X tails

lakehhood
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How MLE Works

Example |: Bias of a Coin Example 2: Qubit

9/10
(a)

I X head

0 X tails

Likelihood

1/10

1710

(b)
9 X heads

I X tails

lakehhood
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How MLE Works

Example |: Bias of a Coin Example 2: Qubit

@ 2 e
Ixhead 3 &
0 X tails = |
E | 3
— 1/ 0
i
) 2
9 X heads C
I Xtails =
-
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How MLE Works

Example |: Bias of a Coin Example 2: Qubit

(a) = —
I X head § ‘-\
0 X tails = / \.\
2 : A
s |/ 0
t, 1l
® =
9 X heads < :
Ixtails = MLE replaces negative
&

eigenvalues with zeros.
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What's going wrong!

(the really, really short version!)

e MLE is a great way of fitting the data.
® Best estimate: predicts what we've seen.

® MLE takes observed frequencies literally --
“The future will look like the past.”

® But...in QM the future might
contain measurements that
we haven’t made yet!

Pirsa: 06120042
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What's going wrong!?

(the really, really short version!)

e MLE is a great way of fitting the data.
® Best estimate: predicts what we've seen.

® MLE takes observed frequencies literally --
“The future will look like the past.”

® But...in QM the future might
contain measurements that L
we haven’t made yet! I
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What's going wrong!

(the really, really short version!)

e MLE is a great way of fitting the data.
® Best estimate: predicts what we've seen.

e MLE takes observed frequencies literally --
“The future will look like the past.”

e But...in QM the future might L
contain measurements that t NS
we haven’t made yet! o~ 9 ||

30 VILE assigns p=0 to events that were \

never nhcerved not to habbhen




Hmm... what to do?

I. Motivation: problems with MLE.
2. Foundation: quantum scoring rules.
3. Solution: the BME algorithm (& its features)

4. Testing: dueling procedures! (numerics)
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States as Predictions

e Quantum states are like probability distributions: they
predict the outcome of future measurements.

® Lets define a metric f(p : o) that measures how well
o predicts measurements on p.

1. The best estimate of p is p itself.
i.e., f(p: p) > f(p: o) for all o # p.

2. f(p : o) should correspond to an operational test
~ 1.e., someone’s utility (reward or cost)
for some practical procedure.

irsa: 06120042 Page 42/95
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States as Predictions

e Quantum states are like probability distributions: they
predict the outcome of future measurements.

® Lets define a metric f(p : o) that measures how well
o predicts measurements on p.

1. The best estimate of p is p itself.
ie., f(p:p) > f(p: o) for all & # p.

2. f(p : o) should correspond to an operational test
~ 1.e., someone’s utility (reward or cost)
for some practical procedure.

—> Quantum Strictly Proper Scoring-#ules
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Quantum
Strictly Proper Scoring Rules
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Quantum
Strictly Proper Scoring Rules

Victor the Verifier measures a copy of p, and pavs you R;(e) if he gets outcome 2 |
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Quantum
Strictly Proper Scoring Rules

Victor the Verifier measures a copy of p. and pavs you R;(e) if he gets outcome 2.
Victor’s goal: to motivate you to tell the truth
if you know p exactly.

Your goal: to maximize your expected reward

(vou greedy Scrooge, you!)
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Quantum
Strictly Proper Scoring Rules

Victor the Verifier measures a copy of p, and pavs yvou R;(e) if he gets outcome 2.

Define f(p : o) as your expected reward, from
Victor, for reporting & when the true state is p.
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Quantum
Strictly Proper Scoring Rules

Victor the Verifier measures a copy of p. and pavs yvou R;(eo) if he gets outcome 2.

Define f(p : o) as your expected reward, from
Victor, for reporting & when the true state is p.

flp:0o)=>;p(E)Ri(o)
Measurement = {E;} : Y E; = 1.

f(p:o) =) Tr[pE;]R;i(o)
= Tr[pR ()]

where R(o) = ). E:Ri(o).
irsa: 06120042 Page 48/95
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Quantum
Strictly Proper Scoring Rules

Victor the Verifier measures a copy of p. and payvs vou R;(e) if he gets outcome 2. '

1) flp: o) =3, p(1)Ri(o)
Measurement = {E;} : Y E; =1

flp:o) =) Tr[pE;]Ri(o)
= Tr[pR(c)]

where R(o) = ) _; E;R;(o).
Define “value™: G(p) = f(p: p) = Tr[pR(p)].
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Victor the Verifier measures a copv of p, and pavs vou R;(eo) if he gets outcome 2.

