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Abstract: A classical Hamiltonian system can be reduced to a subsystem of "relevant observables" using the pull-back under a Poisson embe
the "relevant phase space" into the "full phase space". Since a quantum theory can be thought of a noncommutative phase space, one encc
problem of the embedding of noncommutative spaces, when one tries to extend the reduction via a pull-back to a quantum theory. This prob
be solved for a class of physically interesting quantum systems and embeddings using an analogy to finding the base space of an embed
bundle via the projection in the full fibre bundle. The resulting construction is then applied to Loop Quantum Gravity to extract a cosmolc
sector. This sector turns out to be similar but not equivalent to Loop Quantum Cosmology.
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Overview

Introduction

Goal: " Extraction of relevant degrees of freedom from a quantum
system”

m General ldea
Strategy: " Quantize the pull-back under a Poisson embedding”

m Simple Example — General Construction
Method: "Embedding a vector bundle — projecting down to base
space”

m Extracting Cosmology from Loop Quantum Gravity
Application: "Homogenuous, Isotropic Sector of Loop Quantum
Gravity”
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Small Blackboard Problem
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Cosmology: Self describing
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Introduction

A Complex Classical System

Example: N particles in one dimension:

m Phase space: [ = {(x;, pi)} ¥,
m Observables: Obs = {f : (x1.p1..... Xn. pn) — Cceont. }

. _ 1 N af g of Og
m Poisson bracket: {f, g} =>."; S Op: O o
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Introduction

A Complex Classical System

Example: N particles in one dimension:

m Phase space: [ = {(x;, pi)} Y,

m Observables: Obs = {f : (x1.p1,.... Xn. pn) — Cceont. }

. _ 1 __ <N aF Og of Og
m Poisson bracket: {f, g} => ;" 5-5. — 5,5

Problem: Complexity = reduce [ to "relevant [, e.g. "average
position”

m Reduced phase space: [, = (X = Z}ﬂig X B = Z_jio p;i)
m Reduced observables: Obs, = {f, : (X, P) — C, cont.}

m Reduced Poisson bracket (Poisson map i):

{Foi gorla, . X8, D, . BR) = {66, 86 }al0; oo X0 Pls oo DN
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Introduction

A Complex Classical System

Example: N particles in one dimension:

m Phase space: [ = {(x;, p;)}V,
m Observables: Obs = {f : (x1.p1,.... Xn. pn) — Cceont. }

. _ 1 _~~N of g  Of Og
m Poisson bracket: {f, g} => ", & Op: O b

Problem: Complexity = reduce [ to "relevant [, e.g. "average
position” ¥

m Reduced phase space: [, = (X = Zfiﬂ X P = Z_;W:D pi)

m Reduced observables: Obs, = {f, : (X,P) — C, cont.}

m Reduced Poisson bracket (Poisson map #):

{roi. gorbn, ... 0 D« DR Y == {16, 86}l D0 oo 08, Bis o DR )

Necessary ingredient: Poisson mapping: i : [, — [ =Phase
space reduction

Tim Koslowski tim@physik.uni-wuerzburg.de Institut fur Theoretische Physik und Astrophysik Universitat Wiirzburg




Introduction

Observables: Reduced Sensitivity

Poisson system: Observables in the foreground

m Observable algebra: A s = C2°(I') (smmoth functions of
compact support on phase space)

m Algebraic structure by pointwise operations +, x,."

m Poisson-structure: {.,.} : A pzes X Agjass — Ufase
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Introduction

A Complex Classical System

Example: NV particles in one dimension:

m Phase space: [ = {(x;, pi)} Y,
m Observables: Obs = {f : (x1.p1..... Xn. pn) — Cceont. }

: _ ; S N af dg Of Og
m Poisson bracket: {f, g} => ;" ; 5-5. — 555

Problem: Complexity = reduce [ to "relevant [, e.g. "average
position”

m Reduced phase space: ', = (X = Z}ﬂ“’:ﬂ xi, P = Z_;’.'”:D p;)
m Reduced observables: Obs, = {f, : (X, P) — C, cont.}

m Reduced Poisson bracket (Poisson map i):

