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Quantum State Discrimination

» Non-orthogonal quantum states cannot be
perfectly distinguished
— Outcome of measurements probabilistic
— Measurement disturbs state

- Advantages in using non-orthogonal states
for e.g. quantum communication

- Would like to know “how well’ it is possible to
discriminate between members of a given set




Measurements in Quantum Mechanics

» States represented as normalised state kets
in @ complex, linear vector space; |¥)

- Von Neumann measurement along
orthogonal directions {|i) }

- Probability of obtaining result ::
P(i|®) = [(W]3)|°
More general measurements also possible,

outcomes w; associated with operators |7,
can define probabilities

P(w;| W) = (W|IL,| W) = Tr(pIT; )




Generalised Measurements

» Described by operators satisfying:

Z . = 1
[ = II
M. > @

» Probability of obt-a-inipa reSuIt wi i
P(w;|¥) = (W|IL|¥) = Tr(pll;)
» Probability Operator Measure (POM) or
Positive Operator Valued Measure (POVM)




Minimum Error Measurement

Minimises the
probability of making an
error

Pg=1- ZP{V;}P:J_; ;)
J
— —Z p; Tr(p;1I;)
j

Measurement known in
certain cases, e.g. 2
states in a 2-D space

Helstrom,1976; Holevo 1973; Yuen
et al, 1973




Optical Implementation

Barnett and Riis, 1997




Unambiguous Discrimination

If Planjd: ) =0,
V i 7 then
unambiguous
discrimination is
possible. (IDp, 1987,
1988)

Inconclusive
result needed

» Only possible for
linearly

independent sets
(Chefles, 1998)




Optical Implementation —Huttner et a/ 1996, Clarke et a/ 2001
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Optical Implementation —Huttner et a/ 1996, Clarke et a/ 2001
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Maximum Confidence Measurements

- Bayes’ Rule:
P, | P(v;) P(w;|v;) p_.—-:j:_lf‘-‘HJ;‘(‘,-'}
Wz iGl: ) = =
i p{w‘f'_} T Pk (U H VL)
» If result w; is taken to imply that the |n|t|aI
state was [¢j), the probability that this is

correct Is P(y;|w;)

- This figure of merit is maximised by the

Maximum Confidence measurement strategy

— S Croke, E Andersson, S M Bamett, C R Gilson, ] Jeffers, PRL 96,
070401 (2006)




Optimisation:

P(pjlw;) = A
)= T,

ﬁ' — rjﬁfj_l”QJp 1,,;';?
P(pjle E

= p; Ir(p;
p; = p~'2pip~" _/II(
Q; = P
II; < =" pjp

—1

p; Tr(p; I1;)

) ZPJTI‘(/j 2pip'Q;)

)Tl(p}Qj)
p)




Maximum Confidence Measurements

» Bayes’ Rule:

P oy - PEOPEIE) _ piliLis)
\V;i|Wj) = = |
P{.W.;J TA- P (Uk |11 [k

£

» If result w; is taken to imply that the initial
state was |¥’;), the probability that this is
correct is P(v;|w;)

- This figure of merit is maximised by the

Maximum Confidence measurement strategy

— S Croke, E Andersson, S M Bamett, C R Gilson, ] Jeffers, PRL 96,
070401 (2006)




Optimisation:

,,.‘ p; Tr(p; I;)
P(p;ls;) = =———-,
Tr(pll;)
ﬁj _r‘}ﬁ_IX}Q_}p_lf :
“L) dpJIT(A e )ﬁjn_
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Optimisation:

P(pjlw;)

- S, ' 5 e )
I =c;p~""Qsp™ 7,

u.;‘j)

P(pjle

_ piTr(p; 1I;)
Tr(pll;)

r'j

=p; Te(p~/?p;p~'2Q;)

= piTr(p;p~ ) Te(9;Q;),




Example

3statesina2-  |U,) = cosh|0) +sind|1)
dimensional space |y, ) cos 0|0) 4 e*™"/> sin 0|1

i \ 1Fat gy [ 2 = s ._ 3
‘-L’j;‘ = co0sf|0) +e “"/“sinf|1)

Maximum Confidence Measurement:
®og) = sinf|0) + cosf|1)

271/

¢®1) = sinf|0) + e~ (()HH\
\ = i i ._FJT
da) — -~'111Hl]‘a+ ik {{}aﬁl

Inconclusive outcome needed
1_[‘ — (1 — tan® H}\U

H; — f.-'_);-(_)l),';;' (,_JJ'




Example

3 states in a 2- W) = cosh|0) + ~«111H 1)

dimensional space ||¥,) = cos#|0) 4+ e27/3 sin 4|1
f‘«.L’g:} —W (]; 1 e “*oginl ]*H

Maximum Confidence Measurement:

I;[ - Pog) = wlllH{]sTu}ale

= Ai|D;)(D; \ o

J IVEIINEIY |y ) = sin|0) + e=™ u)aH\
rm'} — sin @|( ]f} + e Al

Inconclusive outcome needed
1_[; — (1 — tan” H,\U \




Minimum Error Measurement

» Minimum error
measurement for
this set of states
described by the
POM:

ME _ 2| ME\/ ME
[IME = 2|6ME) (!

