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Can N =4 Super Yang-Mills be solved?

Large N limit only

Integrability = finding the S-matrix

How is a string on AdSs x S° like a spin
chain and how is the spin chain like a string?

Magnons = Only need to know the poles

and zeros of the S-matrix
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® The Bethe ansatz in N=4 SYM

® Magnons in gauge theory (SU(2) sector)
® Magnons in string theory

® Spin distributions for strings and chains

® Conclusions
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Gauge/String Correspondence

Planar Limit:

O=Tr|ZZZ. WW..ZZ Z..|<>String state
= F
SU(2) sector: J1 Ws, Jy Zs

Many Successes: BMN, Long wavelength (2 loops)

Many puzzles: 3loop mismatch, 2 loop agreement

Finite size effects and comparing small A with large A
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SU(2) Sector of N=4 .

€,(x) = Tr (ZZZ...WW..ZW..WWZW ) fvj;i :j (:’

-

A,=L

—\
g

Tree level:
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SU(2) Sector of N=4  _

€ ,(x) = Tr ( ZZZ...WW.. ZW... WWZW ) f;j; " :1

-

.AO -y
Operator Mixing

One loop: 5

€, (x) = Tr(ZZZ...WW...WZ.. WWZW )
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Planar:
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One Loop
SU(2) sector

5 Z +1)
Q72 Pj

N



One Loop g
SU(2) sector .

-----
5 5 2% g B

Planar: —

— 3 ]+1 K. Zarembo, |M 2002
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Higher Loops
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One L00p SR
SU(2) sector .

Planar: $ $ 5 % 3 3

— 3 ]+1 K. Zarembo, |M 2002
12 Z

Higher Loops

o0
L. 2n H2n_ ranges ovel
= Z 9~ Hon n  sites
=l

3-loops: Beisert, Kristjansen & Staudacher
Page 22/
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Spin chains-Integrability

SU(2) Sector: Z. W Only

Pirsa: 06100036

T T Jp W's
TT i l T T Jo Z's
Py T
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The Bethe Ansatz

A a4 ,
A T n
A

Ground state: . 0)

T‘L‘TT‘
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The Bethe Ansatz

A a4
LT A

Ground state: ‘T ‘;
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One magnon: ) !
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The Bethe Ansatz
N T A ‘f §

i |
T“‘TTT

Ground state: 0)

"
s | N

L
1 |
. T \} = — _'”“{ {
One magnon: - TT P, I Ef |
[+t 1

magnons: A
J mag |



Integrability: All scattering is reduced to two body
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Integrability: All scattering is reduced to two body
S-matrix: S(p 53 Pk)

J1
S ik = | -
Quantization: ¢ :Hb (Pj:Pr) L=J4+J
k#J
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Integrability: All scattering is reduced to two body

S-matrix:  S(pj, Pk)
5
Quantization: ¢7'" = H S (pipx) L=h+h

]

| L & .
w: + 22 w; — Ug +1
One-loop: ( . ) = I | .

/9 )
e — /2 ey Wi — Uk — @

Bethe
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Integrability: All scattering is reduced to two body

S-matrix: S (pj . Pk)

. 5 . L =3 :
Quantization: ¢/ = H S (pj,px) L=L+Js
k+#j

e J .
w; + /2 T W — up + 1
One-loop: = H ‘
P- w; — /2 U; — Up — 1
" - it Lk
Bethe k+#7

= Ji L Jl .
All loops: r(u; +1/2)\" _ H uj — ug +?
(asymptotic only) I('H-J' = Eﬁ/‘)) oy U; — U — 1

Beisert.Dipple,Staudacher
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Magnon dispersion:

n:) = iq> ! = .
€(p;) = ig (JL'(HJ' +1i/2)  z(u; — 5/2))

Jy
¢ 22 : = :
E‘—"LT’Q Z( .(u _|_j/‘)) .1‘(HJ—E/‘)))

u; —(;ot \/ + 8¢? sin %
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Magnon dispersion:

E(’ ) = 3 ( = - l )
Py =9 r(u; +1/2) x(uj —i/2)

Beisert Dippel

E=Js+ Z \/ + 8¢2 sin” EJ P
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Magnon dispersion:

. 2 1 -
f(pi) = 3 (.r(uj +1i/2) B r(u; — 5/2))

; o , Jy 1 |
— -+ B : o
= z(u; +i/2)  x(u; —if2)

¥ =

u; = § cot ?2‘?' \/1 + 892 Si112 %}L

Beisert Dippel

J1
N b & Staudacher
E=Js+ 1 +8g°sm” == eisert
9 ) Beisert
7=1

. E o — 257
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Bethe Strings

Ji .

ipiL _ u; —Ug 11
II U: — Ur — 1
k#j3 7 -

L —> 00
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Bethe Strings

J3

r_-‘!IpJL . ”_}I - ”J{. T4
II w;: — U — 12

J

& —5 66

If P, has an imaginary part:lhs = () or x
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Bethe Strings

J1 .
{_.épJL - | | S — g
HJ' — U — 1

L —5 O

If P, has an imaginary part:lhs = 0 or x

To compensate: ; = ;1 +1
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Bethe Strings

J3 :
HJ' —UEr — 1

k7]

Iy —3 o0

If P, has an imaginary part:lhs = () or x

- il
To compensate: U = U1 + 7

LA B N N BN NN
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Bethe Strings

J1

f__e'p}L o H U; — U 11
HJ' —UE —1

k#

L — o0

If P, has an imaginary part:lhs = () or

- U
To compensate: uj; = Uy + 7 y
5 1 1 ! .
S I T . :
xluy +1/2) z({wy, —1/2) .
— » = ™

| iy F . )
irsa: 06100036 —— j‘: — \ )(1' —— -f“lfj“] S111
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Long Bethe strings are solitons
If /1 >> g, /1 >>1 = Heisenberg

Classical Limit = Landau-Lifschitz equation:

S=-2¢°Sx 5"

E L." i e -1t
p=——=— ﬂup{.r — vt) — arctan |tan = tanh (J [ )
J1 Jh 2 I

9 ' * — vt . ;'{_
sin — — sin ‘[—):'-:ech ! : L N
2 2 | &

Lakshmanan (1977)
Takhtajan (1977)
Fogedby (1980
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Long Bethe strings are solitons
If /1 >> g, /1 >>1 = Heisenberg

Classical Limit = Landau-Lifschitz equation:

S=-2¢°S x S"

E Sin ' xr — vt
Qo =——=— p{i‘ — vt) — arctan |tan P tanh
J1 Ji 2 I
9 P e — t’f - J'r_
sin — = sin ~sech ( ) B o
2 2 I 4sin’ 3
P

40
S p

1

. . Lakshmanan (1977)
Classical Spin
P Takhtajan (1977)

(at one SitE)I Fogedby (1980
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Long Bethe strings are solitons
Iif /1 >> g, /1 >>1 = Heisenberg
Classical Limit = Landau-Lifschitz equation:

S=-2¢°S x S"

E si | r — vt
Qo=——=— smp{f — vt) — arctan |tan P tanh (J [ )
J1 Jh 2 I

f p r — vt : Jy
Sin — = sin ‘t—:-:er:h £
P =

)‘-. 2 4
[‘ L 1111 >
j‘r;'

t I sin p
i : akshmanan (1977)
Classical Spin Lakshmanan (|
P Takhtajan (1977)
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Long Bethe strings are solitons
If /1 >> g, /1 >>1 = Heisenberg
Classical Limit = Landau-Lifschitz equation:

S =-2¢25 x §”