{foi.goi} (X1, ... XN, P1+ s PN) = {fo: 8o }ol(X1: ... XN- P1, s PN)

Necessary ingredient: Poisson mapping: i : [, — [ =Phase
space reduction
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Introduction

Observables: Reduced Sensitivity

Poisson system: Observables in the foreground

m Observable algebra: A s = C2°(I') (smmoth functions of
compact support on phase space)

m Algebraic structure by pointwise operations +, x,."
m Poisson-structure: {.,.} : A pzes X Ajass — Ufase

e Reduced Sensitivity (measurements separate only points in [,):
Measurements insensitive to functions vanishing on [,
= ldeal of functions J = {f € Ases : f|r, = 0}
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Introduction

Observables: Reduced Sensitivity

Poisson system: Observables in the foreground

m Observable algebra: A s = C2°(I') (smmoth functions of
compact support on phase space)

m Algebraic structure by pointwise operations +, x,."
m Poisson-structure: {.,.} : Acpzes X Agjass — Uefass

e Reduced Sensitivity (measurements separate only points in [,):
Measurements insensitive to functions vanishing on [,

= ldeal of functions J = {f € Apses : f|r, = 0}

= " A fass = Aejass /., 1.€. equivalence classes of observables, that
agree on [ .
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Introduction

Objective

Goal: "Quantize pull-back under Poisson-embedding’

Problem: "I ,..: is noncommutative”: e/®ePPe=i@xe=ibp — glab
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Intreduction

Objective

Goal: "Quantize pull-back under Poisson-embedding’

Problem: "[,,.,: is noncommutative” : g Faltn . —ibp _ iah
— "no embedding to begin with"

e \We do not want to "reduce and quantize again”, but:

"reduce the quantum system”, i.e. we seek: & for (A. 7. H), s.t.
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Introduction

Objective

Goal: "Quantize pull-back under Poisson-embedding’

Problem: "[ ., is noncommutative” : ¢ Fpltn ok —ibp __iab
= "no embedding to begin with"

e \We do not want to "reduce and quantize again”, but:

“reduce the quantum system”, i.e. we seek: & for (A. 7. H), s.t.
(1) "Right” reduced observable algebra
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Introduction

Objective

Goal: "Quantize pull-back under Poisson-embedding”

Problem: "[ ., is noncommutative: g ol —ihp __ iab
= "no embedding to begin with"

e \We do not want to "reduce and quantize again”, but:

"reduce the quantum system”, i.e. we seek: & for (2. 7. H), s.t.

(1) "Right" reduced observable algebra

:
A 9 — 2,
h— 0 | n* | h— 0
cr) — (o)

(2) Certain matching VEVs: YO € D : 3T «— O (D dense in )
wol I') =w(O)
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Introduction

A Complex Classical System

Example: N particles in one dimension:

m Phase space: [ = {(x;, pi)}V,
m Observables: Obs = {f : (x1,p1.....xn. pn) — Ccont.}
- _ A N Af dg of Og
m Poisson bracket: {f, g} =) ;"; 5-5. — 55 5c
Problem: Complexity = reduce [ to "relevant [, e.g. "average
position”

m Reduced phase space: I, = (X = Z}ia x: P — Zf":[} p;)
m Reduced observables: Obs, = {f, : (X, P) — C, cont.}

m Reduced Poisson bracket (Poisson map i):

{Foi, goi b0, X0, B w0 =2 { 1o o}l X0 oo X8 P oo DR )

Necessary ingredient: Poisson mapping: i : [, — [ =Phase
space reduction
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General ldea

Restricting a function on T2 to a function on S*

Embedding i : circle S* — torus T2
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General ldea

Restricting a function on T2 to a function on S*

Embedding i : circle S* — torus T2

Sample function f on the torus T2

Restriction of f to the embedded circle St N

J’xf o f‘f{51)
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General ldea

Strategy

Given: Embedding i : ', — T
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General ldea