1) £(
Meas:

where

Defin

irsa: 06120042

Quantum
Strictly Proper Scoring Rules

Now. demand that the reward for truth
be greater than the reward for any lie.
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Victor the Verifier measures a copy of p. and pavs you R;(e) if he gets outcome 2.

1) F(

Meas:

where

Defin
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Quantum
Strictly Proper Scoring Rules

Now. demand that the reward for truth
be greater than the reward for any lie.
2) flp:p) > flp:o) if o F# p.

fFlp:p) > flo:0)+ f(p:0o)— flo:0o)
G(p) > G(o) + Tr[(p — o)R(o)]
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Quantum
Strictly Proper Scoring Rules

Victor the Verifier measures a copy of p, and pavs yvou R;(e) if he gets outcome 2.

— — 4

¢ Now, demand that the reward for truth
Meas  be greater than the reward for any lie.

2) flp:p) > f(p:o) if o F# p.
f(p:p) > flo:0)+ f(p:0)— flo: o)
G(p) > G(o) +Tr[(p— o)R(o)]

where A

Defin

“a'I'ri[p - o) Rie)]

gt
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Quantum
Strictly Proper Scoring Rules

Victor the Verifier measures a copy of p, and pavs yvou R;(e) if he gets outcome 2. I

1) £ Now, demand that the reward for truth
vMeas  be greater than the reward for any lie.

2) flp:p) > flp:0o) if o F# p.
Flp:p) > flo:0)+ f(p:0o)— flo: o)
G(p) > G(o) + Tr[(p — o)R(o)]

where

Defin
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1) F(

Meas:

where

Defin

Quantum
Strictly Proper Scoring Rules

Victor the Verifier measures a copy of p. and pavs you R;(e) if he gets outcome 2. I

Now, demand that the reward for truth
be greater than the reward for any lie.
2) flp:p) > f(p:o) if o F# p.

Fp:p) > flo:0)+ f(p:0o)— flo:0o)
G(p) > G(o) + Tr[(p — o)R(o)]
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Quantum
Strictly Proper Scoring Rules

Victor the Verifier measures a copy of p. and pavs you R;(e) if he gets outcome 2.

1) f(p:o) =3, p(1)Ri(o) 2) flp:p) > flp:o) if o # p.
Measurement = {E;}: Y E; =1 flp:p) > flo:o)+ f(p:o) — f(o:0o
G(p) > G(o) + Tr [(p — o) R(o)]

f(p:o) =) Tr[pE]R:(o)

A
: G(p)
= Tr[pR(o)]

s s ] e - -

where R(g) =3 ; E;R;(o).
Define “value”™: G(p) = f(p: p) = Tr[pR(p)].

T [(p - )R(0)]
>p

e f(p : o) is a subtangent to G(p)

e G(p) must be strictly convex.
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Quantum
Strictly Proper Scoring Rules

Victor the Verifier measures a copy of p, and pavs you R;(e) if he gets outcome 2.

1) flp: o) =3, p(i)Ri(o) 2) flp:p) > flp:a) if o # p.
Measurement = {E;} : Y E; =1 flp:p) > flo:o)+flp:eo)— flo: 0o
G(p) > G(o) + Tr[(p — o)R(o)]

f(p:o) =) Tr[pE]R:(o)

= Tr[pR(o))

N T T - -

Tr(p — o)R(o)
where R(eg) = 3, E;R;(a).

pa—

T [(p — ) R()]
Define “value™: G(p) = f(p: p) = Tr[pR(p)|. P

e f(p : o) is a subtangent to G(p)

e G(p) must be strictly convex.

e The estimator’s expected loss for lving is A(p: o) = G(p) — f(p: o).
pis 018042\ (p * @) is an operational divergence = good measure of o's predictive accuraessss
® Operational divergences are 1 : 1 with strictly convex “entropies” G(p).



