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Towards understanding

string spectrum

in AdSs x S°

JA. Minahan, A. Tirziu and AA.T.
“Infinite spin limit of semiclassical siring states,” hep-th/0606145
M. Kruczenski, J. Fusso and AA.T.

“Spiky sfrings and giant magnons on S5.7 hep-th/ 0607044

work in progress with H. Hoiban




AdS/CFT

N =4SYMat N =

dual to type IIB superstrings in AdSs x S°

Parameters:

A=g2 N related to string tension
2T = & = /X

Js = % — ()

string energies = dimensions of gauge-invariant operators

E(VX Jm,.)=AJm,.)
J - global charges of SO(2,4) x SO(6):
spins Sy, Sa: Jb, Ja. Jg
m - windings, folds, cusps, oscillation numbers, ...
Operators: Tr( fI*'[r; '133- fI)jjf-" DS Df; e ]
Solve susy 4-d CFT = string in R-R background:

compute FF = A forany A (and J,m)




Perturbative expansions are opposite:

A > 1 in perturbative string theory

A < 1 in perturbative planar gauge theory
“Constructive™ approach:

use perturbative results on both sides and other properties
(integrability, susy.+7) to guess exact answer (Bethe

ansatz....}

Hemarkable recent progress:
— “semiclassical” states with large quantum numbers
dual to “long™ gauge operators
F=A —samedependenceon ./ m, ...
coefficients = interpolating functions of A
— connection to specirum of integrable spin chains

— advances in uncovering underlying Bethe ansatz




String Theory in AdS5 x S°

(:,ri,, [-.1“ ':If;}.rff:rf}.j'r" + H b+ F.-} _H'-J(j..'f‘

S= T/}ficr

L

1000000 + ..

T=3E =¥ (Metsaev, AT 98)

FIa P

Conformal invariance: 2 = R — (F5 ffn_,. — |
Classical integrability (Bena. Polchinski. Roiban 02)

Progress in detailed understanding of implications of
(semi)classical integrability (Kazakov, Marshakov. Minahan.

Zarembo 04; Beisert et al 05; Dorey. Vacedo 06....)

Explicit computation of 1-loop quantum superstring (1 /T
corrections to classical string energies (Frolov, AT 02-4, .

Near-geodesic expansion (Parnachev, Ryzhov: Callan, Lee,

McLoughiin, Schwarz, Swanson, Wu 03; ...}

1-loop S-matrix? Beyond 1-loop? Quantum integrability?




N =4 Conformal Gauge Theory
Dimensions of operators: eigenvalues of dilatation operator

-
s

e.g., operators built out of SYM scalars (dual to strings in S

SU(2) sector: Tr(®'1@2)+ ..., J=J+ .
Py =@y +102. Py = @3 + 104
planar 1-loop dilatation operator of N = 4 SYM:

= Hamiltonian of ferromagnetic Heisenberg XXX, /2 spin
chain (Minahan, Zarembo 02):

Higher orders (Beisert. Kristiansen, Staudacher 03; Beisert
04: Eden, Jarczak, Sokatchev 04):

A= [ — —» =t

Hy, = — T'lel_r—:j am —.l-_t:-r" ~ ey — O - Oren)

- |_]_—':-" -_--|I -
H3 contains @ - 03 but also (87 - 611 ) (T2 - F1+3). eic.
operator dimensions = eigenvalues of “long-range”

ferromagnetic spin chain H with “multi-spin” interactions

H s for Hubbard model (at least 1o 3 loop order) (Rej.
Serban, Staudacher 05)




Spectrum? Compare to string theory?
Integrability (!} — Bethe ansatz — Spectrum

1-loop: Heisenberg model — Bethe ansatz equations:

oy My — w4

N g Uk — U —1
U = %{TITJT.F{T;. J=nh+ 15, M=
E=J+ %EEL '“”13? S?LLP; = 27m

Indications of integrability of both string (A > 1) and gauge
(A < 1) theory: expect Bethe ansatz description for any A
(Beisert, Dippel. Staudacher 04)

M
r-.--'f-".fc--' =" H ﬁ'-'-' |_-pi__ p_l: ;'\ b "" — h?'; *-Hj
= 1

T Bl e oy b | - Py
= —4 — = 3
21 epm——— 0 = 0(pr, pi: A)
— L oot Bi | e 1
u;j(pj. A) = 3ot 3 /1+ Ssin” 3

. , 1
p; for bound states with \_”;_";L Pr = 2mm

—

E=J+3M, (J1+2sm?Z 1)

S = phase shift due to magnon scattering (Staudacher 05)