Strategy

Given: Embedding i : I, — T

m Construct: vector bundles: E (I,. 7. Vo) and E(I', 7, V)
e.g. trivial line bundles: E = {(~.,¢c):7 €Tl,c € C}
and E, = {{9.:€) i 1o Elg,c €C}
7
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General Idea

Strategy

Given: Embedding i : ', — T
m Construct: vector bundles: E,([,, 7, V) a
e.g. trivial line bundles: E = {(~v.c): 7y €T,
and E, = {{95,€) : 1a El 5, c€C}
m Construct: vector bundle embedding: n: E, — E
e.g. for line bundle: n : (7o, ¢) — (i(7v0). )
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General ldea

Strategy

Given: Embedding i : [, — T
Mo, ‘VD) and E(I', 7w, V)

m Construct: vector bundles EAN,. o,
e.g. trivial line bundles: E = {(~.,¢c):7 €Tl,c € C}
and E, = {(vs,€): Vs E F ,ceC}

m Construct: vector bundle embedding: n: E, — E

e.g. for line bundle: 1 : (75, ¢) — (i(70). )
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General ldea

Strategy

Given: Embedding i : ', — T
m Construct: vector bundles: E,(I,.7m,. Vo) a
e.g. trivial line bundles: E = {(~.¢c): 7y €T,
and E,. ={{1,¢) . ElsceC)
m Construct: vector bundle embedding: n: E, — E
e.g. for line bundle: 1 : (75, ¢) — (i(70). )

m Recover embedding i([',) as: @(n([o))

and E(T, 7, V)
4

cC}
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General Idea

Strategy

Given: Embedding i : [, — T
m Construct: vector bundles: E,(I,.7,. Vo) and E(I', 7w, V)

—

e.g. trivial line bundles: E = {(~.¢c):~7 €Tl,c e C}
and E, = {{95.¢) i 1a El ot €C}

m Construct: vector bundle embedding: n: E, — E
e.g. for line bundle: 1 : (75, ¢) — (i(70), €)

m Recover embedding i([,) as: @(n([o))

= any function f on [ construct restriction K to [,:

R Z f — IK(}C) ~ ﬂﬂ'(??(rﬂ))
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General ldea

Embedding a Space
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General Idea

Embedding a Vector Bundle




General ldea

Projecting to the Embedded Base Space
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General ldea

Taking Classical Observables to the Foreground

o Classical Observables: {f € C2°(I') : f = f*} (real functions)
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General Idea

Taking Classical Observables to the Foreground

o Classical Observables: {f € C2(I') : f = f*} (real functions)
e module {(f1.f) : fi € Cc(I')} over C2°(T)

(noncommutative fibre bundle = finitely gen. proj. module)
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General Idea

Taking Classical Observables to the Foreground

o Classical Observables: {f € C2°(I') : f = f*} (real functions)
e module {(f1,f2) : f; € C(I')} over C2°(I')

(noncommutative fibre bundle = finitely gen. proj. module)

e Hermitian structure: (f,g)(x) = Zle fi(x)gi(x)

(noncommutative projection )
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General ldea

Taking Classical Observables to the Foreground

o Classical Observables: {f € C2°(I') : f = f*} (real functions)
e module {(f1,f2) : f; € C(I')} over C2°(')

(noncommutative fibre bundle = finitely gen. proj. module)
e Hermitian structure: {f,g}(x) = Zle fi(x)gi(x)
(noncommutative projection)

= Recover C(I') as the image of Hermitian structure

C(T) = Img (X .y ;a(x))

(Hilbert-module = noncommutative vector bundle)
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General ldea

Taking Classical Observables to the Foreground

o Classical Observables: {f € C2°(I') : f = f*} (real functions)
e module {(f1.f) : fi € C(I')} over C2°(T)

(noncommutative fibre bundle = finitely gen. proj. module)

e Hermitian structure: (f,g}(x) = Zﬁf:l fi(x)gi(x)
(noncommutative projection)