/




Example

3statesina2-  |[U,) = cosb (), +sin 1)
dimensional space |y, ) cos 0|0) + e=™*/° HlllH‘

: \ £) =g
Wo) = “hH“;f- “T/3 5in 6|1)

Maximum Confidence Measurement:

. - ®og) = sin#|0) + cos H‘l"‘;
: = @;10: {0, . . Vi
J JUTT J O] :ﬁ — 51119 [Jﬁ = 2 t/ (f)a H‘
\ = : B
®2) = sinf|0) + e~ =™ {mH 1

Inconclusive outcome needed
1_[‘ — (1 — tan® H}\(_)







Optimisation:
) = PJTI'(ﬁ{ﬁJ) |

P(pj|w; X
Tr(pll;)
ﬁ_} = (‘jﬁ_l/jQJfa_lfjﬁ
P(pjlw;) = pi Te(p~"?p;p~ "/ Q;)

— p;TF(ﬁjﬁ_l)Tl‘(ﬁ}Qj)-,
py = P~ 2pip™" 2 [ Te(p;p")
Q; = P
II; < p~ ' pip~"




Example

3statesina2-  ||¥,) = cosh|0) +sinf|1)
dimensional space ||¥,) = cosf|0) + >/ sinf|1
[Wy) = cosfB|0) +e ="/ sinf|1)

Maximum Confidence Measurement:

. ,1 ®og) = sinf|0) + cosf|1)
- = a:lo;) {0 . W s
! FTINTI Ndn ) — sm@0) + e/ cosé|l)
\ - A% | —2we/ 3 : c B
@2) = sin@|0) +e “"*°cos|l)

Inconclusive outcome needed
[T, = (1 — tan®6)[0)(0




Minimum Error Measurement

» Minimum error
measurement for
this set of states
described by the
POM:
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Minimum Error Measurement

» Minimum error

0 0

measurement for
this set of states
described by the
POM:
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Experimental _Q '

Implementation

P ] Mosley, S Croke, I A Walmsley, S
M Barnett, PRL 97, 193601 (2006)




Experimental RGN

Implementation

HWPS PBS2

HWPE —

P ] Mosley, S Croke, I A Walmsley, S
M Barnett, PRL 97, 193601 (2006)




Example

3 states in a 2- W) = cos@|0) +sinf|1)
— Cos (]\} + e~

}_.

dimensional space |y, ) */3 sin 6|1
_‘«.L’g_; = cosf|0) + e ="/>sinf|1)

Maximum Confidence Measurement:

: f.'.Jf}} — sinf []; -1 COS H 1 )

lLj = a;|9;){95] |14, ) = sind|0) + e2™/3 cos 61
U.;."} —- a‘illH (']:} —+ ¢ —2ame/S cos (|1 i}

Inconclusive outcome needed
1_[‘ — (1 — tan“ ) 0)(0




Experimental Q I

Implementation

Measurement

P ] Mosley, S Croke, I A Walmsley, S
M Barnett, PRL 97, 193601 (2006)
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Errors:

Largest errors due to leakage of ‘wrong’
polarisation at PBS2-3

Errors modelled by'

PBS = |H; m—f 0.005(Hp | + v/0.995(Hys|)
+|V; ).995, IL + je™ W Vi)
*'Hr (v/0.995 HL + 1e'Xv/0.995(H{/|)
~—|‘,r ( '_\\(ll }‘L‘—'—\“{){}}‘I‘

consistent with measured properties of the
polarising beamsplitters
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Errors:

Largest errors due to leakage of ‘wrong’
polarisation at PBS2-3

Errors modelled by'
PBS—'HL“%_*; ).005(H ——\[lfifJJH,r‘)

+|Vr (\ 0. ‘H)} Vi | 4+ 1e™X+/0.005( Vi |)
—}Hr (v 0. '0.995 WHy | + 1€ 'X+1/0.995 (Hr|)

+|Vir) (ie* \.--”(Lt_}(_).“-}.-.jI 7| +v0.995(V|)

consistent with measured properties of the
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Errors:

Largest errors due to leakage of ‘wrong’
polarisation at PBS2-3

Errors modelled by'
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+|Vz) ( num Vi | + ieX \’"J.U(_'}S Vir|)
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Errors:

Largest errors due to leakage of ‘wrong’
polarisation at PBS2-3

Errors modelled by'

PBS = |Hy (ie~X+/0.005 W Hp | + v 0. 995 Hyp ‘)
+ |V uuumi +,.w' \Wn )
+|Hy ) (V0.995(H | + ie*X+/0.995(Hy|)
+|Vu) ( '—‘*-\u Jn;.u\—u;fmm,,\

consistent with measured properties of the
polarising beamsplitters




Conclusions

Constructed a measurement which maximises the
confidence in identifying a state from a given set.

First explicit experimental demonstration that an
improvement in this figure of merit is possible for
linearly dependent states.

Future Work:

No signalling arguments and connection to
entanglement concentration.

Maximum confidence measurement in the limit of
continuous distributions of states.
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Optimisation:

P(j; ;) = pﬂ_rtfs_{fm |
Tr(pll;)
I; = ¢;p~'?Q;p7 /2,
P(pjlw;) = p; Te(p~ "% p;p
= p;Tr(p;p~ ') T
p; = p'2pip= 1% | Tr(pip
Qj = P}

3 'II_}QJ)




(3 7= lo>R+ A2 2.2
L @




=4

- L TSRS



Optimisation:
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