What about # ?
Perturbative gauge theory: “Asymptotic® BDS ansatz
J—oo,uptoN oder: S=95;, 6=10

But to match semiclassical string theory need # = |

Perturbative string theory: “String” AFS ansatz
(Arutyunow, Frolov, Staudacher 04)

# — common to all sectors, structure fixed by symmetries
(Beisert 05)

B(p.p': A = E E crs(A)|gs(P)g-(p) — ¢s(p)g-(P)

iy _l = iﬂp q,“ J. —]-1||.‘"Il ——I II,l" i .-"l,

i
\:[.—

Matching to classical string:

e~ X 5 8.5 (S

at large \ expect from string theory

'-:l"-a-/\ -:33} ]-l — ’-L'r.__:'_.-iﬂr'_.i—‘ LE %”-r-a L3 F 1.-: ;}."‘.-z L]

G ({A<1l) - 0 7




Spectrum? Compare to string theory?

Integrability (!} — Bethe ansatz — Spectrum

1-loop: Heisenberg model — Bethe ansatz equations:

U = %{'_“I.)T.;—_;;;'_ J=h+ 1, M=

= T
E=J+2A EILL sinBi M p; = 2am

Indications of integrability of both string (A > 1) and gauge
(A < 1) theory: expect Bethe ansatz description for any A
(Beisert, Dippel. Staudacher 04)

' — H “L‘Ii'j}i'-p_.: )\I "j =5 ‘-... T._I.I,-j

,"JIJ_ _ e —ts 11 : H i, |L,J| ”R \I
g —ts —1

S SIS ) o o P -*"_

u;i(p;, A) = 5 cot 3 y1+ Zsin” 5

= - v 'I_I ¥ B
p; for bound states with ___;;.:L Pr = 2mm
\ 0 |
}_\T‘f(hl-l-_,ﬁln 1)

S = phase shift due to magnon scattering ( Staudacher 05)




What about £ ?
Perturbative gauge theory: “Asymptotic® BDS ansatz
J—oc,upto N oder: S=9;, 8=0

But to match semiclassical string theory need # = |

Perturbative string theory: “String™ AFS ansatz
(Arutyunow, Frolov, Staudacher 04)

# — common to all sectors, structure fixed by symmetries
(Beisert 05)

B(p.p'; A) = S Z crs(A)gs(P)g-(P) — gs(P)g-(P')]

r—2 s—r+1

I+4hsin® E—1 ., -
- ’ S rp i 3 \ 7 i A
G-+ j_l-_f-".r — — Sl T;I . L ¥ N =g

Matching to classical string:

(e hsom —* X 2 6o (AFS)

at large \ expect from string theory
'-r.-.i-/"" > ]-J = 'ir._;:'_- ;fj—f'_.i LW %”-r'-a L - : b - I

= v A (v X)

e A€1) >0 7




Spectrum? Compare to string theory?
Integrability (!} — Bethe ansatz — Spectrum

1-loop: Heisenberg model — Bethe ansatz equations:

M =y i
i U — Wy — 1
U = l\_,{.‘DT. 'i',; : J=h+F, M = J5
=il A 1"! s -} Py \._‘-1'-"‘ - — Py
E = JFr T = E_,-=|. sS1m CE 2.j=1 f—"j — LRI

Indications of integrability of both string (A > 1) and gauge
(A < 1) theory: expect Bethe ansatz description for any A
(Beisert, Dippel. Staudacher 04)

0§
T H S(pe. psi ). S =25, e*
=k

, s ] -

o1 = h—_,.,— - 6 = 6(pr. pj: A)
. RN OSEN TR A n2 P

u;j(pj. A) = 30t 3 /1 + Ssin” 3

. . 1
p; for bound states with '\_“i:f:L Pr = 2mm

1

E=F4+5 (k.l + Ssin’ ZF— I)

(__,.j:[ it

S = phase shift due to magnon scattering (Staudacher 05)




What about & ?
Perturbative gauge theory: “Asymptotic® BDS ansatz
J—oc,upto N oderr S =5;, §=0

But to match semiclassical string theory need # = |

Perturbative string theory: “String” AFS ansatz
(Arutyunow, Frolov, Staudacher 04)

# — common to all sectors, structure fixed by symmetries
(Beisert 05)

.= X
(p,p": \) = E E rs(A)[gs(p)ag-(p) — qs(p)g-(p)]

r—2 s—r+1

S|
il
L

Matching to classical string:

— X = 8., (AFS)