= Recover C.(I') as the image of Hermitian structure

C(T) = Img (X el ;a(x))

(Hilbert-module = noncommutative vector bundle)
Now, that we have everything already in noncommutative languge:
— Apply to noncommutative algebra of quantum observables
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Simple Example and General Construction

Simplistic Approach: Suppress a Coordinate

Example: Quantum mechanics on a torus U(1)?

e Configuration variables f & C(U(l)z) =
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Simple Example and General Construction

Simplistic Approach: Suppress a Coordinate

Example: Quantum mechanics on a torus U(1)?

e Configuration variables f ¢ C(U(1)?) e

o Weyl-operators W (o1, 02) = exp(iog Y1 + ida Y2)

(exponentiated momenta = translations)

e Commutation Relations: W} | fW,, ».(61,62) = (01 — 01,62 — &)

€y il v
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Simple Example and General Construction

Simplistic Approach: Suppress a Coordinate

Example: Quantum mechanics on a torus U(1)?

e Configuration variables f ¢ C(U(1)?) e

o Weyl-operators W (b1, 02) = exp(ior Y1 + i Y5)

(exponentiated momenta = translations)

e Commutation Relations: W7 , W, 4,(61,02) = f(61 — 01,62 — ¢2)

e Canonical Hilbert-space L*(U(1)?, duy):
vacuum: w(A) = fu{l}g d e I( AL).
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Simple Example and General Construction

Simplistic Approach: Suppress a Coordinate

Example: Quantum mechanics on a torus U(1)?

e Configuration variables f ¢ C(U(1)?) e

o Weyl-operators W (1. 02) = exp(ion Y1 + (2 Y3)

(exponentiated momenta = translations)

e Commutation Relations: W;‘l_m Wy, 6,(01,602) = (01— ¢1,62 — )
e Canonical Hilbert-space L*(U(1)%, duy):

vacuum: w(A) = fu{l}g dpupl( Al).

Reduced Sensitivity: Only Sensitive to ¢4

= Suppress #>-dependence and momenta in 6>-dir.

Institut fir Theoretische Physik und Astrophysik Universitét 1Iuf"..;i.:brzE:rurg

Tim Koslowski tim@physik.uni-wuerzburg.de




Simple Example and General Construction

Simplistic Approach: Suppress a Coordinate

Example: Quantum mechanics on a torus U(1)?

e Configuration variables f € C(U(1)?%) e

o Weyl-operators W (1. 02) = exp(ior Y1 + i Ya)

(exponentiated momenta = translations)

o Commutation Relations: W7 , W, 4,(61,62) = f(61 — 01,62 — ¢2)
e Canonical Hilbert-space L*(U(1)?, duy):

vacuum: w(A) = fu{l}g d ey I( AL.

Reduced Sensitivity: Only Sensitive to ¢4

= Suppress #>-dependence and momenta in 6,-dir.

e Config. vars.: € = {f : indep.of ¢»} ~ C(U(1))
e Weyl-operators: W(o1) = exp(io1 Y1) (equivalence classes of
translations on €)

o Vacuum: w(A,) = fum? I(AI) = fU{l} (AT =: we(As)

Institut fur Theoretische Physik und Astrophysik Universitét 1Iuf“l.!;t'.:erE;:turg
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Simple Example and General Construction

Structure behind the Example

Observation: Rank-one operators:

Of._h ; (le92) == f(glﬁgz) f df-L'H(g)h(g_l(glzez))
are:
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Simple Example and General Construction

Structure behind the Example

Observation: Rank-one operators:

Of p : (01,62) — f(01,02) | dun(g)h(g™" (01, 02))
are:
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Simple Example and General Construction

Structure behind the Example

Observation: Rank-one operators:

Ot pp : (P1.0) — f(01.62) [ dun(g)h(g(01,62))
are:

m can be built from two config. vars. f1,6 € C(T?)
m dense in the C*-algebra of quantum observables

m config. vars. are embeddable
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Simple Example and General Construction