A survey of metrics

e GOOD METRICS (OPERATIONAL DIVERGENCES )
1. L, distance: Tr[(p — 0)?] < R; = 2 (il o |i) — Tr(c?) — 1
2. Relative entropy: S(p||le) = Tr [p log %] < R; = In((i| o |i))
e BAD METRICS
1. Overlap: 1 — Tr[po] Improper (motwates lymng)

2. Trace-norm: ||p — ||,

2 lon-oberat
3. Fidelity: 1 — [Tr == ‘/ﬂ Non-operational
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A survey of metrics

e GOOD METRICS (OPERATIONAL DIVERGENCES)
1. L, distance: Tr[(p — 0)?] < R; = 2 (il o |i) — Tr(c?) — 1
2. Relative entropy: S(pl|lo) = Tr [p log %] < R; = In((i| o |3))

e BAD METRICS
1. Overlap: 1 — Tr[po] Improper (motwates lymng)

2. Trace-norm: ||p — ||,

2 lon-oberat
3. Fidelity: 1 — [Tr o ‘/ﬂ Non-operational

Operational diveregences compare
o |
physical states to classical descriptions.
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So... what do we do!

I. Motivation: problems with MLE.
2. Foundation: quantum scoring rules.
3. Solution: the BME algorithm (& its features)

4. Testing: dueling procedures! (numerics)
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Bayesian Mean Estimation

® Procedure: report the mean of a probability
distribution obtained via Bayes’ Rule.

® Begin with a prior distribution, =,(p)dp.
® Update to n(p) = L(p)mo(p).

® Compute the mean value: 6 = /ﬁ w(p)dp

.

MLE reports the mode

wuoDIYE reports the mean }

P lBE T =k = nl-ﬁ l”'hil ﬁQ!’”




Bayesian Inference

1. Begin with a prior: ma(p)dp.

2. Make N measurern ients A
= record: M = {ﬂ,fl_ ;T ——— ﬂ‘[N}

3. Baves” Rule: w;(p)dp x L(p)mo(p)dp
= Tr(M;p)Tr(Mzp) ... Tr(Mnp)mo(p)dp
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Bayesian Inference

1. Begin with a prior: mwo(p)dp.

2. Make N measurer ients ﬁ
= I'ex ord: M = {ﬂvfl. .ﬂrfg. — J.'\I_.'\,r}

3. Bayes” Rule: wp(p)dp ox L(p)mo(p)dp
= Tr(M,p)Tr(Map) . .. Tr(Mxp)mo(p)dp

Example: spin-2
Measure Y, X (ignore Z)

POVM operators are:

ven iode LFNH] 5 [N X+l =Xl }
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Bayesian Inference

1. Begin with a prior: wo(p)dp.

2. Make N measure ients _
= record: Ml = ?M’l, NI,. ...,MN}

3. Baves” Rule: wy(p)dp x L(p)me(p)dp
= Tr(M,p)Tr(Map) ... Tr(Mnp)mo(p)dp

Example: spin-'4

Measure Y, X (ignore Z)

POVM operators are:
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Bayesian Inference

1. Begin with a prior: me(p)dp. ﬂ-.f(p)

2. Make N measurements _
= record: M = ?JM'I? P —— ﬁ,fN}

3. Baves” Rule: wy(p)dp x L(p)mo(p)dp
= Tr(Myp)Tr(Mzp) ... Te(Mnp)mo(p)dp

Example: spin-'/2

Measure Y, X (ignore Z)

POVM operators are:

i LK+ 5 =X 5 X+l 5 |—iX—il}
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Bayesian Inference

1. Begin with a prior: me(p)dp. ﬂ.f(p)

2. Make N measure ients ‘
= record: M = ?M’l, M,, ..., MN}

3. Baves” Rule: wy(p)dp x L(p)mo(p)dp

= Tr(M,p)Tr(Map) . .. Tr(Mnp)mo(p)dp

Example: spin-'/2

Measure Y, X (ignore Z)

POVM operators are:

e i€ LEXH 5 XA 5 X4l 5 |—s)(—4l}
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Bayesian Inference

