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Abstract: | will discuss various different ways of quantifying the differences between two quantum observables (POVMs). Each of these appr:
gives rise to a notion of approximately measuring one observable by means of measuring some other observable. This will be illustrated in 1
of position and momentum by studying the question which POVMs on phase space can reasonably be said to represent a joint appr
determination of these observables. A new, universally valid trade-off relation for the associated inaccuracies will be rigorously formulated.
sketch the proof which is an adaptation of some interesting techniques and properties of covariant phase space observables used recel
Werner in a related project.

Recommended reading (optional):

guant-ph/0405184 (R Werner), quant-ph/0609185 (PB et al),
and also for further background information quant-ph/0309091 (M Hall), quant-ph/0310070 (M Ozawa), quant-ph/9803051 (DM Appleby).
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Universal joint-measurement uncertainty relation for error bars

October 18, 2006

We formmlate and prove a novel form of uncertainty relation, valid for any joint measurements of position
‘and momentum that satisfy a condition of finite error bars. The measurement inaccuracies, defined as
mimimal lengths of confidence intervals, satisfy a tradeoff relation of the form dg . 8p = Ch, with a
.posiﬁ:ﬁé- constanmt .
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1 Introduction

In bis seminal paper of 1927 [7], Heisenberg formulated not one but in fact three distinet variants of uncer-
dq-dp~h (1)
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Abstract
We formmlate and prove a novel form of ancertainty relation, valid for any jeint measurements of position
‘and momentum that satisfy a condition of finite error bars. The measurement inaccuracies, defined as
mimimal lengths of confidence intervals, satisfy a trade—off relation of the form dg - 8p = CH, with a

Contents

1 Introduction g -
2 Covariant phase space observables 2
3 Uncertainty relations for “classical” error measures 4
4 Werner's joint-measurement uncertainiy relation 5
5 Joint-measurement uncertainty relatien for error bars i
6 Concluzion 9

1 Introduction

In his seminal paper of 1927 [?]. Heisenberg formulated not one but in fact three distinet variants of uncer-
tainty relations of the general form

dg:dproh (1)
which together comprise the full content of the uncertainty principle [7] but which were not received with
equal approval. The uneontroversial form of uncertainty relation is the one which charseterizes possibilities
of preparations; it was made precise in terms of standard deviations, first for position @ and momentom P
and any vecter state i,

A(Q,9)- A(P,p) 2 E, (2)

06100016 i Page 8/63
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significant, He?mmherg. uncertainty relation for error bars in joint messurements of position snd momen-
tum. Here an observable on phase space is accepted as representing a joint messurement if it has finite
errors, defined operationally as the widths of confidence intervals obtained in the calibration of the joint

messnrement;.

2 Covariant phase space observables

For the rest of this paper we consider a quantum particle in one spatial dimension. with Hilbert space
o szﬁ} and canonical position and momentum aperamr& Q. P. By Q and P we denote the spectral
messures of (} and P, respectively, and Wig, p) = exp(1(Pg—Qp) are the We'_rl operators which comprise an
irreducible unitary projective representation of the translations on phase space BZ. States are represented as
positive operators p of trace 1, the convex set of all states being denoted 5. Oeccasionally we use unit vectors
@ = H to represent pure states. Observables are represented as normalized (E(€)) = I) positive operator
messures (POMs) on a measurable space (2, ©). which in the present context will be either (R B(R)) or
(B=, E{IR:"_] We WTItepE for the probability messure induced by a state p and an observable E via the
formuls o= (X ) = tr [pE(X )], X £ E. Finally we use the notation E[k] for the moment operators [ 2*E(dz)
of an observable E.
The earliest version of a quantum mechanical phase space probability distributions was discovered in
1039 by Husimi [?]. This is of the form (written for any vector state )

(g.2) — |{plnen) %, (3)
where 1 = Wi(g, p)*n denotes the family of Gaussian coherent states. The totality of distributions (3)
determine a unique covariant phase space observable GG, via

1

pCalZ) = 55 [ (nlonpldeds. oS, 7 < BE) @

A more general form of covariant phase space observable is obtained if the above integrand is replaced
with |(Wig,pj*£|pWig.p)*&) [Z]; finally one can take convex combinations of such phase space POVMs to
obtain a covariant phase space observable

B(R?) 5 Z — G{Z) = f Wig.p)"miV, (g, p)dgdp. (5)

. CEdvE where the mmgrﬁl is dEﬁm‘d wealkly and the operator demsity is generated by an arbitrary fixed pesitive Page 10/63
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For later reference we write out the covarianee property. For r = (q.p) = R®, let 7. be the shift map on
the space C(E?) of bounded continuous functions f, so that 7. fly) = f(y —z). We can extend T, to act on
indicator functions or the associated Borel sets in the obvious way. An observable & on phase space B2 is
covariant if for all Z < B(R?),

CirigzmZ) = W(a,p)"CIZ)Wig, p). (6]

It is in fact the case that every covariant phase space observable is of the form (5). This important result
is implied by results of [7] using methods of quantum harmonic analvsis and has been made explicit in[7]
using Mackey’s machine of induced representations and in [?] using the theory of integration with respect
t0 operator measures.

The marginal observables of & are convolutions of the spectral measures @, P with the probability mesa-
sures m3. m. that is,

Gy = Qemy, G'z =P +my. (7)

Here mp = Omlil* is the operator obtained from m under the action of the parity transformation [T
(Eiglz) = '{—:x}] Taking the standard deviations ss measures of inaccuracy.

5(Q.G)=A(Q.m), &P.G)=A(P.m), (8)

one has the general measnrement uncertainty relation for eovariant phase spaece observables:
HQ.0) 5(P.C) = 7. o)

The operationsl meaning of (say) the distribution m9 becomes fully transparent if one considers & sequence of
states p, such that the distributions p% are increasingly sharply peaked, approaching the Dirac distribution
concentrated at a point ga. In this case the output distributions F“EL approach (mnjl&q;;, that is, the translate
of the distributicn m-?_r by go. Thus the width of that distribution characterizes the likely range of the
prepared values of position if it is known that a fairly sharp distribution was prepared and an outcome g is
recorded.

Since measures of the width of a distribution in terms of {second or other) moments are of limited
use., we note, for later reference, an alternative formmlation of uncertainty relation for joint measurement
inaccuracies, vahdfmcwmmtphasespaee observables.

ReLI00LE For g = B. 4 > 0, let I ; denote the interval [g — §/2,q + §/2). (We will occasionally use the same Pa0°11/63
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mam-ures ﬂf ¢} and P. respec‘mﬁky, and Wig,p) = exp{ +(Pg— Qp) are thsa We’ﬂ operators which tzomprrﬂe an
irreducible unitary projective representation of the translations on phase space B2, States are represented as
positive operators p of trace 1, the convex set of all states being denoted 5. Occasionally we use unit vectors
@ = H to represent pure states. Observables are represented as normalized (E({)}) = I) pesitive operator
measures (POMs) on a measurable space (£}, £}, which in the present context will be either (B B(R)) or
(B2 B(B2)). We write p& for the probability measure induced by a state o and an observable E via the
formula p®(X ) = tr [pE(X )], X £ E. Finally we use the notation E[k] for the moment opersators [ z*E(dz)
of an observable E.