Structure behind the Example

Observation: Rank-one operators:

Ot pp i (P1.0) — £(01.62) [ dun(g)h(g(01,62))
are:

m can be built from two config. vars. fi,H € C(T?)
m dense in the C*-algebra of quantum observables

m config. vars. are embeddable
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Simple Example and General Construction

Structure behind the Example

Observation: Rank-one operators:

Ot = (61,62) — F(61,62) [ dun(g)h(g™ (61, 62))
are:

m can be built from two config. vars. f1,f; € ({( Tz)

m dense in the C*-algebra of quantum observables
m config. vars. are embeddable
— (Correspondence between config. vars.:
mP:C(T?) — C(S%),ie. Pf:(61,02)— f(#1) (equivalenceing)
m:C(SY) — C(T?), ie if:#y+— f(61,0) (representing)

W Poi=idimgpyand ioP = idi,.; contain the quantum embedding!

Institut fur Theoretische Physik und Astrophysik Universitét Wi.:[rzburg

Tim Koslowski tim@physik.uni-wuerzburg.de







N

PG (}f)-—-;c sy

J)’:Q !

‘_a_- F

fD

%



Simple Example and General Construction

Structure behind the Example

Observation: Rank-one operators:
Of p : (01,02) — F(01,05) f din(g)h(g= (61, 02))
are:

m can be built from two config. vars. f1,f; € ({( Tz)

m dense in the C*-algebra of quantum observables
m config. vars. are embeddable
— (Correspondence between config. vars.:
mP:C(T?) — C(5Y),ie Pf:(61,65) — f(6;) (equivalenceing)
m/:C(SY) — C(T?), ie if:#;+— f(H1,0) (representing)

W Poi=idimgpyand ioP = idi,,; contain the quantum embedding!
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Simple Example and General Construction

Structure behind the Example

Observation: Rank-one operators:
Ot pp i (01.02) — £(01.65) [ dun(g)h(g™ (01, 62))
are:

m can be built from two config. vars. f1,f; € ({( TE)

m dense in the C*-algebra of quantum observables
m config. vars. are embeddable
— Correspondence between config. vars.:
mP:C(T?) — C(5%),ie. Pf:(61.0:)— f(61) (equivalenceing)
m/:C(SY) — C(T?), ie if:#0;+— f(1,0) (representing)
W Poi=idimgpyand ioP = idi,g; contain the quantum embedding!
e embedded rank-one operators, incuced vacuum:

Trh 2 Vo — P(Ofpi(Vo)) wol Tr.n) = w(Ojpry).itpihy))
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Simple Example and General Construction

Structure behind the Example

Observation: Rank-one operators:
Oy 2 (61.62) — F(01,02) | dun(g)h(g™" (61, 62))
are:

m can be built from two config. vars. f1,6 € C(T?)

m dense in the C*-algebra of quantum observables
m config. vars. are embeddable
— Correspondence between config. vars.:
mP:C(T?) — C(SY),ie Pf:(61,65) — f(6;) (equivalenceing)
m/:C(SY) — C(T?), ie if:#;+— f(H1,0) (representing)
W Poi=idingpyand ioP = idi,g; contain the quantum embedding!
e embedded rank-one operators, incuced vacuum:

Ti b 2 Vo = P(Or.1i(Vo)) wolTr.n) = <(Oipeey.icpn)
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Simple Example and General Construction

Structure behind the Example

Observation: Rank-one operators:

Of p : (01,02) — T(61,02) f diep(g)h(g— (61, 62))
are:
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Simple Example and General Construction

Structure behind the Example

Observation: Rank-one operators:

Ot : (61,02) — £(01,62) | dun(g)h(g™ (61,62))
are:

m can be built from two config. vars. fi,6 € C(T?)
m dense in the C*-algebra of quantum observables

m config. vars. are embeddable
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Simple Example and General Construction