(Crs ],"-.—v.x

at large \ expect from string theory

. - \ —— 1, I . I 3 '
Crsl }t > 1 ] =5 k B :tjr'.-i 1 T s T, Fanthra T e
: v A [

(A1) - 0 7




Spectrum? Compare to siring theory?
Integrability (!} — Bethe ansatz — Spectrum

1-loop: Heisenberg model — Bethe ansatz equations:

B o s
Liped _ H Uy — W5 )
.J':.If.' II“'- =D “..I i
Uj = l\_,{_‘ﬂ’r. —, : J=h+D1. M=
- 2 I :
E=J+ ,—‘_EILL sin? 2, M p; = 2am

Indications of integrability of both string (A > 1) and gauge
(A < 1) theory: expect Bethe ansatz description for any A
(Beisert, Dippel. Staudacher 04)

A
ot ¥ i \ - . b
" i H S(pe.pi; A), S =5;€"
=k
v B —Th 11 y i
a7 = —._u:—w: o 7 = QI_;.J';;.jJ'J.'I Al
. - ¥ aw b X
ui(p;. A) = 5 cot 3 y1+ =sin” 3

a LI
p; for bound states with Y, pr = 2am

—_—

E=J+3YX, (J1+&sin® % —1)

S = phase shift due to magnon scattering (Staudacher 05)




What about # ?
Perturbative gauge theory: “Asymptotic® BDS ansatz
J—oc,uptoN oder: S=5;,. 8§=0

But to match semiclassical string theory need # =

Perturbative string theory: “String” AFS ansatz
(Arutyunov, Frolov, Staudacher 04)

4 — common to all sectors, structure fixed by symmetries
(Beisert 05)

.= X
B(p.p': A = S E ers(A)]gs(P)g-(P) — gs(P)g-(P')]
r—2's—x

r=2 s=r+1
I4+4Asin® 21, , 5

- { 1 - I f 2 | 'S e .-'ll'u
Gr+1\P} = - SID 'TFI : A sim £ A A= 2x )2
Matching to classical string:
(C=)iion — A = ﬁi".-:‘ -1 (AFS)
at large \ expect from string theory

\ P S 1 : 1 3 ]
Crsl A > 1J = A2 ;{jf'.-i—:_ LT b AW T "}J".-z T eee

L \v A (" I\:;

G (A1) — 0 7




Spectrum? Compare to string theory?
Integrability () — Bethe ansatz — Spectrum

1-loop: Heisenberg model — Bethe ansatz equations:

Indications of mtegrabuatﬁ_,r of both strmg (A > 1) and gauge
(A < 1) theory: expect Bethe ansatz description for any A
(Beisert, Dippel. Staudacher 04)

= H > P S=25¢€"

] e — T
:jj' . |.!.-|.—|g,_;;_,- ¥ HI f.},ii \l
24 u - 2 _|.:'|
i Py A = %L—'Ur - 15 ]_ d % -_"E -‘;IH L

p; for bound states with E:;L Pr = 2mm
E=.J+ \_‘” (tli—_mm —l)

S = phase shift due to magnon scattering (Staudacher 05)




What about £ ?
Perturbative gauge theory: “Asymptotic™ BDS ansatz
J—oc,uptoAoder: S=95;, 8=0

But to match semiclassical string theory need # =

Perturbative string theory: “String™ AFS ansatz
(Arutyunov, Frolov, Staudacher 04)

# — common to all sectors, structure fixed by symmetries
(Beisert 05)

A(p,p’; X) —T‘ T r-ql A)gs(p")g-(p) — ¢s(p)g-(P)

I g X sin® B3 -
: T, ref N -, - =
Gr+1(P) = “:Iﬂ 2 g JE e

Matching to classical string:

(Ga)r 500 — -\“I._E_Lﬁr.rs--L (AFS)

at large \ expect from string theory
rq./\ = 1] 15‘ _E_- Tf"r_.;—-_ L3 .1—."‘ff-r'-a T +;}"* + ..

VoA (v A

(A1) — 0 7




Compute ¢,..(A) from irst principles™
— from quantum AdSs x S° superstring

String 1-loop corrections to siring energies (Frolov. AT 03;
Park, Tirziu, AT 05) imply a,. # 0 (Beisert, AT 05)

1-loop string resuits translate into (Hernandez. Lopez 06)

1 r—=1){s—1})

.III‘—J_'l—-—:-r—L -

s = 2[1 — (—1)7"*
Consistent (Arutyunov, Frolov 06; Beisert 06) with crossing
condition (Janik 06}

Beyond 1-loop order? Which are additional constraints?
Various Attempts:

e compute .S-matrix directly from superstring theory

Important conceptual role played by non-relativistic
“Landau-Lifshitz” type effective action for positive energy
magnons (Kruczenski 03)

S-matrix of magnons with “non-relativistic™ dispersion
relation (Klose, Zarembo 06)

S= effective string theory S-matrix of “positive-energy”
branch of BMN-type string modes: “integrate out”
negative-energy branch (Roiban. Tirziu, AT 06)




What about £ ?