The earliest version of a quantum mechanical phase space probability distributions was discovered in
1939 by Husimi {7]. This is of the form (written for any vector state )

(g-B) — [{oliee) [P (3)

where ng = W(g,p)*n denotes the family of Caussian coherent states. The totality of distributions (3)
determine a unique covariant phase space observable Gﬂ vis

£
pCr(2)) = 55 [ (wlonar)dads, <5, 2 <BEE). @)
A more general form of covariant phase space observable is obtained if the abave integrand is rephaed

with [(Wig.p)*&|oW (g.p)*E) [?]; finally one can take convex combinations of such phase space POVMs to
obtain & covariant phase space observable

BR* = Z—C(Z)= ﬁ [E“’fq.ap}‘mwiq, p)dadp, 5)

where the integral is defined weakly and the operator density is generated by an arbitrary fixed positive
operator m of trace 1 (for details of the preof of these properties, see. e.g., [7]).
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For later reference we write out the covsriance property. For z = (g.p) € B2, let 7. be the shift map on
the space C(B2) of bounded continuous functions f, so that 7. f{y) = fly — ). We can extend 1, to act on
indicator functions or the associated Borel sets in the obvious way. An observable ¢ on phase space B? is
covariant if for all Z = Etﬁzj

Crigml) = Wia p)*"G(Z)Wi(q, p). (6]

It is in fact the case that every covariant phase space observable is of the form (5). This important result
is implied by resalts of [7] using metheds of quantum harmonie analysis and has been made explicit n[?]
using Macheya machine of induced representations and in [?] using the Eheﬂnfﬂf integration with respect
O operator Imeasuras,
The marginal observables of & are comvolutions of the spectral measures Q, P with the probability mea-
sures mg, m? . that is, - _
Gy=Qemy, G;=Pemy. (%)

Here mpg = IImII* is the operator obtained from m under the action of the parity transformstion IT
(Ipir) = @(—=z)). Taking the standard deviations as measures of inaccuracy,

one has the general measurement uncertainty relation for eovariant phase space observables:

5Q.€) 5.6 > 2.

The operational meaning of (say) the distribution m? becomes fully transparent if one considers & sequence of

states p, such that the distributions p& are increasingly sharply peaied approaching the Dirac distribution
concentrated at a point go. In this case the output distributions oSt approach f_ll];ng that is, the translate
of the distribution m%r by go. Thus the width of that distribution characterizes the likely range of the
_prepared values of position if it is known that a tairly sharp distribution was prepared and an outcome go is

06100016 Since measures Df the width of a disl;ﬂbtrtmn in ter:ms af {E.emﬂd or other) moments are of I;u:mtad Page 13/63
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Far later reference we write cut the covariance property. bor r = (g, p) € K*, let 7, be the shit map on

the space C(?) of bounded continuous functions f, so that 7. fly) = fly — 2). We can extend T, to act on
indieator functions or the associated Borel sets in the obvious way. An cobhservable & on phase space B is
covariant if for all Z = B{R?),

GrigmZ) = Wia p)*"G(Z)Wi(q, p). (6)

It is in fact the case that every covariant phase space observable is of the form (5). This important result
is implied by results of [7] using methods of quantum harmonic analysis and has been made explicit n[7]
using Mackey's machine of induced representations and in [?] using the theory of integration with respect
to operator measures.

The marginal observables of G are convolutions of the spectral measures Q, P with the probability mesa-
sUres Il’l:lgr. m-;'[, that is,

= Qe {;-’-2 = P+ mg. (7)

Here mp = OmliIl* is the operator obtained from m under the action of the parity transformation IT
(]I@{.‘fjl @l—x]). Taking the standard deviations as measures of inaccursacy,

5(Q G) = A(Q.m), 4(P.G)=A(P.m), (&)

one has the general measurement uncertainty relation for eovariant phase space observables:

5Q.6) 3.6 = L. (9)

The aperational meaning of {say) the distribution m®? becomes fully transparent if one considers a sequence of
states pn such that the distributions pQ are inereasingly sharply pﬂ-eahd, approaching the Dirac distribution
concentrated at a point go. In this case the output distributions pn_ approach f_m:gjq that is, the translate
of the distribution m3 by go. Thus the width of that distribution characterizes the likely range of the
prepared values of position if it is known that a fairly sharp distribution was prepared and an outcome gy is
recorded.

Since measures of the width of a distribution in terms of {second or other) moments are of limited
use. we note, for later reference, an alternative forrmmlation of uncertainty relation for joint messurement
inaccuracies, valid for covariant phase space observables.

For g = R, & > 0, let I ; denote the interval [g — §/2,q + §/2). (We will occasionally use the same
symbol to denote the méiﬂatwﬁmcmnafthasm) Th.en, for given confidence level 1 — ¢, = > 0, we define
the overall width of a probability distribution p on R as the smallest length of all mte:ﬂrah for which the

06100016 probability exceeds 1 —=: Page 14/63
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For the rest of this paper we consider s quantum particle in one spatial dimension. with Hilbert space
H = L*R) and canonical position and momentum operators @, P. By Q and P we denote the spectral
messures of () and P, respectively, and W(q, p) = exp( +(Pg—Qp) are the Weyl operators which comprise an
irreducible unitary projective representation of the translations on phase space B®. States are represented as
positive operators p of trace 1, the convex set of all states being denoted 5. Occasionally we use unit vectors
@ = H to represent pure states. Observables are represented as normalized (E(€) = I) pesitive operator
measures (POMs) on a measurable space ({2, ), which in the present context will be either (. B(R)) or
(B2, B(R2)). We write & for the pmbs&hﬂity measure induced hy a state p and an observable E via the
formula p¥ (X ) = tr [pE{X )], X < I. Finally we use the notation E[k] for the moment operators [ 2*E{dz)
of an cbhservable E.

The earliest version of a quantum mechanical phase space probability distributions was discovered in
1939 by Husimi [7]. This is of the form (written for any vector state ()

(g.2) — |{lnee) s (3)

where 1, = W(g,p)*n denotes the family of Gaussian coherent states. The totality of distributions (3)
determine a unique covariant phase space observable &, via

: : 1 :
t[pCy(Z])] = = [E (Map| o) dadp, p S, Z < BR?). (4)
ﬁmmgenﬂalﬁnrmofmmi&ntphﬁmspmemmisaht&imdﬂtﬁeabm hlm.gram&isrephted

with [(Wig,p)*|pW(q.p)*E) [?]; finally one can take convex combinations of such phase space POVMs to
abtain a covariant phase space ohservable

BR%) = Z—G(Z)= % fz Wig.pi*mWig, p)dedp, (5)

where the integral is defined weakly and the operator density is gemerated by an arbitrary fixed positive
operator m of trace 1 (for details of the proof of these properties. see, e.g.. [7]).
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It is in fact the case that every covariant phase space observable is of the form (5). This important result
is implied by results of [?] using methods of quantum harmonie analysis and has heen made explicit n[?]
using Macke?"& machine of induced representations and in [7] using the theory of integration with respect
t0 operstor measures.
The marginal observables of G are convolutions of the spectral measures @, P with the probability mes-
sures m:g? ml'ff, that is.

Gi=Q+mp, G;=Psmp {7

Here mpg = IImlII* is the operator obtained from m under the action of the parity transformation IT
{I[q::{:rf] w(—=z)). Taking the standard deviations as measures of insccuracy,

5(Q.G)=A(Q.m), 4P.G)=A(P.m), (8)
one has the general measurement uncertainty relation for covariant phase space observables:

Q.G - 3P.G) = E-. (9)

The operational meaning of (say) the distribution m® becomes fully transparent if one considers a sequence of
states pn such that the distributions p% are increasingly sharply peaked. approaching the Dirac distribution
concentrated at a point gs. In this case the output distributions p5* approach (mg)J . that is, the translate
of the distribution m3 by gs. Thus the width of that distribution characterizes the likely range of the
prepared values of pesition if it is known that a fairly sharp distribution was prepared and an outcome g is
recorded.