FE S1 . r — vt
Q= ——— ﬂup(.,r — vt) — arctan |tan P tanh (J [ )
J1 Jh 2 I

= P r— vt ~ Jy
— sin =sech ( ) L e
2 [“ sl 5

j_r,r'

3 T Sin p
: - - anan (1977)
Classical Spoin Lakshmanan (|
: P Takhtajan (1977)
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Long Bethe strings are solitons
If /1 >> g, /1 >>1 = Heisenberg

Classical Limit = Landau-Lifschitz equation:

S =—-2¢2S x S

E | r — vt
Q=——=— ﬂup{.r — vt) — arctan |tan P tanh (J : )
J1 Jy 2 I

f ) r — vt ~ Jy
sin — = sin i‘—r:hr;'r:h L N
2 2 | 4

i : akshmanan (1977)
Classical Spin Lakshmanan (|
P Takhtajan (1977)

(at one Sit&): Fogedby (1280
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Long Bethe strings are solitons
If /1 >> g, /1 >>1 = Heisenberg
Classical Limit = Landau-Lifschitz equation:

S =-2¢°5 x §”

E L.‘. . S i — 1t
P==——— ﬂup{r — vt) — arctan |tan P tanh (J : )
J1 Jh o | &

.0 . r — vt : Ji
sSin — = sin “—:-:er:h L -
2 2 I

o z Sin p
: - z anan (1977)
Classical Soin Lakshmanan (|
: P Takhtajan (1977)
irsa: 06100036(3.t One SItE). \\ // Fogedby { |9Pa89e053)114




Long Bethe strings are solitons
If /1 >> g, /1 >>1 = Heisenberg

Classical Limit = Landau-Lifschitz equation:

S=—-2¢°Sx S"

E  sin | xr — vt
Qo =——=— P{J‘ — vt) — arctan |tan P tanh
J1 Jh 2 I
7} D r — vt : Jy
sin — = sin ‘[—:-:ech ( ) R e T
2 2 r 2SI 3

'.E_r,.f'

! 7 S p
: . Lakshmanan (1977)
Classical Spin
P Takhtajan (1977)
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Down Spin Density
S i .
sin” - is the down spin density
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Down Spin Density

. 20 . .
sin” 5 is the down spin density

Ph = == Pj = sseee P1
-@ O o—0—9@ O 00—
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Down Spin Density

N : .
sin” - is the down spin density

2 SR Pi e P1
—@ o—09© O o0 —

u

LA R RN NN N
S~
b
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Down Spin Density

20 . : .
sin” 5 is the down spin density
Pr, e = S P1
—@ *—0—9© O o0
f—,
u ]
Y ~ exp EZ 3;.;+£Q; Q; = Z Pk

J '

X

R R RN NN N
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Down Spin Density

sin’ g is the down spin density
Pr e - R P1
-@ O —0—9@ O -0
{ —
¥ J
Y ~ exp EZ 25,i+1Q; Qj = Z Pk

b ] k=1

¥

A R RN BN NN
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Down Spin Density

 wF . - :
sin” o is the down spin density
2l @ e Pj  esee P1
@ O *—0 @ O o0
[ —
U J
. U ~ exp ’Z"-"JJHQJ ; :Zm
P 7 k=1
- ] .
. 71 ,iQ; _ W + /2
& - 1 dj wy +1/2 .
Zi 441 = : _ = — s = &
= 1 — |eiQs |2 df u; — if2
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Down Spin Density

wll | ; )
sin’ , Is the down spin density
Phh = e o S P1
@ O 9, 9—@ O 0 —
¢ —
7 7
. Y ~ exp EZ-”-HQJ' Q; :Zm
: J k=1
- s | _
e *1 iQ; wy + /2
= ' w; — /2
& g 1 dj wy +1/2 .
on 2 L1) — - ‘ — e _
Sl 1 — |eiQi |2 df —1/2
dj . o pJi —4j° > P o £ _ y
- — = 8in“ = : — sin® “sech I ,
Pirsa: 06100036 {[ {J = 2 .[ f == -)- - r Pg;g::* B.zj‘lu_lil
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Comparison to Strings