Perturbative gauge theory: “Asymptotic™ BDS ansatz

J—oc,upto N oderr S =5;, §=10

But to match semiclassical string theory need # = |

Perturbative string theory: “String” AFS ansatz
(Arutyunowv, Frolov, Staudacher 04)

# — common to all sectors, structure fixed by symmetries
(Beisert 05)

- X

0.0 0) =) Y. ca(N)gs(p)a-(p) — a:(P)g-(2)]

r—2 s—r+1

P oad 1A sinT E—1 . =
- \ Sy St P F 3 \ 7 e -._'Il'
¢+1(p) = Zsin (¥ | A=

Matching to classical string:

(Cadrisoa —+ X = & (AFS)

r.a—1

at large \ expect from string theory
'r'-J"_-_a I /\ _:3,} ]. ll = zi -"—_:'—_ 'r.{fl-

(Yres—1 T 7

v A

i T i
A<l >0 ?




Compute ¢._( \) from “first principles”
— from quantum AdSs x S® superstring

String 1-loop corrections to string energies (Frolov. AT 03;
Park, Tirziu, AT 05) imply a,, 7 () (Beisert, AT 05)

1-loop string results franslate into (Hernandez. Lopez 06)

9 . E e %3]
[ —_— — [ 7 yrT=| r—ijs—1]
e— I

Consistent (Arutyunov, Frolov 06; Beisert 06) with crossing
condition (Janik 06)

Beyond 1-loop order? Which are additional constraints?
Various Attempts:

e compute .S-matrix directly from superstring theory

Important conceptual role played by non-relativistic
“Landau-Lifshitz” type effective action for positive energy
magnons (Kruczenski 03]

S-matrix of magnons with “non-relativistic™ dispersion
relation (Klose, Zarembo 06)

S= effective string theory S-matrix of “positive-energy”
branch of BMN-type string modes: “integrate out”
negative-energy branch (Roiban. Tirziu, AT 06)




e Siring sigma model (in conformal gauge): suggests
interpret S as “sffective” scattering matrix of integrable
Lorentz-invariant 2d field theory whose effective excitations
correspond to spin chain magnons (Polchinski. Mann 05;

Gromov, Kazakov, Sakai, Viera 06; Gromov. Kazakov 06)

e detailed study of spectrum in various limits on gauge and
string sides — extra constraints on S-matrix

Key assumption:
Expect spectrum to have gualitatively same structure at any

A (at least for large .J)

smooth change with \: no transition on the way from small

to large A

Indeed, remarkable evidence (qualitative and guantitative) of

correspondence between siring and gauge states

someiimes works better than one could expect (susy:
non-renormalization of some coefficients. ...)

Plan:

compare weak-coupling spin chain specirum with
semiclassical string spectrum




What about £ ?
Perturbative gauge theory: “"Asymptotic® BDS ansatz
J—oc,upto X oder: S =5;, 8§=10

But to match semiclassical string theory need # =

Perturbative string theory: “String™ AFS ansatz
(Arutyunov, Frolov, Staudacher 04)

# — common to all sectors, structure fixed by symmetries
(Beisert 05)
b= X

B(p,p': \) = E E crs(A)[gs(P')g-(P) — qs(p)g-(P)]

r—2 s—r+1

: I+4Asin? E—1 ., -

. ( , — re s 2 , — A
Gr+1\P} = :hlﬂTl- Asin £ } » A= 27)2
Matching to classical string:
(Cesdrsoe — X 2 0.3 (AFS)
at large \ expect from string theory

. : . i A R | ]
"-:r'-‘.i: }t :}} 1.-' = "]I‘ - :_‘.jr'_.-;—:_ 1L B —_._,f_il‘r_‘ T P 3 ’J._J':r-_q T exs

(A1) — 0 7




Compute ¢,..( \) from irst principles™
— from quantum AdSs x S superstring

String 1-loop corrections to string energies (Frolov. AT 03;

Park, Tirziu, AT 05) imply a,. = 0 (Beisert, AT 05)

1-loop siring results translate into (Hernandez. Lopez 06)

[y S_— %[I_ 1 [_l"-.l

| fr—112—fa—1)"

r—1){s—1)

Consistent (Arutyunov, Frolov 06; Beisert 06) with crossing
condition (Janik 06)