Since measures of the width of a distribution in terms of {second or other) moments are of limited
use. we note, for later reference, an altermative forraulation of uncertainty relation for joint messurement
inaccuracies, valid for covariant phaae space observables.

For ¢ = R § = 0, let I ; denote the interval [g — §/2,q +§/2). (We will occasionally use the same
symbol to denote the mchcﬂ,tﬂ: function of this set.) Then, for given confidence level 1 —¢, = = 0, we define
the overall width of a probability distribution p on B as the smallest length of all intervals for which the
probability exceeds 1 —=:

Wip.c) :=mf{d : pil,a) > 11—z, forsome z = B}. (10)
The following relation was shown in [?] to hold for any state p and positive 1.2 > 0 for which /145 = 1;

06100016 we write it here for g = m: Page 16/63
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to operator measures,
The marginal observables of & are convolutions of the spectral measures @, P with the probability mea-

sures m»g_., mﬁ, that is, ) _
B =) gy =P ()

Here mp = MmlT* is the operator obtained from m under the action of the parity transformation IT
(Mof{z) = w(—=z)). Taking the standard deviations as measures of I -

5(Q.G)=A@Q.m), 4(P.G)=A(P.m), (8)
one has the general messnrement unecertainty relation for covariant phase space observahbles:

5Q.€) - 5(P,C) > 2. (9)

The operational meaning of (say) the distribution m< becomes fully transparent if one considers & sequence of
states g, such that the distributions pﬁ are increasingly sharply pueahd approaching the Dirac distribution
coneentrated at a point go. In this case the output distributions pﬂ approach (m;—;ja that is, the translate
of the distribution m% by gg. Thus the width of that distribution characterizes the likely range of the
prepared values of pesition if it is known that a fairly sharp distribution was prepared and an outcome g is
recorded.

Since measures of the width of a disﬂ‘lﬁuﬂmnmt&tmuf {second or other) moments are of limited
use. we mote, for later reference, an alternative formmlation of uncertainty relation for joint messurement
inaecuracies, valid for covariant phase space observables.

For g € B. § > 0, let I ; denote the interval [g — §/2,q +§/2). (We will occasionslly use the same
symbol to denote the mdm;am: funetmnaft’haﬂset) TI].&EL. for given confidence level 1 — =, ¢ > 0, we define
the overall widih of a probability distribution p on B as the smallest length of all lntervah for which the
probability exceeds 1 —=:

Wip.c) :=inf{d : p{lza) > 1 —¢, forsome 2 € R}. (10)

The following relation was shown in [?] to held for any state p and positive £1.52 > 0 for which /514,55 < 1;
we write it here for o = m:

Wim®, 1) - WimP.s2) = 2nh- (1 — yET — /52y (11}
06100016 (NOTE: I think it must be p@ﬂﬁble ta come up with tighter lower Bﬂﬂnds since for very Eunaﬂ £1.£2, one Page 17/63
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Here mp = Omlil* is the operator obtained from m under the action of the parity transformation [T
(IMp(z) = w{—=z)). Taking the standard deviations as measures of inaccuracy,
E(Q! G“:I == ﬂf@:m}r J{pv G:I == &{P, III.-L (&]

one has the general measurement uncertainty relation for covariant phase space observables:

HQ. &) - #P.G) = g-. (9)

The operationsl meaning of (say) the distribution m? becomes fully transparent if one considers & sequence of
states g, such that the distributions p% are increasingly sharply peahd a.p:pm&ahmg the Dirac distribution
concentrated at a pms:ut go. In this case the output distributions pSt approach (_muj that is. the translate

of the distribution mn_ by gy Thus the width of that distribution characterizes the likely range of the
prepared values of position if it is known that a fairly sharp distribution was prepared and an outcome gy is

Since measures of the width of a distribution in terms of {second or other) moments are of limited
use. we note, for later reference. ap alternative forrmulation of uncertainty relation for joint measurement
insccuracies, valid for covariant phase space observables.

For g = B. 4 > 0, let I; denote the interval [g — §/2,g +4/2). (We will occasionally use the same
symbol to denote the mchc;&tﬂrf!memn&fthjsm) Thﬁﬂ., for given confidence level 1 — ¢, = > 0, we define
the overall width of a probability distribution p on B as the smallest length of all lﬁte:nrﬂlﬁfmr which the
probability exceeds 1 —=:

Wip.z) == imf{d : p{lpq) > 1 —&, for some z = B}. (10)

The following relation was shown in [?] to hold for any state p and positive c1. 53 > 0 for which \/5174-,/5 < 1;
we write it here for p = m:

Wim?, o) - WimP.22) = k- (1 — Er —v/E2) " (11}

(NOTE: I think it must be possible to come up with tighter lower bounds since for very small =1, 52, one
‘must allow rather large intervals. Check the Hilgevoord-Uffink relation for oversll width and mean peak
width, from which they derive ancther lower bound for the above product.)

Following [7], we define the resolution v(E;1 — =) {at confidence level 1 — ¢} of a POM E on B(E) as

06100016 :
follows. then
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G =W+mg, L;=F+mg el
Here mp = IOmiIT* is the operator obtained from m under the action of the parity transformation IT
(Mo{z) = w(—=z]). Taking the standard deviations as measures of inaccuracy.

one has the gemeral messurement uncertainty relation for covariant phase space observables:

5(Q.6) - 3(P,C) = 2. (9)

The operational mesning of (say) the distribution m? becomes fully transparent if one considers & sequence of
states pn such that the distributions ,@eq are increasingly sharply pealed. &ppmaf.hmg the Dirac distribution
coneentrated at a pﬂmt go- In this case the output distributions pS* approach (_muj . that is, the translate
of the distribution Iﬂn- by gs. Thus the width of that distribution characterizes the likely range of the
prepared values of position if it is known that a fairly sharp distribution was prepared and an outcome g is
recorded.

Since measures of the width of a distribution in terms of (second or other) moments are of limited
use. we note, for later reference, an altermative formmulation of uncertainty relation for joint messurement
inaccuracies, valid for covariant phase space observables.

For g = B. 4 > 0, let I; denote the interval [g — §/2,g +4/2). (We will occasionally use the same
symbol to denote the indicator fuﬂctmnﬁfthissﬁj Th.eE, for given confidence level 1 —e, £ > 0, we define
the overall width of a probability distribution p on B as the smallest length of all lﬂbermh for which the
probability exceeds 1 —=:

Wip,z) :==inf{d : pil;q) > 1 —¢, forsome z & B} (10)

The following relation was shown in [7] to hold for any state p and positive g1, 53 > 0 for which /5745 < 1;
we write it here for g = m:

Wim =) WimP.5) = 2rh- (1 — V&7 — yE2)°. (11)

(NOTE: I think it must be paﬂstb]ﬂ to come up with tighter lower bounds since for very small =;,22, one
‘must allow rather large intervals. Check the Hilgevoord-Uffink relation for overall width and mean pesk
width, from which they derive another lower bound for the above product.)