1. Begin with a prior: me(p)dp. ﬂ.f(p)
2. Make N measure ients -
= record: M = ?M’H M,, ..., MN}

3. Baves” Rule: wy(p)dp < L(p)me(p)dp
= Tr(M,p)Tr(Mzp) ... Tr(Mxnp)mo(p)dp

Example: spin-/

Measure Y, X (ignore Z)

POVM operators are:

i€ LXK s 1K= s X4l 5 =)=l }
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Bayesian Inference

1. Begin with a prior: me(p)dp. ‘J'I'f(p)

2. Make N measure lents -
= record: M = ?I\Jl, M,,..., J\IN}

3. Baves” Rule: w(p)dp < L(p)mo(p)dp

= Tr(Mip)Tr(Mzp) . .. Tr(Mnp)mo(p)dp

Example: spin-

Measure Y, X (ignore Z)

POVM operators are:

Pirsa:0§25-04§ {|+>{+| ? |_>(_| ? |+i)(+i| ’ |_i)(_i|}

Page 68/95



Bayesian Inference

1. Begin with a prior: mo(p)dp. ﬂ-f(p)

2. Make N measure lents -
= record: M = 2Ml, M, ..., MN}

3. Baves’ Rule: wp(p)dp < L(p)mo(p)dp

= Tr(Myp)Tr(Mzp) ... Tr(Mnp)mo(p)dp

Example: spin-4

Measure Y, X (ignore Z)

POVM operators are:

I o7y~ { S Y [ Ty Y I T
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Bayesian Inference

1. Begin with a prior: mo(p)dp. Uy; (p )

2. Make N measure ients -
= record: M = ?ﬁ;fl.. M,, ..., MN}

3. Baves” Rule: w,(p)dp o< L(p)mo(p)dp

= Tr(M,p)Tr(Mzp) ... Tr(Mnp)mo(p)dp

Example: spin-"2

Measure Y, X (ignore Z)

POVM operators are:

Pirsa:0§2804§ {|+>{+| ? |_)<_| ? |+i)(+‘-| ’ |_i)(_i|}
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Bayesian Inference

1. Begin with a prior: me(p)dp. ﬂ.f(p)

2. Make N measure lents ]
= record: M = 21\41, M, . ..,MN}

3. Baves” Rule: wy(p)dp < L(p)mo(p)dp
= Tr(Myp)Tr(Mzp) ... Tr(Mnp)mo(p)dp

Example: spin-'/2

Measure Y, X (ignore Z)

POVM operators are:

oS {0 N C R CENED E) page 7155



Bayesian Inference

1. Begin with a prior: me(p)dp. ﬂ.f(p)

2. Make N measure ients _
= record: M = ?Ml, NI, . ..,MN}

3. Baves” Rule: wy(p)dp < L(p)mo(p)dp
= Tr(M,p)Tr(Map) . .. Tr(Mxp)mo(p)dp

Example: spin-

Measure Y, X (ignore Z)

POVM operators are:

i€ LN 1K= s X4l 5 =)=l }
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Bayesian Inference

1. Begin with a prior: me(p)dp. ﬂ'.f(p)

2. Make N measure lents -
= record: M = ?Ml, M, ..., MN}

3. Baves’ Rule: w,(p)dp < L(p)mo(p)dp
= Tr(M,p)Tr(Mazp) . .. Tr( Mxp)mo(p)dp

Example: spin-/

Measure Y, X (ignore Z)

POVM operators are:

Pirsa:o§2604§ {|+>{+| ? |_)<_| ? |+i){+‘-| ’ |_i)(_i|}
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Bayesian Inference

1. Begin with a prior: me(p)dp. ﬂ.f(p)

2. Make N measure ients -
= record: M = ?M’h M, ..., MN}

3. Baves’ Rule: w,(p)dp o< L(p)mo(p)dp

= Tr(Mip) Tr(Mazp) . .. Tr(Mnp)mo(p)dp

Example: spin-/

Measure Y, X (ignore Z)

+4+++

POVM operators are:

e i€ LEXH 5 XA 5 Xl 5 | =)=l }
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Bayesian Inference