Beyond 1-loop order? Which are additional constraints?
Various Attempts:

e compute .S-matrix directly from superstring theory

Important conceptual role played by non-relativistic
“Landau-Lifshitz” type effective action for positive energy
magnons (Kruczenski 03)

S-matrix of magnons with “non-relativistic™ dispersion
relation (Klose, Zarembo 06)

S= effective string theory S-matrix of “positive-energy”
branch of BMN-type string modes: “integrate out”
negative-energy branch (Roiban. Tirziu, AT 06)




What about £ ?
Perturbative gauge theory: “Asymptotic™ BDS ansatz
J—oc,uptoN oder: S§=95;, 8=0

But to match semiclassical string theory need # = ()

Perturbative string theory: “String” AFS ansatz
(Arutyunov. Frolov, Staudacher 04)

# — common to all sectors, structure fixed by symmetries

(Beisert 05)
B o
F r 1 ] f v I P f \ r FAS |
Bp.p;:A) = ‘,_-‘_* N () lgs(p )g-(p) — gs(p)g-(P')
r—2 s—r+1
— e i i ‘u 2 ||l — .-'ll'u
Gr+1\p) _T-‘-']-E-Ti \sin 2 J s A= I )2

Matching to classical string:

(Crs)isoe — .-H’LI_E_L!?FF-_.-..L (AFS)

at large \ expect from string theory

= ) L S i 1 1
‘-J"-‘F'/\ = 1] — - !_fjr'_.i—; LE M."‘”r‘-a | ZEP

.r_',_,,_q.k 1) — 0 7




Spectrum? Compare to string theory?
Integrability (!} — Bethe ansatz — Spectrum

1-loop: Heisenberg model — Bethe ansatz equations:

_iped _ M e —w i

_J:,.._ M — Wy — 4
i = %COT.'L:. J=Jh+ .5, M=
E=J+A%vY sn*Z \_":Llp = 2xm

Indications of integrability of both string (A > 1) and gauge
(A < 1) theory: expect Bethe ansatz description for any A
(Beisert, Dippel. Staudacher 04)

¥,
et = 1] St p5: A), =%
5

= E::J::I,, _: B = 0(px 2 A}
pi.A) = %nnr'”—_j v1+ ;—.ﬁm"“’T

p; for bound states with E“r:L Pr = 27m

E=J+% [.»,.1-I- '-lIL:E_EL—ij,I

S = phase shift due to magnon scattering (Staudacher 05)




What about £ ?
Perturbative gauge theory: “Asymptotic® BDS ansatz
J—oc,upto N orderr S=5;, =10

But to match semiclassical string theory need # = |

Perturbative string theory: “String™ AFS ansatz
(Arutyunov, Frolov, Staudacher 04)

# — common to all sectors, structure fixed by symmetries
(Beisert 05)

.= X
B(p.p':A) = E Z Crs(A)|gs (p"g-(p) — q.(p)g-(p")

r—2 s—r+1

Ry § A e S z
. % 2 - TPy 2 Y —_ A
’fr—]_l-;[-}.r = ?:-,]_'EL —__'f ( L. sn P | A= )2

Matching to classical string:

(Crs)Aisoe — A == -r‘Fr'..-' ~1 (AFS)

at large \ expect from string theory
".'r.-_a:/\ = 1] = j‘ﬂ_‘:‘_.— r{’-r’_.t—i LE %”-r‘-i i GiF _1?' Ii}i"'-“ L3

(A1) - 0 7




Compute ¢,..( A) from first principles™
— from quantum AdSs x S° superstring

String 1-loop corrections to string energies (Frolov. AT 03;

Park, Tirziu, AT 05) imply a,. = 0 (Beisert, AT 05)

'

1-loop string results franslate into (Hernandez. Lopez 06)

r—1){s—1)

Ly S— %l[ — [_["HI

Hr—1)12—({s—1)"

Consistent (Arutyunov, Frolov 06; Beisert 06) with crossing
condition (Janik 06)

Beyond 1-loop order? Which are additional constraints?
Various Attempts:

e compute .S-matrix directly from superstring theory
Important conceptual role played by non-relativistic
“Landau-Lifshitz” type effective action for positive energy
magnons (Kruczenski 03)

S-matrix of magnons with “non-relativistic™ dispersion
relation (Klose, Zarembo 06)

5= effective string theory S-matrix of “positive-energy”
branch of BMN-type string modes: “integrate out”

negative-energy branch (Roiban. Tirziu, AT 06)




e Siring sigma model! (in conformal gauge): suggests
interpret S as “sffective” scattering matrix of integrable
Lorentz-invariant 2d field theory whose effective excitations
correspond to spin chain magnons (Polchinski, Mann 05;

Gromov, Kazakov, Sakai, Viera 06; Gromov. Kazakov 06)

e detailed study of spectrum in various limits on gauge and
string sides — extra constraints on S-matrix

Key assumption:
Expect spectrum to have gualitatively same structure at any

A (at least for large .J)

smooth change with \: no transition on the way from small

to large A

Indeed. remarkable evidence (qualitative and guantitative) of

correspondence between siring and gauge states

sometimes works better than one could expect (susy:
non-renormalization of some coefficients. ...)