Structure behind the Example

Observation: Rank-one operators:
Oty 2 (61.62) — F(01,62) [ dup(g)h(g™" (61, 62))
are:

m can be built from two config. vars. f1,f; € C{( T2)

m dense in the C*-algebra of quantum observables
m config. vars. are embeddable
— (Correspondence between config. vars.:
mP:C(T?) — C(5Y),ie Pf:(61,6,) — f(6;) (equivalenceing)
m/:C(SY) — C(T?),ie if:#0;+— f(H1,0) (representing)
W Poi=idingpyand ioP = idi,,; contain the quantum embedding!
e embedded rank-one operators, incuced vacuum:

Tt Vo = P(Orpi(Vo)) wol Tr.n) i= w(Oiper)).icp(h))
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Simple Example and General Construction

Structure behind the Example

Observation: Rank-one operators:
Ot pp : (01.0) — £(01.62) [ dun(g)h(g (01, 62))
are:

m can be built from two config. vars. f1,f; € (( Tz)

m dense in the C*-algebra of quantum observables
m config. vars. are embeddable
— Correspondence between config. vars.:
mP:C(T?) — C(5Y),ie Pf:(61.6,) — f(6;) (equivalenceing)
m/:C(SY) — C(T?), ie. if:#;+— f(1,0) (representing)
W Poi=idingpyand ioP = idi,g ;) contain the quantum embedding!
e embedded rank-one operators. incuced vacuum:

Tt 2 Vo — P(Of.pi(Vo)) wol Tr.n) == «(Ojpry).itpih)))
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Simple Example and General Construction

Structure behind the Example

Observation: Rank-one operators:
Oy 2 (61.62) — F(01,02) [ dup(g)h(g™ (61, 62))
are:

m can be built from two config. vars. f1,6 € C(T?)

m dense in the C*-algebra of quantum observables
m config. vars. are embeddable
— (Correspondence between config. vars.:
mP:C(T?) — C(SY),ie Pf:(61,65)— f(6;) (equivalenceing)
m/:C(SY) — C(T?), ie if:#0; — f(1,0) (representing)
m Poi=idimgpyand ioP = idi,g; contain the quantum embedding!
e embedded rank-one operators, incuced vacuum:

Tt 2 Vo — P(Orpi(Vo)) wol Tr.n) = «w(Ojpry).itp(hy))
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Simple Example and General Construction

Quantization, Classical Limit

Ingredients:

m |ocally compact Lie group G (momentum group)
m locally compact manifold X (configuration space)
m smoth action « of G on X (free,proper)
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Simple Example and General Construction

Quantization, Classical Limit

Ingredients:
m |ocally compact Lie group G (momentum group)
m locally compact manifold X (configuration space)
m smoth action « of G on X (free,proper)
Construction:
masure |1, f1 x f2(x,g) — convolution prod.
onX/G
Ling(X) T e C}r(X G) . HH
h | funct. + convolution prod.
l G(X.G) (X, 8)(y.h)ly=apx = (x.8h)
0 , | dfi;‘g) ateachx € X
PX,.G) — ———  AX.G) f'pi(x). [, Li
f(x,p)  polynomials f(x)
smooth  in momenta

Tim Koslowski tim@physik.uni-wuerzburg.de
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Simple Example and General Construction

Physically Interesting Embeddings

"Not all embedable Poisson-systems are physical’
Consider a "small system™:

m [, =1{(x,..., xn : X; configuration vars. |

m {f, B} ) =0
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Simple Example and General Construction

Physically Interesting Embeddings

"Not all embedable Poisson-systems are physical’
Consider a "small system™:

m [, ={(x,..., Xy : X; configuration vars. |
a {ﬂ fg}(}‘{l. .H,Xn) —
and " full system”:

BV =000, oo X B B oon B s B}, % COMME. p; micnvenia )

_\"m Of 9g  Of dg
L {fl‘ fz} T ZI:]_ a){'g l,_:)pr_ i dp; -:_'}X;

then 7 : (x1, ... Xp) — (X1, -, Xn, 0, ..., 0) 1s a Poisson map,
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Simple Example and General Construction