1. Begin with a prior: we(p)dp. Tl'f(p)

2. Make N measure ients -
= record: M = 2.&’!1. M,,..., J\IN}

3. Baves’ Rule: w(p)dp < L(p)mo(p)dp

= Tr(M,p)Tr(Map) ... Tr(Mxp)mo(p)dp

Example: spin-

Measure Y, X (ignore Z)

POVM operators are:

+
5
+
&

i€ LN =X s X4l 5 =)=l }
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Bayesian Inference

1. Begin with a prior: me(p)dp. ﬂ.f(p)
2. Make N measurements -
= record: M = {.M'l._. P e vy AIN}

3. Baves’ Rule: w(p)dp < L(p)mo(p)dp
= Tr(Mip)Tr(Map) ... Tr(Mxyp)mo(p)dp

Example: spin-2
Measure Y, X (ignore Z)

POVM operators are:

i€ LEXH o 1=K s X4l 5 =)=l }
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Bayesian Inference

1. Begin with a prior: me(p)dp. ﬂ.f(p)

2. Make N measure lents -
= record: M = 21\41, /T — J\JN}

3. Baves’ Rule: w,(p)dp < L(p)mo(p)dp
= Tr(M,p)Tr(Mazp) ... Tr(Mnp)mo(p)dp

Example: spin-'/2

Measure Y, X (ignore Z) O
+ L

POVM operators are: i
-

Pirsa:0§2§04§ {|+){+| 3 |_)(_| y |+i){+i| ! |_i)(_i|} +



Bayesian Inference

1. Begin with a prior: me(p)dp. ﬂ.f(p)

2. Make N measurements .
= record: M = ?I\Jl, Bllyyeoes ﬁ‘fw}

3. Baves” Rule: w(p)dp < L(p)mo(p)dp
= Tr(M,p)Tr(Mazp) . .. Tr(Mxp)mo(p)dp

Example: spin-

-
-
Measure Y, X (ignore Z) o, -
+ = +
POVM operators are: $
4 - --how average p over wg(p).
Y A= (T 2% N TV T I TP T + and report the mean, p.



Peue IS Strictly positive

® BME never yields a rank-deficient estimate!

® Proof sketch:
For any |¢), let wo(p)dp have support on a mea-
surable set of states not orthogonal to |v).

Each measurement M, removes a measure-zero
set of states from the support.

So mo(p)dp contains states not orthogonal to |).

These contribute to pgume, so (¢| peMmE |v) > 0.

irsa: 06120042 Page 79/95









Peue IS Strictly positive

® BME never yields a rank-deficient estimate!

® Proof sketch:
For any |v), let wo(p)dp have support on a mea-
surable set of states not orthogonal to |v).

Each measurement M, removes a measure-zero
set of states from the support.

So mo(p)dp contains states not orthogonal to |).

These contribute to pgume, so (¥| peMmE |v) > 0.
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Free error bars
with every estimatel

e Estimate is a vector

in Hilbert-Schmide [ {*! /Qp
p= |y

space: (z) Peme

® Uncertainty is a
Az? Axzy Azxz=z

covariance matrix . _ (A7 Ayt Ay
on H-S space: Azz Ayz Az?

® |.e.,a superoperator, with Jamiolkowski form:
APBME=P RQp—pRp

Pirsa: 06120042

— / (P X p)ﬂ'(p)dp — Peme & PeMmEe e



Free error bars
with every estimatel

e Estimate is a vector

in Hilbert-Schmide [ !*! /ﬂp
p= |y
o e (z) PeMmE
® Uncertainty is a

Ax? Azxzy Azxzz

covariance matrix . _ (A7 Ayt Ay
on H-S space: Azz Ayz Az?

® |e.,a superoperator, with Jamiolkowski form:
APBME=P RQp—pRp
_— [ (p® p)m(p)dp — pame @ Poue e

Pirsa: 06120042



Accuracy:

BME optimizes every operational divergence

If you know p, the optimal estimate is & = p.

But what if your knowledge is uncertain (probabilistic)?

== the state could be p; with probability ;.

Key rFacT: f(p: o) =Tr[pR(o)] is linear in p.