M 0016 fﬂﬂ:;]slaw‘i:pg [?], we define the resolution v(E;1 — =) (at confidence level 1 — ) of & POM E on B(R) as P—

[ B2 1169 0N
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Since measures of the width of s distribution in terms of (second or other) moments are of limited
use, we note, for later reference, an alternative formulation of uncertainty relation for joint measurement

inaccuracies, valid for covariant phaﬁe space observables.
For g = B, § > 0, let I; denote the interval [g — §/2,4 + §/2). (We will occasionally use the same

synﬂ:ﬁlt&demﬁeth&mchmtmrfumh&n&fth&s&t) Then, for given confidence level 1 — ¢, £ > 0, we define
the overall width of a probability Ehﬁsnhmmnpnﬂlaﬁthzsmaﬂmlengthﬂfaﬂlmwﬂhﬁwwhmhthﬁ

probability exceeds 1 — =

Wip.c) =inf{d : p{lzq) > 1 —x, for some z = B} (10)
The following relation was shown in [Z] to hold for any state p and positive 1.5 > 0 for which /F14 /5 < 1;
we write it here for p = m:

Wim%, &) - Wi(mF .e2) = 2wh- {1 — &r —E2)°. (11)

(NOTE: I think it must be possible to come up with tighter lower bounds since for very small 3,52, one
‘must allow rather large intervals. Check the Hilgevoord-Uffink relation for overall width and mean peak
width, from which they derive another lower bound for the above product.)

Fnﬂowmg [7]. we define the resolution 4(E;1 — =) {at confidence level 1 — ¢} of a POM E on B(E) as

follows. then
WE;L—¢) =inf{d >0 : p8(L ) > 1 —cforall x c R} (12)

It follows readily (see also [7]) that for the marginals G, G; of a covariant phase space observable G with
generating operator m, one has

HGi1—a) =Wim%e1), (Gl — ) = Wim, =) (13)

06100016 Page 20/63
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3 Uncertainty relations for “classical’ error measures

If one considers the idea that pessibly any observable M on phase space could provide information about
position and momentum, such that the marginals My, M> represent approximate measurements of Q, P,
respectively, then it is of interest te study the necessary minimal insccurseies that must be present due
to the noncommutativity of @ and P. Classical intuition suggests that a suitable error measure could be
given by the average deviation of the value of an indicator observable of the measuring apparatus from the
value of the observable to be measured approximately. where these observables are represented as selfadjoint
operators Z and A respectively, that is, the root mean square (Z. 4) = {(Z — 4)*%)%/2. This measure
has indeed been widely used in the physical literature, and has in recent years been studied in the present
foundational context (e.g.. [7, 7 , 7] ; these papers also give good surveys of the properties and applications
of this error measure). As s.hnwn} for instance. in [7], the abowve definition can be recast in terms of the
POM E that represents the given measurement and the observable 4 to be measured approximately; thus
a classical error measure can be defined as follows:

e E. A:p)" = tr [o(E[t] - A)%] +tz [0 E[2] — EQJ)]. (14)

We note that e(E, 4 : p) = 0 for all p exactly when E = A The first term measures the difference between
the first moments of the observable to be measured. represented by the selfadjoint operator 4. and the
observable E that represents the measurement. Note that this term cannot. in general. be determined from
the statistics of measurements of E and 4 alone.

The second term in (14) is a measure of the intrinsic unsharpness of E: it &= always nonnegative and
vanishes for all p exactly when E is a projection valied measure. Again, this quantity is not determined
solely by the statistics of F alone.

The classical error measure €(E, 4; p) is thus seen to vielate what would appear to be a natural require-
ment of operational significance: the requirement that the measure can be determined by the measurement
statistics of the observables to be compared (E.4). This requirement can only be satisfied if (E[1]) — A4)?
and E[1}* are functions of 4 or of E. This happens, in particular, if E[1] — 4 = I for some constant
¢ = B I E[t] = A, the measurement is called globally unbiosed. This property. applied to the marginals
of an observable on phase space, is taken as 5 defining condition for a joint measurement of position and
mementum by some authers (e.g., [7. 7).

In the case of a globally unbiased measurement the classical error measure reduces to the second term in
(14)
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3 Uncertainty relations for “classical” error measures

If one considers the idea that possibly any observable M on phase space could provide information about
position and momentum, such that the marginals My, M> represent approximate measurements of Q, P,
respectively, then it is of interest to studyv the necessary minimal imaccuracies that must be present due
to the noncommutativity of € and P. Classical intuition suggests that a snitable error measure could be
given by the average deviation of the value of an indicator observable of the messuring apparatus from the
value of the ohservable to be measured approximately. where these ohservables are represented as selfadjoint
operators Z amd A respectively, that is, the root mean square €(Z. A) = ((Z — 4)%%/2. This measure
has indeed been widely used in the physical literature, and has in recent years been studied in the present
foundational context (e.g.. [7, 7, 7] ; these papers also give good surveys of the properties and applications
‘of this error measure). As shown, for instance. in [7], the above definition can be recast in terms of the
POM E that represents the given measurement and the ohservable 4 to be measured approximately; thus
a classical error messure can be defined as follows:

dE. 4:p) = tr [p(ER] — 4] +tr [pER] - BRP)]. (14)

We note that «(E, 4 : p) = 0 for all p exactly when E = A. The first term measures the difference between
the first moments of the ohservable to be measured. represented hy the selfadjoint operator 4. and the
observable E that represents the messurement. Note that this term cannot. in general. be determined from
the statistics of measurements of E and 4 alone.

The second term in (14) is s messure of the intrinsic unsharpness of E: it & always nonnegative and
vanishes for all p exactly when E is a projection valued messure. Again, this quantity is not determined
solely by tha statistics of E alone.

The classical error measure €(E, 4; p) is thus seen to vielate what would appear to be a natural require-
ment of operational significance: the requirement that the measure can be determined by the measurement
statistics of the observables to be compared (E.4). This requirement can Eml]" be sagisfied # (E[1]) — 4)2
and E[1]* are funetions of 4 or of E. This happens, in particular, if E[1] — 4 = el for some constant
c= R K E[l] = A. the measurement is called gEaEmHy unbiased. This pmpert‘h applied to the marginals
of an observable on phase space, is taken as a defining condition for a joint measurement of position and
mementum by some authers (e.g., [7. 7).

In the case of a globally unbiased measurement the classical error measure reduces to the second term in
(14)

e(E, & p)* = tx [P{E EEJ AT = A(E.p)? — Al 0" (E[1] =4). (15 page 23763
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3 Uncertainty relations for “classical’ error measures

If one considers the idea that possibly any observable M on phase space could provide information about

position and momentum, such that the marginals My, M> represent approximate measurements of Q, P,

respectively, then it is of interest te study the necessary minimal inaccuracies that must be present due
to the noncommutativity of @ and P. Classical intuition suggests that a suitable error measure could be
given by the average deviation of the value of an indicator observable of the measuring apparatus from the
value of the observable to be measured approximately. where these ohservables are represented as selfadjoint
operators Z and A. respectively, that is, the root mean square e(Z. A) = ((Z — 4)%/%/2. This measure
has indeed been widely used in the physical literature, and has in recent years been studied in the present
foundational context (e.g.. [7, 7, 7] ; these papers also give good surveys of the properties and applications
of this error measure). As EhDW‘Eh for instance. in [7], the above definition can be recast in terms of the
POM E that represents the given measurement and the observable A to be measured approximately; thus
& classical error messure can be defined as follows:

(E. A p)* = tr [p(EQt] — A)] +tx [p(E[2] — B[] (14)

We nate that =(E, 4 : p) = 0 for all p exaetly when E = A. The first term measures the difference between
the first moments of the ohservable to be measured. represented by the selfadjoint operator 4. and the

observable E that represents the measurement. Note that this term cannot. in general. be determined from

the statistics of measurements of E and 4 alone.

