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Conformal Field Theory

massless quantum field theories in (1+1)
dimensions have infinite-dimensional
conformal symmetry

CFT’s appear in some formulations of
string theory and also in classical
and quantum critical phenomena

in (2+0) and (1+1) dimensions




Wess-Zumino-Witten

Non-Linear o-Model

S only depends on g(x;,x,), on surface

of sphere, mod 2m1 =k=integer

* A\ increases under renormalization to fixed
point at A=1/k —a CFT

 many exact results known due to high
(Kac-Moody) symmetry

« non-abelian bosonization of free fermions




Boundary CFT

bulk exponent n

exponent, n’ depends
on boundary conditio




Quantum Dots

grates AlGaAs

2D electl | | I I ' I IA I
( iaS ( 2D | ) ..-.-"'-—_________

.1 microns

tunnel gate ~ plunger gate




when dot 1s small and tunneling

on/oft dot 1s weak, dot contamns a well-define
number of electrons, due to charging energy
this number 1s controlled 1n single steps

by plunger gate

when number 1s odd, dot has spin-1/2

*at low energies, spin of quantum dot 1s

its only active degree of freedom
sinteraction of this spin with conduction
clectrons in 2DEG lead to interesting physics



Kondo Effect

efermions (with spin) & S=1/2 impurity spin
although interactions only occur at origin,
this model exhibits non-trivial many body
cttects!

«Kondo coupling, J, grows large under
renormalization at low energies (for J>0)
ofirst (1965) example of asymptotic freedom



cttective coupling becomes large at
energy scale Ty:

where p 1s density of states, D 1s

band width (ultra-violet cut-off)

*Tx 1s like A 1n high energy physics
strong coupling physics i1s very simple:
-one electron forms a singlet with
impurity spin (remember 1t has S=1/2)
-other electrons must “stay away’ or
g0 1nto orthogonal wave-functions due
to Pauli principle



escreening electron 1s from s-wave channel
strong coupling fixed point described by a
n/2 s-wave phase shift, corresponding to
an infinite short-range repulsion at origin

this 1s clear if we introduce

a lattice: electrons live on S
lattice sites only and hop

between sites with amplitude t

if J>>t we solve single site problem first
o] electron sits at the origin and forms single
eother electrons avoild oricin otherwise free



for small T, we may linearize the
dispersion relation:

and use a quantum field theory which
Is Lorentz invariant when J=0:

strong coupling fixed point corresponds to:




othis 1s a simple example of how interactions
with a quantum 1mpurity renormalize to

a fixed point corresponding to
invariant boundary condition

e We can use non-abelian boso
to replace free fermions (with

o(k=1) WZW model for spin ¢

a conformall

nization
spin) by a
egrees of

freedom and a free boson mod
degrees of freedom

el for charge



for small T, we may linearize the
dispersion relation:

and use a quantum field theory which
Is Lorentz invariant when J=0:

strong coupling fixed point corresponds to:







for small T, we may linearize the
dispersion relation:

and use a quantum field theory which
Is Lorentz invariant when J=0:

strong coupling fixed point corresponds to:




othis 1s a simple example of how interactions
with a quantum 1mpurity renormalize to

a fixed point corresponding to
invariant boundary condition

e We can use non-abelian boso
to replace free fermions (with

o(k=1) WZW model for spin ¢

a conformall

nization
spin) by a
egrees of

freedom and a free boson mod
degrees of freedom

el for charge



othis 1s a simple example of how interactions
with a quantum 1mpurity renormalize to

a fixed point corresponding to a conformall
invariant boundary condition

e W€ can use non-abelian bosonization

to replace free fermions (with spin) by a
o(k=1) WZW model for spin degrees of
freedom and a free boson model for charge
degrees of freedom




apart from modified boundary condition,
strong coupling fixed point 1s also
characterized by a leading irrelevant
interaction:

*N B. screened impurity spin doesn’t appear
single power of 1/Ty follows from fact
that operator has dimension 2

*at low temperature, T<<T, we can
Ty st escterntsivee theisoveer v BTN




Kondo interaction between spin of quantum
dot (when number of electrons 1s odd) and
conduction electrons in 2DEG:

—>

Kondo interaction transmits electrons acros
Quantum dot




econductance gets enhanced at low temperatur
by growth of effective Kondo coupling

clectrons are transported thru

quantum dot

in p-wave channel with no resistance at T—0

J[=G(T) AV

*G=2¢%/h for a dot which conducts perfectly
in 1 channel (only) — Landauer formula
for a small quantum dot, conductance 1s

very small except at T<<Ty wi
G—2¢e?/h[1-¢(T/Ty)?]