Plan:

compare weak-coupling spin chain specitrum with
semiciassical string spectrum




Gauge theory spectrumat A < 1land J > 1
1-loop: XXX, /2 Heisenberg, length .J = .J; + .J5, soilve BA
energy E — J = AE;[1 + {_J{_%]' + O(A?%)

e E; = (): ferromagnetic vacuum (BPS operator Tr &)
e £, =% : J; =2 magnons

p= 3;’” w ~ p*: BMN operators

Y ePITe([®y.... 24 |y [®... 24| D,...)

e £y =—=: Jy ~. > 1, low-energy spin waves

“Thermodynamic”™ limit: bound states of
large number (.J5 ~ J > 1) of magnons, b = b —‘}-

“Bloch walls™ or "macroscopic Bethe strings™ (Sutheriand 95;
Dhar, Shastry 00; Beisert. Minahan, Staudacher, Zarembo
03); “locally BPS™ operators

Tr([@y.... 2| [@5... D3] [@y....D4|[®5...D5]...)

e I, = ¢ : bound states of finite no. of magnons
“Bethe strings” (Bethe 31). ¢ ~ +
e £, = k.J : antiferomagnetic (.J; = .J; > 1) state

k=22 (Hyelthen 38)

4




(8:71)°

LL action beyond leading order

effective actions from gauge-theory spu'* chain and string

theory: S = | en‘Jl_. de L, \_ s = Jo

L=C(n)-87 — &n (y i ‘\U- —1)n —f—;'d i)
) g — o _

*’—4 11 (@emi)"(dzi)” — b(A) (dendin)” — c(A)

guadratic part is exact: reproduces the BMN dispersion

relation for small (“magnon”) fluctuations near 11 =

(0, 0.

e 0 X Y i A
P —F+m? — (id; — \ m? — ) (—id — y m* —0z)

£ Zrm _, ()

-—-l"n*-sljl 5

and I'I.. — 1\ 1 2 B /]l'tlf_"".

p=
Orders \ and A?: direct agreement

“3-loop” coefficients are interpolating functions:

25 l 13
A1 b= _ =y o c= —
13 v ;\l 16
23 12
A< 1 b=———+4+0(}\). e
2 16

implied by non-analytic terms in 1-loop string correction:
J \3 : s

,||

Vv

— + O(A)

(Beisert, AT: Schafer-Nameki. Zamaklar 05)

el
— N
A




How to solve string theory ir

- y il'.'-l -..:-_I

\'-Ln' w5
GS siring on supercoset el

2|4
SO(1.4)=<S50(5)
complicated solitonic spectrum
Light-cone gauge: analog of
=g, p —cat, =4

Two natural options:

i} null geodesic parallel to the boundary in Poincare patch —
explicit action/Hamiltonian quartic in fermions

(Metsaev. Thorn, AT, 01)

iijnull geodesic wrapping S?- complicated action but hidden
. LID Y f &
St

| % sul(2|2) symmetry (Callan et al. 03; Arutyunov
Frolov. Pletka, Zamaklar, 05-086)

Problem: lack of 2d Lorentz symmetry, hard to apply known
integrable 2d field theory methods (S-matrix does not

depend only on difference of rapidities, constraints on it are
unclear, eic.)
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e Correspondence between gauge and siring specira near

and far from BPS limit

e Presence of non-trivial interpolation functions in Bethe

ansatz phase, string energies. effective LL action

e Special large .J limit: simplicity, non-renormalizability.
relation to S-matrix

e Additional constraints on S-matrix?




How to solve string theory in AdSs; x S > 7

PSU(2.2]4

SO(1.4)y=500(5)

GS siring on supercoset

complicated solitonic spectrum

Light-cone gauge: analog of

= =gt pt —comik, I —00
Two natural options:

(i) null geodesic parallel to the boundary in Poincare patch —
explicit action/Hamiltonian quartic in fermions

(Metsaev, Thorn, AT, 01)

(ii)null gecdesic wrapping S?- complicated action but hidden
su(2]2) x su(2|2) symmetry (Callan et al. 03; Arutyunov,
Frolov, Pletka, Zamaklar, 05-06)

Problem: lack of 2d Lorentz symmeiry, hard to apply known
integrable 2d field theory methods (S-matrix does not
depend only on difference of rapidities, constraints on it are

unclear, etc.)