Restrictto R x S°

SU(2) x SU(2) symmetry

9 D Y 2 2 - 2 2
ds® = —dt® + cos” 0 dp7 + df” + sin” 0 dp5
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Comparison to Strings

Restrictto R x S°

SU(2) x SU(2) symmetry
ds* = —dt* + cos® 0 dypt + dB* + sin® 0 d 3

Ansatz: t=7, 0=0(0), @©i=w(t—v(0)), p2=1t+ ¢(o)
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Comparison to Strings
Restrict to R x S | ov; Frolov & _
SU(2) x SU(2) symmetry

ds* = —dt* + cos” 0 dg3 + db* + sin® 0 dps

Ansatz: t=7, 0=0(c), pr=w(t—-yY(og)), p2=t+ ¢(o)

Nambu-Goto: 5 = / drdo/—det G X0, X
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Comparison to Strings

Restrictto R x S° Arutyunov, Frolov & Zamaklar

SU(2) x SU(2) symmetry

ds®* = —dt® + cos® 0 d;p% + df* + sin” @ dpg

Ansatz: t=7, 0=0(c), pr=w(t—yY(og)), w2=t+ ¢(o)

Nambu-Goto: S = / drdo/—det G,y 0. X 0, X"
EOM: aJLT — tang I7i d{:rk,?
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Comparison to Strings

Restrict to R x S° Arutyunov, Frolov & Zamaklar

SU(2) x SU(2) symmetry
ds® = —dt* + cos’ 0 d-p% + df* + sin” 6 dgpg

Ansatz: t=17, 0=0(c), ovi=w(t—yY(o)), p2=1t+ ¢(o)

Nambu-Goto: S = / drdo\/—det G,,0, X I3 X"
EOM: 0,1 = tan* 0 8,¢
A dr

‘.‘- !; . L ' . I‘ —_—
Pirsa: 0§100036— dw \/F_Z 7 IJ'] r = sin #. e
‘ b = f{_‘:
L} "I_‘ A T epesLe— e T W --‘: L_-:.,—-;.-x\n. — D M-;La—r-n.,-.-..\-;







ey sin f VN — ) P |
MlnlmIZEI p = L = \/]_ - ”--3 Hill% S111 ; — COS H“

COS - 9

w240 < ¢ < F_} to

- .

Conserved Charges:
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i

SR a .“;ill H{'; \/I .r\. ) ' J“ .
Minimize: "= — (= V1—w? sin? sing =cosby
cos - 9 2
/2 4+ 0 < & < T/ 2 He

Conserved Charges: £. .J> Infinite
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ey sin 6 Vi —— ) ) _
MlnlmIZEI = S £ — — v ] — “-3 :.;in{_ S1I1 ; — COS H“

T i P s
/2480 < o < /2 — 6g

Conserved Charges: £. .J> Infinite

E—J*j_ ! £

g 1 — w?

f A

1 — w?
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. = = “‘”.[ f'}” VI/\ ) i
Minimize: r=—— (= V1—w? sinz sing =
COS © - 9 2
| 2 4 o {f o {_ T—} HH
Conserved Charges: £. .J> Infinite
§ 1
E ol '12 = 9 E
1 — w-*
u“
B e
L —w-

S

E—Jy= \/ J? + 8¢2 sin” 5

Same as spin-chain (gauge theory)
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SU(2)xSU(2) Current Algebra
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SU(2)xSU(2) Current Algebra

7 W Z = sin Qe'*#?
—W 4 ) W = cosf e'¥2
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SU(2)xSU(2) Current Algebra

( 7 W Z = sin fe'??
g = : .
i (-w Z W = cos@e**?
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SU(2)xSU(2) Current Algebra

| 7 W Z = sin fe'??
g= : .
g -W Z W =cosfe™
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SU(2)xSU(2) Current Algebra

g

Z

—-W

\

/

"
W

7

. >,

)