The second term in (14) is a measure of the intrinsic unsharpness of E: it is always nonnegative and

vanishes for all p exactly when E is a projection valued messure. Again, this quantity is not determined
solely by the statistics of E alone.

The classical error measure <(E, 4; p) is thus seen to violate what would appear to be a natural require-
ment of eperational significance: the requirement that the measare can be determined by the measurement
statistics of the observables to be compared (E.4). This requirement can only be satisfied if (E[1]) — 4)7
and E[1]* are functions of 4 or of E. This happens, in particular, if E[1] — 4 = el for some constant

ez R K E[l] = A. the messurement is called globally unbiased. This property. applied to the marginals

of an observable on phase space, is taken as a defining condition for a joint measurement of position and
momentum by some antheors (e.g., [7. 7]).
In the case of a globally unbissed measurement the classical error measure reduces to the second term in
(14)
dE, & p)* =tz [plER] — A7) = A(E.p)® —A(4.p)* (E[1] =4).
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oE. 4 p) = iz [p(EQ] — AY] +tr [p(EP) — BRI (1)

We note that e(E, 4 : p) =0 for all p exactly when E = A The first term measures the difference between
the first moments of the observable to he measured. represented by the selfadjoint operator A. and the
ohservable E that represents the messurement. Note that this term cannot. in general. be determined from
the statistics of measurements of E and 4 alone.

The second term in (14) is s mesasure of the intrinsic unsharpness of E: it = always nonnegative and
vanishes for all p exactly when E is a projection valued measure. Again, this quantity is not determined
solely by the statistics of E alone.
 The classical error measure £(E, 4; p) is thus seen to violate what would appear to be a natural require-
ment of operational significance: the requirement that the measare can be determined by the measurement
statistics of the observables to be compared (E.4). This requirement can only be satisfied i (E[1]) — 4)%
and E[1]* are functions of 4 or of E. This happens, in particular, if E[1] — 4 = el for some constant
c= R I E[l] = A. the measurement is called globally unbiased. This property. applied to the marginals
of an observable on phase space, is taken as a defining condition for a joint measurement of position and
mementum by some authers (e.g., [7. 7]).

In the case of a globally unbiased measurement the classical error measure reduces to the second term in
(14)

E. 4 p) =tr [p(E[] - A7)] = A(E.p)® —A(4.0)* (E[1] = A). (15)
This is the surplus of the standard deviation of the distribution g over that of the distribution p*.
It has been shown [7, 7, 7] that the classical error measures for the marginals of an observable M on phase
space do not, in general mrsf!r the standard uncertaimty relation with a state-independent lower bound for
the error products. Instead, a rather weaker relation holds [Z]:

(M, Q: ) - (M, P p) + (M. Qs p) - AP, p) + A(Q. p) - (M. P p) = (16)

mi;sr

However, for unbissed measurements, where the classical errors are uf:ﬁeratwnﬁib significant, an uneer-
tainty relatmn far the error products stronger than (16) has been shown to hold (for a proof and a survey
of further relevant work, see [7]):

el M1, Q;p) - e(M2, P p) = g (Mal]=Q +al, M1} =P 4 e3). (17)

(:QU'ESTIOH is the unbissedness condition strong enough to ensure covariance of the marginals? I suspect

not but have no proof.)
g6100016 - The classical error measures can be calculated in the case of a covariant phase space observable & [7, Page 29/63
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of an observable on phase space, is taken as a defining condition for a joint measurement of position and
momentum by some authors (e [ 2Tk
In the case of a globally unbissed measurement the classical error measure reduces to the second term in
(14)
e(E, 4 p)? = 12 [o(ER] — 4%)] = A(E.0)* — A(A.0)* (E[1] = 4). (15)

This is the surplus of the standard deviation of the dmmhuﬁ@npgmthat of the distribution p*.

It has been shown [7, 7, 7] that the classical error measures for the marginals of an observable M on phase
space do not, in gemeral satisfy the standard uncertainty relation with a state-independent lower bound for

the error produets. Instead, a rather weaker relation holds El:

ml‘;m‘-

E{M}_,.Q; P}I = E{M‘?: B P} =+ 'E"{Ml:q; P} = &{91 P;I —i—ﬂ.{Q. P.:I EEME: 3 P} = {15}

However, for unbiased measurements, where the classical errors are ﬂp&r&tiﬂnﬁl}y significant. an uneer-
tainty relation for the error products stronger than (16) has been shown to hold (for a proof and a survey
of further relevant work, see [7]):

My, Q; p) - €(M, Pip) = g (Ma[l] =@ +al, Ma[i] =P+ (17)

(QUESTION: is the unbiasedness condition strong enough to ensure covariance of the marginals? I suspect
not but have no proof.)
The classical error measures can be caleulated in the case of a covariant phase space observable & [7,
Theorem 4|; one obtains
G;=Q+tr[-m€?]f, &y =P +tr[mP| I, (18)
and so

(G1. G p) = AlQ.m), (G2, Pip) = A(P. m). (19}

In this case the uncertainty relation (17) holds and coincides in fact with (9).
The following example illustrates that the classically metivated error measure seems indeed misleading.
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Example 1 Let M be an observable on B(R?) such that the first marginal is M; = Q and the second
is a trivial observable, defined as Mz = u I, where g is a fired probability measure on B{R). Thus. for
X.Y < B(R), one has M{X = Y) = Q(X)ulY). /[REF on bimeasure ertension?] We assume that i has
ﬁmte first and second moments pll],u[2]. & follows that

(M. Qp) =0, e(Ma.P;pf =APp)f + (ix[oP] — )" + (i — 61 - (20)

This is finite for many p (in fact for all p whose momentum distribution pp have finite first and second
moments). and can be made arbitrarily small by choosing the variances of p and pp'suﬁmmﬂy small and
tr[pP] = pll]. On the other hand, it is clear that ¢(AM; . P: p) is not bounded from above. reflecting the fact
that as a trivial observable. My is the worst possible approrimate measurement of P. providing no information
at all about P. In any case it is evident that the generalized uncertainty relation (16) is fulfilled:

A(Q.p) - (M, P5p) = AlP.g) - AP} > o (21)

It is the occurrence of the momentum stardard deviation A(P, p) in e(M;, P:po) that enforces the validity of
this uncertainty relation; so this relation now coincides with the standard uncertainty relation for prepara-
tions. Moreover. the finiteness of the guantity e( Mz P; p) should not be interpreted as refleciing finite error
margins: the output distribution being the same fived y for all mput states p, it follows that in a colibra-
tiom scemario any momentum-localized state could have been the input given the output distribution: in other
words, the measurement should be considered to have infintte inaccuracy.

Thus it is =een that giving up unbiasedness as a criterion for a good approximate measurement leads to a
very “liberal” notion of joint measurement. where a vanishing error product occurs even when one marginal
provides no information at all.