An alternative approach based on Pohlmeyer map

(“P-map”):

impose only conformal gauge. solve Virasoro conditions

classically using a (non-local) field redefinition

map string theory into some 2d Lorentz invariant integrable
massive local field theory (*P-theory™)

classical equivalence: same solitonic solutions

integrable theories: expecthope that semiclassical solitonic

spectrum determines gquantum spectrum

Helation between quantum string theory and quantum
version of “P-theory™ 7 Not obvious: non-local map. different
Poisson structures (Mikhailov 06)

But close relation may be true in quantum conformally
invariant case: quantum P-theory corresponding to string
theory should be a CFT (?)

the two solitonic S-matrices may be closely related

Which is integrabie P-theory for AdSs x 57 string ?

_..supercoset generalization of non-abelian Toda theory...




An alternative approach based on Pohlmeyer map
(“P-map”):

impose only conformal gauge. solve Virasoro conditions
classically using a (non-local) field redefinition

map siring theory into some 2d Lorentz invariant integrable

massive local field theory (*P-theory”™)
classical equivalence: same solitonic solutions

integrable theories: expecthope that semiclassical solitonic

spectrum determines quantum spectrum

Helation between quantum siring theory and quantum
version of “P-theory™ 7 Not obvious: non-local map, different

Poisson structures (Mikhailov 06)

But close relation may be true in quantum conformally
invariant case: quantum P-theory corresponding to siring

theory should be a CFT (?)

the two solitonic S-matrices may be closely related

Which is integrable P-theory for AdS5; x S° string ?

_..supercoset generalization of non-abelian Toda theory...




very special model with 4+4 dimensional bosonic target...

guantum conformal invariance? 2d world-sheet susy?

Prototypical example:
S+ sigma model — sin-Gordon model (Pohimeyer, 76)
L= . X" X™ - AX"X™ —1)
.0 X" +AXT =1, A= X" X™
- =0 &'F —0a7T. —0 T,—a X"Hh X"

thenT, . = flo.), T__ = h(o_) and can do conformal

transformation to make
d. X"d X™ = K2, g X X = e

Same as Virasoro constraints for classical string on

. = \
R; x 5° in conformal gauge and t = kT fixing residual
conformal transformation freedom.

define new field o by
k> Cos ¢ = X, X" —1f m=12)

then egs. for X™ and constraints are equivalent to
8.0 06+ k2sing =0




“conformal reduction” of S~ sigma model = sin-Gordon
theory, i.e. SG theory =P-theory for string on R, x S?
Wi 2
Lp = gd, Od_o — K” COs O

Classical solutions and integrable structures (Lax pair,

Backlund transformations. etc) are directly related

2d Lorentz invariant; manifest SO(3) symmetry hidden;
infinite sets of conserved charges are in correspondence
[sin-Gordon soliton on an infinite ine mapped into rotating
open string on S? with .J = oo: “giant magnon” (Hofman,
Maldacena 06)]

Quantum equivalence of S? sigma model and sin-Gordon
model? No — no quantum conformal invariance. P-map does
not formally apply... (yet there is a relation between solitonic

= - ¥
S-matrices, Zamolodchikov™)

But what if S® model is embedded into conformal sigma

model describing string theory?
Anather example:

5% sigma model — “complex sin-Gordon™ mode




(Pohlmeyer; Lund, Regge 76)
] o @ T
; e 3{{'}, od_¢ + tan” = d:x0d_x) — K coso

sZcosd = 3 . X™9_X™,

arar=—1l =12 24

.y sin” T;’ == ;%f,r.,,;:,_‘{”’ 9, X™9_X*a& X

non-local map producing 2d relativistic P-maodel for string on
R; x 52 in conformal gauge

an example of non-abelian Toda model (Leznov, Saveliev):
massive integrable perturbation of a coset WZW model
(here SO(3)/SO(2)) (Hollowood, Miramontes, Park 94)

related to massive Thirring model via 1st order form of
classical egs: 1 = (u. v)

] - 3

. u+v—|ufr=0 10v+u—|jvi‘u =,

gquantum S-matrix is known (Dorey, Hollowood)

General bosonic case:

sigma model on symmetric space F /(' reduces to

“symmetric space SG” model with Lagrangian formulation in




terms of (& / H gauged WZW model with a potential (Bakas.
Park, Shin 95)

potential determined by choice of 2 elements 7. T in &:
f = g+ k and H corresponds to hi=centralizer of T_in g