N1CTC.

(2™ order in perturbation theory in 1/Ty)
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conductance (e/h)

Coulomb blockade suppresses conductance
except for transition gate voltages where 2
clectron numbers on dot have same energy a
on plateaus where N 1s odd, at T<<T



othis 1s a simple example of a much more
general, and interesting, phenomena (IA, AL)
svery general interactions with various

types of quantum impurities lead to low
energy behaviour which is characterized by
generalized conformally invariant

“boundary conditions”

*in genecral, these

not free particle Il

at the boundary

boundary conditions are

ke — they encode 1nteraction:



snon-interacting boundary conditions
correspond to “Fermi1 liquid” behaviour
in usual condensed matter terminology
sinteracting boundary conditions give
“non-Fermi1 liquid” behaviour

*models can be solved by Cardy’s
“boundary state” formalism




finite temperature, T=1/B, finite size, L,
partition function with boundary conditions
A B 1s equivalent to propagation for time L
between mitial and final boundary states |A>
and |B> with Hamiltonian with periodic b.c.
on circle of circiimference R



one of simplest physical examples 1s provide
by 2-channel Kondo model

*here channel index, a, 1s summed over 2 valu
as 1s spin index (not written)

J renormalizes towards strong coupling

at low energies, as before

*but now strong coupling fixed point 1s
unstable!



§

casily seen from lattice model:

1f we assume J>>t and solve
single site model, impurity 1s =
overscreened

1.¢. 1 electron from each channel sits at origin
in a symmetric S=1configuration

eoround state of electron-spin system has S=1/2

t!
l



'now low energy effective Hamiltonian
still contains an effective S=1/2 impurity,
and therefore a Kondo interaction: J” ~1/J?
J° gets stronger under renormalization
implying that a very large J gets weaker

J=0 J=00

e X <%

sintermediate coupling stable fixed point
1s described by a non-trivial conformally
imvariant boundarv condition



ewe can again map low energy effective
action into a Lorentz invariant model
*interacting part 1s same as before except
now we get WZW model with topolgical
coupling constant k=2

we 1dentified stable fixed point with a
particular non-trivial boundary condition b
a phenomenological argument and checked
our conjecture against numerical and Bethe
ansatz results




eimportant consequence of our solution
1s that leading irrelevant operator has
dimension 3/2 (1% descendent of s=1 primary

'now perturbation theory gives a series
in (T/Ty)Y%, rather than T/Ty

eagain we can calculate 1% order terms
although calculations are rather different
and more complicated



Experimental Realization

a variety ot different experiments have been
interpreted m terms of 2 channel Kondo mode
*have all remained controversial until

recent (unpublished) quantum dot experiments
by D. Goldhaber-Gordon’s group at Stantord



snon-Fermi liquid fixed point 1s unstable
against channel anisotropy:

if J,>J, then channel 1 screens spin and
channel 2 decouples at low energies yielding
a Ferm1 liquid fixed point:

every difficult to make J,=J,, while avoiding
iiiagnetic fields and other destructive eficcts




St
[*" channel 21d channel

quantum dot  V_ controls J,

e

ecomplicated device has many knobs
«can tune to non-Fermi1 liquid fixed poirit




slowest order perturbation theory 1n 1rrelevan
interaction now gives a conductance:
G=(1/2)G, [1-(T/Tx)"?]

*T=0 value 1s %2 as big as for 1-channel
case and T-dependence has exponent 2
instead of 2

for finite bias voltage:

dI/dV = G,[1-(T/TK)*f(eV/T)] (for FL)
dI/dV = (1/2)G,[1-(T/Tx)* h(eV/T)] (NFL)
scaling functions f(x) and h(x) are known
i certain limats




econductance measurement, versus 1 and bia
voltage, V, with all parameters tuned

to non-Fermi1 liquid fixed point

exhibits expected scaling (note TV )



Conclusions

eboundary CFT describes quantum impurity
models of condensed matter physics

»2-channel

non Fermai |

Kondo, k=2 WZW_ model has a
1quid boundary condition

esolution o1

[ this model by CFT methods

leads to predictions verified by quantum dot
experiments
*CFT may or may not be part of a “theory of

cverything’

a theorv of

> but we now know 1t 1s definitel

covtmethinoe &)
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econductance measurement, versus 1 and bia
voltage, V, with all parameters tuned

to non-Fermi1 liquid fixed point

exhibits expected scaling (note T )
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econductance measurement, versus 1 and bia
voltage, V, with all parameters tuned

to non-Fermi1 liquid fixed point

exhibits expected scaling (note T )