Examples like this one suggest that a reliable measure of error should reflect the overall quality of the
approximate determination of an observable in terms of a given measurement scheme. The above classically
motivated error measure is state dependent and does not reflect adequately the notion of calibration; that
is the idea that the systematic and random errors (bias and width) of a given measurement prncﬂium are
tested by applying it to a sufficiently large family of input states in which the ohservable one wishes to

6100016 messure with this setup has fairly sharp values. Page 31/63
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e(Mi.Q:p) =0, e(Ma.Pip)f® =A(P g + (bx[pP] — p1])* + (ui2] — pl1]) - (20)

This is finite for many p (in fact for all p whose momentum distribution & have finite first and second
meoments). and can be made arbitrarily small by choesing the variances of p and & sufficiently small and
tr{pP]—p On the other hand, it is clear that ¢(M;,P; p) is not bounded from above. reflecting the fact
that as a hwwf abservable. M; is the worst possible approrimate measurement of P. providing ne information
at all about P. In any case it is evident that the generalized uncertainty relation (16) is fulfilled:

A(Q.p) - el M3, P p) = A(P.g) - A(P,p) = 3" = f21)

It is the occurrence of the momentum standard deviation A(P, p) in e[ Mz, P;pj that enforces the validity of
this uncertainty relation; so this relation now coincides with the standard wncertainty relation for prepara-
tioms. Mereover. the finiteness of the gquantity e{ Mz, P; p) should not be interpreted as refleciing finite ervor
margins: the output distribution being the same fived y for all input states p, i follows that in a calibra-
tion scenario any mementum-localized state could have beem the input given the output distribution; in other
words, the measurement should be considered to have mfémte inaccuracy-.

Thus it is ==en that giving up unhiasedness as a criterion for a good approximate messurement leads to a
very “liberal” notion of joint measurement. where a vanishing error product occurs even when one marginal
provides no information at all.

Examples like this one suggest that a reliable measure of error should reflect the overall quality of the
approximate determination of an observable in terms of a given measurement scheme. The above classically
motivated error measure is state dependent and does not reflect adequately the notion of calibration; that
is the idea that the systematie and random errors (bias and width) of a given measurement plmedum are
tested by applying it to a sufficiently large family of input states in which the ohservable one wishes to
messure with this setup has fairly sharp valies.

We note that Hall [?] uses somewhat different definitions of inaccuracy, but arrives at similar conclusions,
including also the situstion where in estimating the simultaneous values of two observables. one uses prior
information abeut the state. The abowve critical commernts a.pply to this approach, as well as to an inaccuracy-
disturbance trade-off relation studied by Ozawa [?] who uses a measure of disturbance similar to the above
classical error measure.

4 Werner’s joint-measurement uncertainty relation

06100016 The Werner distance between two observables E. F on R is defined as Page 32/63
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(M. Qp) =0, e(Mz,P;p) =A(P.p)f* + (tr[pP] — uft])” + (ul2] — pl1P). (20)

This is finite for meny p (in fact for all p whose momentum distribution pF have finite first and second
moments). and can be made arbitrarily small by choosing the variances of p and pp sgﬁfiﬂmﬁy small and

[pP] = u[l]. On the other hand, it is clear that (M3, P; o) is not bounded from above, reflecting the fact
that as a trivial observable. M, is the worst possible approvimate measurement of P. providing ne information
at all about P. In any case it is evident that the generalized uncertainty relation (16) is fulfilled:

A(Q.p) - e(My,P:p) 2 AP, ) A(Pp) = 2. (21)

It is the eccurvence of the momentum standard deviation A(P, p) in e(M;,P:p) that enforces the validity of
this uncertainty relation: so this relation now coincides with the standard wncertainty relation for prepera-
tions. Moreover. the finiteness of the guantity el Mz, P; p) should not be interpreted as refleciing finite error
margins: the output distribution being the same fived p for all input states p, it follows that in a calibra-
tiom scemario any momentum-localized state could have been the input given the output distribution: in other
words, the measurement should be considered to have infinite inaccuracy.

Thus it is =een that giving up unhiasedness as a criterion for a good approximate mesasurement leads to a
very “liberal” notion of joint measurement. where a vanishing error product occurs even when one margmal
provides no information at all.

Examples like this one suggest that a reliable measure of error should reflect the overall quality of the

_approximate determination of an observable in terms of a given measurement scheme. The above classically
motivated error measure is state dependent and does not reflect adequately the notion of calibration; that
is the idea that the systematic and random errers (bias and width) of a given measurement pmmim are
tested by applying it to a sufficiently large family of input states in which the ohservable one wishes to
measure with this setup has fairly sharp values.

We note that Hall [?] uses somewhat different definitions of inaccuracy, but arrives st similar conclusions,
ineluding also the situstion where in estimating the simultaneons values of two observables. one uses prior
information ahout the state. The above eritical comments apply to this approach. as well as to an inaccuraey-
disturbance trade-off relation studied by Ozawa [?] who uses a measure of disturbance similar to the above
classical error measure.

4 Werner’s joint-measurement uncertainty relation

06100016 The Werner distance between two ubﬁﬁtv&hles E F on B is defined as Page 33/63
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messure with this setup has fairly sharp values.

We note that Hall [?] uses somewhat different definitions of inaccuracy, but arrives at similar conclusions,
inchuding also the situstion where in estimating the simultaneous values of two observables. one uses prior
information ahout the state. The above critical comments apply to this approach. as well as to an inaccuracy-
disturbance trade-off relation studied by Ozawa [?7] who uses a measure of disturbance similar to the above

ciass:casl ETTOr TNEQSHre.

4 Werner’s joint-measurement uncertainty relation
The Werner distance hetween two observables E. F on B is defined as
dlE,F) = — i latel) — ki) = HEU!-J Fih)ll = SEEJEPE,PFL 122)

where A := {h : R — R|h bounded. |h(z)— h(y)| = |1: —y| ¥z,y € R}, and E(k) = [kRiz)E(dz). The
function d is the so-called Monge metric between probability distributions on R.

Werner's joint-messurement uncertainty relation then holds for any observable A on phase space, with
marginals M5, A _
A erucial step of the proof consists in showing that for any M there is a covariant phase space observable G
whese associated distances d[Gl Q) and d{Gz, P) are not greater than those of M. The tr,ghtesﬁ lower bound
for the produet of distances can thus he determined within the class of covariant phaﬁe space observables
and has a value of approximately 0.3047. We note that for a covariant G, with generating m. one has

#61,Q) = [ law(da). diGa.P) = [ lpim?(dp). (29)
The relation (23) states that for any attempted joint measurement in which one marginal serves to

estimate position and the other marginal serves to estimate momentum, the marginal ohservables cannot
baoth be arbitrarily close to position and momentum, respectively.
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Example 2 Trivial observables on R (E(X) = u(X I, X = B{R)) have infinite Werner distance from sharp
momentum P: dipl P) = -

Take the family of functions hu(z) =n— |z —ep — 0| if |z —en —n| < n. ond h.{z) =0 otherwise; here
{er)nech i an increasing sequence of positive numbers still to be determined. Note that h, € A. We have
IP(n)| = hnlen) = n, so this approaches infinity as n — x.

For a trivial observable E we obtain E{h,) = [ hndpl = plh,) I. We show that for a suiteble choice of
the sequence ¢, one obtains || E{ly, )| =pifn) — 0 asn — .

Lat ¢ be such that the set I, = (—0, c.] has measure ;:(I“} >1—1/n°, so that PR TR) = pl{en,20)) <
1/n*. Then

|E (Ra)ll = pien) = f T b)) < n(fen o)) < 1/n.