4 =smbe"

W = cos @ e*¥?
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SU(2)xSU(2) Current Algebra
Z W Z = sin fe**?
i ( -W Z ) W = cosf e’

ju.ﬁ’ e 'fl'g—larrg

Currents: -

Jrr_t = 3 2 au qqg
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SU(2)xSU(2) Current Algebra

i Z W Z = sin fe'#!
=N W Z W = cosf '

ig” O0ag
—1

"n -
Currents: 4

jr_t.L - fdugg

1 2
(1 £ w)cos~ 6

) i =
k =¢o8 ‘% v1—w?

Let:df =dE j.° =1-— -
1 ——— A.“"
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SU(2)xSU(2) Current Algebra

. 7 W o= Sin@ei“'gl
=N W 2 W = cosf '

j(t.ﬁ’. ig_l‘;)ng

—1

Currents: | b
Jo.E— fC)aQQ
1 >

(1 = w)cos~ 0
[

: : k= cos = V1-—w?
T .
Down spin densities: /= = 2 cos” 6

Let:df =dE j%° =1— |
o J;_ 1 — k%

I
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SU(2)xSU(2) Current Algebra
7 W Z = sin fe'??
< ( -W Z ) W = cosf e'*?

.j{r.ﬁ’. — 'ig_lacrg
—1

Currents: | -
Ja,L = 10ag9

1 2
(1 £ w)cos“f

k = cos ‘% vV1-—w?
|‘:" ) .
COS™ H

Let:dl =dE j3° =1

R

= _1_}1.‘.2

| | -

1 — k=
/deE—JH E—Js=Jrp+ JL
L L h=Jdn—>0

Down spin densities: /= —

o | H
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SU(2)xSU(2) Current Algebra

7z W Z = sin fe*¥!
i ( 3 " 4 ) W = cosf e'¥?

j{t.R — ig_laﬂg

Currents: | S
Ja,L = 10agg
0.: 1 ;
Let:dl=dE j};° =1- (1 + w) cos® @
L 1 — k- p -
] | *H‘A‘zc.ﬂﬁivl_wh
Down spin densities: /» = — —— cos~ 0
/dﬂdg_h o N WS
L L
) S =Jr—JL
2 sin” %qR | Jr 1

( 4R = Page 86/11
Jr R Jp+Jp 17=%8

. T p 2
g — sin” > g sech






Giant Magnons in Finite Gap Equations
unimodularity
Monodromy Matrix: Q(x) Teflx) =2cs Pix)
- )
quasimomentum

spect ral parameter

. P(x) = -
Poles: P(x) Xt

Giant magnons are condensates

'I'I . JJIJ- I i

Condensates:

Pirsa: 06100036
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Giant Magnons in Finite Gap Equations

unimodularity

Monodromy Matrix: Q(x) Tr 2(x) = 2 cos P(x)

spectral parameter -/ : J
quasimomentum

E4
/ + ... (\—r-IF—

Poles: P(x) = “TI L 2 /3

Giant magnons are condensates

Condensates: Y, .. ..

s

E/~l E/4 Kazakov M

uuuuu ~fesolvent: G(x) = P(x) + g T
X+-5 X— -5

N §

i 1ROy
= _Page 89/114
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p(x’)
Y Wl

’ p(u) = —i

Gix) = E /
k B
Condensate contour /

Single magnon only: Relax momentum condition

dx’
L
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f —

x!
Z/ X—‘(" plu) = —i
k
Condensate contour /

Single magnon only: Relax momentum condition

9

U =X+ —
p(u)
2x / du p(u) = .J, u
BDS B \/u —~
Marshakov

29/ p('u) : = FE - J2 - J;
u\/u2 2g% + u? — 2¢2
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X- .