Physically Interesting Embeddings

"Not all embedable Poisson-systems are physical’
Consider a "small system™:

m [, =1{(x,..., Xn : X; configuration vars. |
m {f.h0a, ..., X)) =0

and " full system”:

B D = {00, X X P oo Pryo-os B ) % COMTE. p; micmenta}

_\m Of 9g  Of Og
u {fi‘ fE} N Zf:]. 1{'}}7{_; {f;pl.' - {flp, -:_'}X;

then 1 : (X, ... Xp) — (X1, ..., %1, 0, ..., Q) is a Poisson map,
but it does not contain all tangential momenta!
= full embedding: contains all tangential momenta:

here: Tieull - (Xl-. cens Xy PLs vesy JDH) = (le ---anor “"D&plr “‘*Pnrcl? *O)

Tim Koslowski tim@physik.uni-wuerzburg.de Institut fur Theoretische Physik und Astrophysik Universitat Wiirzburg




Simple Example and General Construction

Physically Interesting Embeddings

"Not all embedable Poisson-systems are physical’
Consider a "small system”:

m [, ={(,..., xn : X; configuration vars. |
a {ﬂ fg}(Xl. .H,Xn) —
and "full system”:
BT =00, o X eos X, Bty voos B o P ) X COTIRE . Gmenia |

N OF dg OF O
a {fl fE} — Zr‘:l Ix: Op;  Op: Ox;

then n : (x1, ... %) — (X1, .-, %1, 0, ..., 0) is a Poisson map,
but it does not contain all tangential momenta!
= full embedding: contains all tangential momenta:

here: w6 00 By Da) = U5 %0050 Py 6.0, o 1)
e Full embeddings are determined by config. vars.! = (P, /)
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Simple Example and General Construction

Quantization, Classical Limit

Ingredients:

m |ocally compact Lie group G (momentum group)
m locally compact manifold X (configuration space)
m smoth action « of G on X (free, proper)

Construction:
masure (1o  f1 x f2(x,g) — convolution prod.
onX/G
LioyH(X) SO e C*(XG) XHH
h | funct. + convolution prod.
| G(X.G) (x5, g)(¥, h)ly=azx = (x,8h)
0 , | df;};g) ateachx € X
P(X,G) — ———  AX.G) f'pi(x)] e
f(x,p)  polynomials f(x)

smooth in momenta
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Simple Example and General Construction

Physically Interesting Embeddings

"Not all embedable Poisson-systems are physical’
Consider a "small system™:

m [, ={(x...., Xy : X; configuration vars. |
m{f.hi(x,..., %) =0
and " full system”:

BT =100, Keoes T B <o oo P ) X CORE. p; mamenta}

NV OF g  OF 8g
Wbl =D  ias

then 9 : (X1, ..., Xn) — (X1, ..., X0, 0, ..., 0) Is a Poisson map,
but it does not contain all tangential momenta!
= full embedding: contains all tangential momenta:

here: nea . s 2 Dt vs Ba) — UV 052%0 0000 By 520, 0 O)
e Full embeddings are determined by config. vars.! = (P, i)
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Conclusion

Conclusion

Extraction of " relevant degrees of freedom' of Poisson system
< Poisson-mapping n — n*

m Full Embeddings 1™ are given by (P./)

m We used (P, /) to reduce Quantum System, s.t.

m reduced quantum algebra "relevant part of the system”
m induced representation (matching as matrix elements)

m Application to Loop Quantum Cosmology:

W No i, parameter = "less initial conditions”
m discrete evolution (similar to Bojowald)
m Problem: Hamiltonian seems too lax

m Future work: Construction at the constraint surface (...)
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Cosmological Sector