By the triangle tmequality for norms we get
IP{an) — Elhn}| = [[P(A=lll — |E{Rx)|| > n—1/n.
It follows that the distance d(P.E) = .00

For the observables M on phase space diseussed in Example 1. with marginals M; =Q, M5 =u I..... This
oceurs in certain models of sequential measurements where first Q is measured, followed by & measurement of
P. The sharp position measurement thus distorts the subsequent momentum measurement, and Example 2
demonstrates that Werner’s uneertainty relation is recovered in that d{ 3, Q) = 0 goes along with d{ M, P) =
. The next example exhaustively generalizes this conclusion. '

Example 3 Let M be an observable on phase space B? whose first marginal My is sharp position Q. Then
the second marginal My has infinite Werner distance from sharp momentum P. (This case was not covered
by Werner's proof, which required the distances to be finite. ) _

Proof. We note first that all positive operators (effects) Mz(X) in the range of My eommute with @ and
are thus functions of @ (see, e.g., [7] (quant-ph/0610122). Thus one can write Mp(X) = [ Q(dg)m(q. X),
where the functionsm(-, X ) are defined almost everyuhere for all (Bovel) subsets X of B, and X — mig. X )
is then a probability measure. We consider states p with the same fired position distribution. p% = p, and
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We note that Hall [7] uses somewhat different definitions of inaceuracy, but arrives at similar conclusions, -
inclading also the situation where in estimating the simultaneous values of two observables, one uses prior
information about the state. The above critical comments apply to this approach, as well as to an inaccuraey-

disturbance trade-off relation studied by Ozawa [?] who uses a measure of disturbance similar to the above
classical error measure.

D" £|3 @ Lse electronic forms
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4 Werner's joint-measurement uncertainty relation
The Werner distance between two observables E. F on R is defined as
d(E,F) = sup [r[pE(h]] —tr[pF(h)]= S — F(h)|| =supd(p®.p"), (22)
Bk pes pes

where A := {h : B — B|h bounded. |h{z)— hiy)| < |z —y| vz,y < R}, and E{h) = [h(z)Eidz). The
function d is the so-—called Monge metric between probability distributions en B.
Werner's joint-messurement uncertainty relation then holds for any observable M on phase space, with
marginals My, Mo:
d(M,, Q) - diM;, P) = Ch (23)
A crucial step of the proof consists in showing that for any M there is a covariant phase space observable &
whese associated distances d(C1, Q) and d(G2, P) are not greater than those of M. The tightest lower bound
for the produet of distances can thus be determined within the class of covariant phase space ohservables

and has a value of approxdimately 0.3047. We note that for a covariant (=, with generating m. one has
(61,0) = [ lamda), d(G2.P)= [ pim®(ap (24)

The relation (23) states that for any attempted joint messurement in which one marginal serves to
estimate position and the other marginal serves to estimate momentum, the marginal ohservables cannot
both be arbitrarily close to position and momentum, respectively.
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Wemﬁeth&tﬂa]][ﬂme&snmewh&t&ﬁ&mntdeﬁnﬁianﬁofm but arrives at similar conclusions,
inchading also the situation where in estimating the simultaneous valaes of two observables. one uses prior
information abeout the state. The&bmcrrtwa&mmmmtﬁagplvmthzsappmh as well as to an inaccuracy-
disturbance trade-off relation studied by Ozaws [?] who uses a measure of disturbance similar to the above

classical error measure.

4 Werner’s joint-measurement uncertainty relation
The Werner distance between two observables E. F on R is defined as
d(E,F) = . ftr [pE(h]] - tr [pF(R)] oog | E(R) — F(R)| =9“¥§‘£(PE:#FL' (22)

where A := {k : B — R |k bounded. |hiz) — Riy)| = |2 — | vr,y = B} and E{_hj J B(z)E{dz). The
function d is the so—called Monge metric between probability distributions en B.
Werner's joint-messurement uncertainty relation then holds for any observable M on phase space, with
marginals My, M
diM,, Q) - d(M;,P) = Ck. (23)

A crucial step of the proof consists in showing that for any M there is a covariant phase space observable &
whese associated distances d(C1, Q) and d(Ga, P) are not greater than those of M. The tightest lower bound
for the produet of distanees can thus be determined within the class of covariant phase space ohservables
and has a value of approximately 0.3947. We note that for a covariant G, with generating m. one has

#61,Q) = [ laim?(d). d(G2.P) = [ pim(dp (24)
The relation (23) states that for any attempted joint measurement in which one marginal serves to

estimate position and the other marginal serves to estimate momentum, the marginal observables cannot
both be arbitrarily close to position and momentum. respectively.
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We note that Hall [7] uses somewhat different definitions of inaccuracy, but arrives at similar conclusions,
inchading also the situation where in estimating the simultaneous values of two observables, one uses prior

information about the state. The abowve critical comments apply to this approach, as well as to an inaccuraey-
disturbance trade-off relation studied by Ozawa [7] who uses a measure of disturbance similar to the above

Elﬂﬂ&]ﬁﬁl EITOr MESSHTe.

4 Werner’'s joint-measurement uncertainty relation
The Werner distance between two observables E. F on R is defined as
HEE) = = {tr [pE(R)] — tr[pF(R)] = e i F(R)| = snpd(PE,PFL' (22)
cXxpel A

where A := {h : B — B|h bounded. |hlz) —Rkiy)| < |z — | vr,y = B}, and E{_hj J hiz)E(dz). The
function  is the so-called Monge metric between probability distributions en B,

‘Werner's joint-messurement uncertainty relation then holds for any observable M on phase space, with
marginals My M

diM;, Q) - d(M;, P) > C. (23)

A crucial step of the proof consists in showing that for any M there is a covariant phase space observable &
whose associated distances d{(1, Q) and d(Ga, P) are not greater than those of M. The tightest lower bound
for the produet of distanees can thus be determined within the class of covariant phase space observables
and has a value of approximately 0.3047. We note that for a covariant (=, with generating m. one has

#61.Q) = [ lahwP(da). d(G2P)= [ lphm®(dp) (24)

The relation (23) states that for any attempted joint measurement in which one marginal serves to
estimate position and the other marginal serves to estimate momentum, the marginal ohservables cannot
both be arbitrarily close to position and momentum. respectively.
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Example 2 Trivial observables on R (E(X) = u(X I, X = B{(R)) have infinite Werner distance from sharp
momentum P: diunl.P)= '

Take the family of functions hy(z) =n— |z — e —n| i |z —en —n| = n. ond hylz) =0 otherwise; here
(Cn)ncy & an increasing seguence of positive numbers still to be determined. Note that hy, € A. We have
|IP{ha)|| = hnlea) = n, so this approaches infinity as n — .

For a trivial observable E we obtain E(h,) = fhadpl = piha)I. We show that for a suitable choice of
the sequence c.. one obtains ||E(h, )| = plh.) — 0 as n — 2.

Let ¢, be such that the set I, = (—20, c,] has measure u(I,) = 1 —1/n°, so that g(BRY I,) = pi(es,20)) <
1/n*. Then '

2
|EGu)l = ptha) = [ ha(a)nidz) < mu(ense) < 1
By the triangle neguality for norms we get
|P{An) — E(hn)| = [[P{A=)]| = [E(Ax)|| > n —1/n.
It follows that the distance d(P. E) = .00

For the observables M on phase space discussed in Example 1. with marginals M; =Q, Mz=ul..... This
ocenrs in certain medels of sequential measurements where first Q is measured, followed by a measurement of
P. The sharp position measurement thus distorts the subsequent momentum measurement, and Example 2
demonstrates that Werner's uneertainty relation is recovered in that &EMlﬁjl =0 goes along with di Mz, P) =
=¢. The next example ex;hansﬁvelj- generalizes this conclusion.