5 = [_u_.“x':rt'll."}- A) — Hg / tr T—.'f_ér i I, ’J'r]

geG, A. € h;gaugingg =Ugll*, Ue H

AL, T] = 0 implies existence of Lax pair: [L, L_| =0

L. =8 +¢g '8 g+qg'A g+ sT_,

L_ =0, +A: +s'w%¢g 'T.g

gauge A: =0,(g7'd_g), =0, (0,99 1)s =0
(g7 '0_g) —<2[T_, g 'T.g] =0

FiG=5"=5850(n+1)/50(n):
S50(n)/SO(n — 1) gWZW model + potential

(T e = (T ha=1,rest=0: H = SO(rn — 1)
(67" T_ghz = (0,Va, V1, ..., Vay)

‘[Il FV.V.=1, z=1....n—1

a6 255 2V @

v I-Vebp




e.g. §° = SO(6)/SO(5) reduces to SO(5)/SO(4):

4d target space coordinates are S(J(6) invariants
constructed out of X,,. 8- X, 82 X, 82 X,

(XX = 1, m = 1, ..., 6) using d,,,, and €,0nkipg

Similar story for non-compact case:
AdS,, = 50(2.n —1)/50(1.n — 1)

constraints Y?Y, = —1, 0.YP0.Y, = —
e.g. AdSs — sinh-Gordon theary
AdS, x §*: o .YPo.Y,+o . X" X™ =10

P-theory: solves classical egs. and conformal gauge

constraints for string on AdS,, < S™

Quantum theory: need to embed into a conformal theory

Include fermions: “super P-map”
reduction of GS string on AdSs x 5”7 hidden 2d susy ?
curios cbservations:

1. N = 2 supersymmetric extension of sin-Gordon has




bosonic part (z = @ + 1)
]. - . _ &= Py &
L= _{0+00_¢ + 0,p0_p) — k"(cos ¢ — cosh ¢)

same as P-theory for AdS, x S? string

GS string in AdS; x S® reducesto N = 2SG ?

2. reduced theory for standard (non-unitary) supercoset
SU(2|1)/S(U(1) x U(1)) issameas N = 1 susy
complex SG model (Napdlitano, Sciuto 81)

complex SG: ds* = d¢® + tan® ‘_f;'r:r’x: is Kahler — has
actually N = 2 susy

[ N = 4 extension is related to reduction of AdS5 x 577
Not naively: 4d target is direct product and is not

hyperKahler... ]

PSIT(2.214)

GS string on =57 505
superalgebra psu(2, 2|4) admits £, grading
J=g 'dg=H+ Q1+ P+ Qs

H represents so(1.4) + so(5)




Action (cf. [ tr[(g '99)c/u]"):
- = / str{ P A *P + ¢y A ())

bosonic part of P is direct sum of AdS- (P7) and S® (P™)
Egs. of motion and constraints (P = P.do™ + P_do ™ ):
P —[H, P]+[Q2, Q2] =0

P, —[H_, P]+[Q:1—, Q1 ]=0

[Py, ©@i_]=0, |[P_,Qx]=0

d.H_ —0 H,_ =

[Hy, H_ |+ [Py, P+ [Q1,, @] + [Qa4, Q1]
.0 — 0 e =

(Hy, Q-] — [H_, Q] + [Py, Q2| — [P, Qa4]
Qe — I Qo =

[Hy, @] —[H_, Qoi] + [Py, Q] — [P, Q1]
T =+ THFPY]=+

Hemarkably, Virasoro conditions can be split as in the

bosonic case (cf. Bena, Polchinski, Roiban)

above egs. implicitly define analog of sin-Gordon model in

the case of string on K; x S (Mikhailov 06)




cf. P-map for string on a coset: going from egs for
coordinates parametrizing g to egs for new fields
parametrizing JJ = g 'dg

to construct super P-map:

choose parametrization for .J solving constraints, fix

kKappa-symmeiry gauge. find action for new independent

(4+4 bosonic and ? fermionic) fields

simplest example: AdS, x S* with RR flux
GS theory for PSU(1,1|2)/[U(1) x U(1)]
bosonic part: sin-Gordon + sinh-Gordon

fermionic egs look similar to those of N = 2 extension of

sin-Gordon... (in progress with R. Hoiban)

Many questions:

P-action also has supercoset structure? interpretation in
terms of non-abelian Toda for some supercoset? hidden 2d
susy? guantum theory? conformal invariance? solitonic

S-matrix? spectrum of its poles? ...