= expected utility is

= Z‘ﬂ'i.f(ﬂiiﬂ') =f(21ripi:rr)

=—> optimal estimate is ¢ = p = ) m;p;

If unknown p was selected from distribution me(p)dp.
and measurements M = {E;, E3 ...} were made, then:

1. Your knowledge is w(p)dp = f”;{m’i’;’;’ﬁérﬁi.

2. The optimal estimate is p = | pm(p)dp. B

This is fairly
straightforward, but
tedious... see




But isn’t the mean
an obvious choice!?

Pirsa: 06120042



But isn’t the mean
an obvious choice? NO

(a) Suppose we optimize fidelity.
50%
|~

50%

F(pi! ﬁ) o= 3

F (pu| X A) = $5 =~ 0.85

MoRraAL: fidelity measures how well o
stmulates p. not how well it estimates p.
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But isn’t the mean

an obvious choice?

(a) Suppose we optimize fidelity.

0%
|~
30%
F (pis P) = %
F (pi, | X A1) = 1522 =~ 0.85

MoRrAL: fidelity measures how well o

simulates p. not how well it estimates p.

Pirsa: 06120042

NO

(b) Suppose we assume the future will look
(statistically) just like the past.

@ We know what future datasets will look like
e We can add them to measurement record
oM — MUMUMU...

o p(M|p) — p(M|p)=

e So w(p)dp — 6 (p — puLE)

MoRrAL: MLE can be derived by assuming
this “frequentist axiom”.

(This explains a lot. . .)

Page 88/95



Pirsa:

Implementing BME

via Metropolis-Hastings

® Crawl over Hilbert-Schmidt space, integrating
as we go.

L(p") 1)

® Jump fromp — p’ w/prob pjump = max ( £(p)’




|s BME really optimal?

I. Motivation: problems with MLE.
2. Foundation: quantum scoring rules.
3. Solution: the BME algorithm (& its features)

4. Testing: dueling procedures! (numerics)

Pirsa: 06120042



Is BME really optimal?

. Motivation: problems with MLE.
2. Foundation: quantum scoring rules.

3. Solution: the BME algorithm (& its features)




How good is MLE?

Relative Entropy

NUMERICS:

1. Generate random (Hilbert-
Schmidt measure) mixed
states p for n qubits,

I~

. Measure each of 4™ ! Pauli
observables N times.

3. Analvze measurement record
to get o,

4. Compare o to p using:
(a) L2-norm.
T [(p — o)7].
(b) relative entropy.,
Tr [p(In p — Ino)].
(c) hdelity,
2
Tr [V VopVo
(d) L1-norm.

Pirsa: 0612% [lp = U”

Mo

Relative andropy
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1. MLE gets computationally diffiicult for large svstems.

2. BME is even harder!

3. ﬁ (|D.James) 4 |T.Havel) 4 [P.Jessen)) suggested “quick 'n

Quick & Dirty Tomography

" dirty tomography™.

2-n00m s lanoa
= 0 &
@
.--"'"'"f

Al A]_ Al
- Az 1\2 1 AE —
Ttomo — _'\.‘i == 0 — A + Aq 0 = 0.
~Xa 0
1 Qubat 2 Qubits 3 Qubits
MLE — iy MLE —— o I I -  MLE ——
Pame ot g P 012 \ P =
Fonf) g N
- \ = ooel
E =1 \ E agef
=t = : E el ] E 0.04
o1 b \\——\-\v e | \\-ﬂ\ﬁ 0.0z b

100 10 N

a

100 10

-
N Page 93/95 1 01



Conclusions

® |t's worth thinking carefully and deeply about state
estimation.

® Scoring rules provide a reliable experimental way
to compare multiple estimates .

® BME is optimal, and a baseline for evaluating other
(more efficient) approaches.

® Quick & dirty methods can outperform MLE.

Pirsa: 06120042



How good is MLE?

NUMERICS:

1. Generate random (Hilbert-
Schmidt measure) mixed
states p for n qubits,

2_ Measure each of 4! Pauli
observables N times.

3. Analvze measurement record
to get o,

4. Compare o to p using:
(a) L2-norm.
Te [(p — o)7].
(b) relative entropy.
Tr [p(In p — Ino)].
(c) hdelity,
2
T [V VapVo
(d) L1-norm.

Pirsa: 0612% [lp T a.l]

el

Relative andropy

L-2 distance

Relative Entropy
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