Example 3 Let M be an observable on phase space B? whose first marginal M, is sharp position Q, Then
the second marginal M- has infinite Werner distance from sharp momentum P. (This case was not covered
by Werner's proof, which required the distances to be finite. )
Proof. We note first that all positive operators (effects) M3(X) in the range of Mz commute with Q and
are thus functions of Q (see, e.g., 7] (quant-ph/0610122). Thus one can write Mp(X) = [ Q(dg)m( g,Xj
where ﬁﬁefﬂwctmmm{ X ) are defined almost everywhere for aﬂfﬂmﬂ subsets X of B, and X l—rm{q,Xj
is then a probability measure. We comsider states p with the same fired position distribution, p¥ = p, and
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Le'e T DE SWEH TRET e St Iy = [—:uo €| has Measure Hiln] = I —1/n", sothat piR\ Ly ] = pi{6n, 20} ] <

1/n*. Then

. e 2
|E B = uha) = f oz isld} < misl{ems0)) < 1/,
By the triangle inequality for norms we get

IP{An) — ElAn}| = [[P(A=)l| = |E(Rs)|| > n—1/n.
It follows that the distance d(P.E) = .0

For the ohservables M on phase space discussed in Example 1. with marginals M; =Q, M5 = I..... This
oceurs in certain medels of sequential messurements where fivst Q is measured, followed by a measurement of
P. The simrp position measurement thus distorts the subsequent momentum measurement, and Example 2
demonstrates that Werner's uneertainty relation is recovered in that d{ M1Q) = 0 goes along with d{M3, P) =
»0. The next example exhaustively generalizes this conclusion.

Example 3 Let M be an observable on phase space B® whose first marginal My is sharp position Q. Then
the second marginal M: has infinite Werner distance from sharp momentum P. (This case was not covered
by Werner’s proof, which required the distances to be finite. )

Proof. We note first that all positive operators (effects ) Ma(X) in the range of My commute with () and
are thus functions of @@ (see. e.g., 7] (quant-ph/0610122). Thus one can write Mz(X) = [ Q(da)m(g. X),
where the functions m(-, X)) are defined almost everywhere for all (Bovel) subsets X of B, and X — mig, X)
is then a probability measure. We consider states p with the same fived position distribution, p% = p. and
compuie

telpda(h)] = [ Aleymy(ds). mo(X) = [ plda)mi.X).

We will let it run through a fomily by, = A and p through e fam-iiy ;‘:«',; £ 8, such that p2 = p and
tr [opMai by )] — 0. while tr [0, P{hn)] — oo This shows that Mz, P) =

Chooese hy, as in Ezample 2. where we have row p = my. Tfn.sgmﬂstr[ﬂ“ﬁfg{hwﬂ—* 0 for any pr (yet
to be specified) with o9 = p.

Let po = WD cn+n—(c1+1) )i W(0, cn+n—(c1+1))*. with py a state whose momentum distribution is
centered symmetrically af o + 1. the peak location of k. ’I?iﬁm the momentum distribution of p,, is centered
at the peak location c, +n of h,,. Also n&t&ﬂwtp“ p-?— p. S'ijemﬁcaﬂymemke Py, such that the densities
o) = x5, () Iy =[en +7— 1/2,c +n+1/2]. Then we have trp,P(k,)] =n—1/4— oc asn — oc. O

_ (100016 Example 4 Let g be o bounded measurable function on E Then the Werner distance of Q and QF is Page 46/63
B RBITx116%im —_ =
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Let &, be such that the selfl, = [_—-T‘.'O €] has measure pily ] = I'—1/n", 5o that il I, ] = filen, 23] =

1/n*. Then

Crnt2n :
Bl =pthn) = [ hulohalde) < nallon20)) < 1/n.
By the triangle ineguality for norms we get
IPAn) — E(Rn}ll 2 [P(A)| = IE (R > n — 1/n.
It follows that the distance d(P.E) = o[

For the observables M on phase space discussed in Example 1, with marginals M; =Q, M =u I..... This
ocenrs in certain medels of sequential measurements where first Q is measured, followed by a measurement of
P. The sharp position measurement thus distorts the subsequent momentum measurement, and Example 2
demonstrates that Werner’s uncertainty relation is recovered in that d{ M1Q) = 0 goes along with d{M;3, P) =
20, The next example exhaustively generalizes this conclusion.

Example 3 Let M be an observable on phase space BE whose first marginal My is sharp position Q. Then
the second marginal Mz has infinite Werner distance from sharp momentum P. {This case was not covered
by Werner's proof, which required the distances to be finite. ) _ _

g Proof. We note first that all pGﬁ'tiue operators (effects | M2( X in the range of Mz commute with () and
are thus functions of Q (see, e.q., (7] (quant-ph/0610122). Thus one can write M3(X) = [ Q(dg)m(q. X),
where the functions m(:, X are ri'eﬁ!wd almost everywhere for all (Bovel) subsets X of B, and X — mig. X)
is then a probability measure. We consider states p with the same fived position distribution, p2 = p, and
compiite:

oMl = [ ha)myldz). mylX) = [ pldamia.X).

We will let fz run through a femily b, = A and p through lﬁmﬁiy ;}ﬂ c 8, such that p& = p and
tr [ Mal By )] — 0, while tr [p.P{hn)] — oc. This shows that d(Ma, By =

Choose by, as in Erumpée 2. where we have row p = my. This gives tr[p,.szfle] — 0 for any py (yet
to be specified) with p? = p.

Let po = Wil cn+n—ic1+1) )01 W (0, en +n—(c1+1))". with p1 a state whose momentum distribution is
centered symmetrically at oy + 1, the peak location of hy. Then the momentwn distribution of p,, ts centered
at the peak location e, +n of h,. Also note that g% —p’f =L Spemﬁaﬂﬂgmetaﬁ:e Py, such that the densities
fip) =x5.(p). I =[en +n— 1/2, e, + n+1/2]. Ther we kave tr[p,P{h, )] =n—1/4— o0c asn —oc. O

ot Example 4 Let g be o bounded measurable function on R. Then the Werner distance of Q and Q7 is Page 47163
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Wenﬂéﬂthatﬁaﬂ[?]use&snmewhat different definitions of inaccuracy, but arrives at similar conclusions,
including also the situation where in estimating the simultaneous valaes of two observables, one uses prior
information about the state. The abowve critical comments apply te this approach, as well as to an inaccuraey-
disturbance trade-off relation studied by Ozaws [?] who uses a measure of disturbance similar to the above

classical error measure.

4 Werner's joint-measurement uncertainty relation

The Werner distance between two observables E. F on R is defined as
d(E,F):= sup [tr[pE(h)] - tr[pF(h)] i | | E(R) — (MII':?JEE&(PE,PFL (22)

Eshpes

where A := {h : R — R|h bounded. |h{z) — kiy)| < |z — y| vz, y € R}, and E(h) = [h(z)E(dz). The
function d is the so-called Monge metric between probability distributions en R. '

Werner's joint-messurement uncertainty relation then holds for any observable M on phase space, with
marginals M, M;:

diM;, Q) - d(M;, P) = Ch. (23)

A erucial step of the proof consists in showing that for any M there is a covariant phase space observable &
whose associated distances d(('1, Q) and d(&a, P) are not greater than those of M. The tightest lower bound
for the product of distances can thus be determined within the class of covariant phase space observables
and has a value of approximately 0.3047. We note that for a covariant G, with generating m. one has

#61,Q) = f lgjm®(dy), d(Gy.P [ lpim® (dp (24)

The relation (23) states that for any attempted joint messurement in which one marginal serves to
estimate position and the other marginal serves to estimate momentum, the marginal observables cannot
both be arbitrarily close to position and momentum. respectively.
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