Single magnon only: Relax momentum condition

g

=X+ — (u)
2x du p(u) = .J du —= —
BDS /f; emp=5h B \Ju?—2¢g2 ¥
Marshakov
plu)
u\/uz — 2g2 + u? — 2¢?

Cut in u plane
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p(x')
G(x) = / Ix’ —
(x) ; Bk( T plu) I
Condensate contour /
Single magnon only: Relax momentum condition
g

BR=X — "
2x ] du p(u) = J, plu) =p
BDS B \/u* — 2g°
Marshakov
p(u)
/du v — 297 + u? — 292 =FE - Ja -4

b

Cut in u plane

Decrease .J,
keeping p fixed
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| p(x’)
G(x) = Z/B dx"x w o) = —i
k &
Condensate contour /

Single magnon only: Relax momentum condition
g

=X+ — i
2X /du. plu) = J, a )
BDS B \/u" — 2g
Marshakov
plu)
/duu\/u- 2® +uZ 22
— 2g° +u* — 29

Cut in « plane
Decrease .J,
keeping p fixed
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| p(x') |
G(X) — ZL (l’X!{ " p( u) = —1

k 3 2 3
Condensate contour /

Single magnon only: Relax momentum condition
g

M=X+ =— (u)
2x / du p(u) = J, f du '(; =P
BDS I B \/u'- — 2g°

Marshakov
i
7g / du ( ) = . )Tg m Jl
u\/u- — 2g2% + u? — 2¢2

Cut in u plane

Decrease .J;
keeping p fixed
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, P(X')
G(x) = E Ix =
(x) L /;L(\x—x’ plu) = —1

Condensate contour /

Single magnon only: Relax momentum condition

g
i — X '+‘ ﬁ "
2X /du. p(u) = J; du z( ) =P
BDS 5 B \Ju? —2g2
Marshakov
o 2 | plu) -
Eg/du S . ‘)._’—E—Jg—f_]l
B u\/u — Ziy" -+ u- — 4§
e
Cut in u plane
e
Decrease .J, e
keeping p fixed
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Same result as gauge theory
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+

o= A X - _ U'sz g2 /2

. e —t(x" —x )—12|: — -

o " ®ar 4 r

T :'. : {;___} lr."i) fjl /‘)

| o ‘ rT {
qg ” e - ; -

o L 3 3
E‘ _) # F -
Jp = —t(x" — )
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R
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R is the down spin for each impurity
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-
.- B = % " 22 /0
¥ : —J(f—_—f—)—f(” +-_
-2 o -i )
o, - —i (T —x7) +;’(y':’ -
g A ; - !
= N O Xx
V2
Jp = —i(x™ —x)
-
Fo = ;.(.u £ g
A
R is the down spin for each impurity
But 4R is not an integer??
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+
£ x 2 19 2 /o
' + = [ Y9 /= g /<
oo - (" —x ) —1 — e
e ®) r+ x
Y - 2 ) 2 .')
: o e ol B N i G F2 g-/2
v o o —1(xr" —x )+ 1 ( -~ -
o a1 I
g A~ - ; _
e 1 X
V2
Jrp=—t(x" —x)
g°/2 ¢*/2
']L — -1 ' - '
=T z

4R is the down spin for each impurity

But YR is not an integer??
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e
- e g2/2  ¢2/2
N -2(x" — 27 ) —1 — — = Jj
, o :r“ T 4
\ ' o i - /2 ¢ /2
. © ) —i(xT —x7 )+ - = E — J5
- Tt T
g, ; i
= 1 X
V2

Py
_|'\'
|
e
—
o
[y
——

R is the down spin for each impurity

But YR is not an integer??
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Conclusions

® Magnons are useful for comparing string and
gauge theory

e Giant magnons in string theory have
properties of being bound states

® Jr is in general noninteger. Not clear what
to do with this.
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The End/Fin
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