Weyl-algebra for Loop Quantum Gravity

Weyl-form of Loop Quantum Gravity (Ch. Fleischhack):

e config. vars. cylindrical functions 7(Cy/)

e Weyl-operators (exponentiated fluxes) {:r(wg) act as pull-backs
on Cyl: exp({EE, V)Cyl = ©L7Cyl

e Weyl-commutation relation: o(wk)*7(Cyl)o(wl) = 7(©L" Cyl)
e canonical Hilbert-space: H = L?(A. jtan)

e use tame graphs (e.g. in ¥ = R?):

(a) cubic lattice (unit unphys. background length fc,);:;_,-:.x; -
(b) a piecewise straight /,-long connections

from (n.m, /) to (n+2.m,/l),....(2n,m. I} _ T
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Simple Example and General Construction

General Construction for Full Embeddings

Observation: There are pseudo-"rank-one” Of j for C*(X, G) (borrowed
from Morita theory): Ofp : (X, g) — Wl}; dup(g)h(g=1x)

= Use same trick as before (borrowed from Rieffel induction):

e associate to ff; an O:

Tf?h - Mg P( ijhf'(b”g))

= calculate embedded algebra as span of Ts
e induce a vacuum state w, form w:

wol Tr.n) = w(Oip(ey).icp(hy)

— calculate induced GNS-representation.
Notice:
e Construction reproduces "right” classical limit

e Construction has an obvious matching of VEVs!

Tim Koslowski tim@physik.uni-wuerzburg.de
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Simple Example and General Construction

General Construction for Full Embeddings

Observation: There are pseudo-"rank-one” Of j for C*(X, G) (borrowed
from Morita theory): Ofp : (x,g8) — mf(; dup(g)h(g=1x)

= Use same trick as before (borrowed from Rieffel induction):

e associate to I+, an O:

Tf?h - Mg £ P( Of‘hf‘(b”o))

= calculate embedded algebra as span of Ts
e induce a vacuum state w, form w:

u,-'g( Tf_.h) = u)(O;{P(f}),f{P{h)))

— calculate induced GNS-representation.
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Simple Example and General Construction

General Construction for Full Embeddings

Observation: There are pseudo-"rank-one” Of j for C*(X, G) (borrowed
from Morita theory): Ofp : (x,g) — mf(; dup(g)h(g=1x)

= Use same trick as before (borrowed from Rieffel induction):

e associate to I, an O:

Fep Vo = PlO¢ pi{ Vo))

= calculate embedded algebra as span of Ts
e induce a vacuum state w, form w:

u:c.( Tf,h) — uJ(O;{P(f}},f{P(ﬁ)))

— calculate induced GNS-representation.
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Simple Example and General Construction

General Construction for Full Embeddings

Observation: There are pseudo-"rank-one” Of j for C*(X, G) (borrowed
from Morita theory): Ofp : (x,g) — mf(; dup(g)h(g=1x)

= Use same trick as before (borrowed from Rieffel induction):

e associate to I+, an O:

Tf?h i Vg =2 P( Of‘hf'(b”,:,))

= calculate embedded algebra as span of Ts
e induce a vacuum state w, form w:

u:c.( Tf_.h) = u;(O;{,D(f}}_,f{P{h}})

— calculate induced GNS-representation.

Notice:

e Construction reproduces "right” classical limit
e Construction has an obvious matching of VEVs!
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Cosmological Sector

Weyl-algebra for Loop Quantum Gravity

Weyl-form of Loop Quantum Gravity (Ch. Fleischhack):
e config. vars. cylindrical functions =(Cy/)
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Simple Example and General Construction

General Construction for Full Embeddings

Observation: There are pseudo-"rank-one” Of j for C*(X, G) (borrowed
from Morita theory): Ofp : (X, g) — mf(; dup(g)h(g=1x)

= Use same trick as before (borrowed from Rieffel induction):

e associate to I+ an O:

Tf?h : Wg P( Of_hf(v,:,))

— calculate embedded algebra as span of Ts
e induce a vacuum state w, form w:

wol Te.n) == w(Oxp(r)),icP(hy))

— calculate induced GNS-representation.
Notice:
e Construction reproduces "right” classical limit

e Construction has an obvious matching of VEVs!
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