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A covariant UV cutoff:

Sampling Theory on curved spacetime

Pirsa: 06090028

Page 2/25
Rob Martin University of Waterioo ﬂ-ﬁll)ﬂmﬁ



1. Motivation: generally covariant UV cutoff using Sampling Theory

~y
P

Introduction to Sampling Theory: Bandlimited functions

)

Sampling Theory on Space-time:

-covariantly bandlimited functions

-Minkowski spacetime
-preliminary results on Sampling Theory in De Sitter spacetime

4. Summary & Outlook
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« Quantum gravity arguments = Expect an UV cutoff

« UV divergencies = QFT ill-defined on continuous curved spacetime

« QFT becomes well defined if spacetime is discrete

 GR lives on a smooth, continuous manifold, discreteness of
spacetime violates manifold symmetries like Lorentz invariance

[ ]

Q: How to satisfy both?
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» ldea: Spacetime continuous but physical fields possess a finite spatial
density of degrees of freedom.

= path integral is over a countable number of spatial degrees of freedom

« The field values {o(t.zn)}icr on any “sufficiently dense’ discrete set of points
A = {zn}.z determine @ uniquely & can reconstruct ¢(t. ) perfectly from

this info.

3 Any physical theory can be defined on the smooth manifold, or on any latlice of
sufficient density. No preferred latlice > spacetime symmetries preserved

Q: Is there a theory that describes classes of fields/functions with these special properties?

A: Yes. its called Sampling Theory
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Sampling theory: study of classes of functions, reconstructible from
their values taken on certain discrete sets of points

« Example: Q-Bandlimited functions
— Fourier transforms of elements of L2[—-0. ]
— Q called the bandlimit

» Resources: 3 large body of literature:
- Mathematics

- communication engineering
- Information theory
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Example: B(Q) = Hilbert space of functions bandlimited by Q:

2 i
=)= F(w)e™dw FeI[2(-9Q.9)
=,

« Resolution of Identity: 1= Xn(";bz,)bz, [\

— 1 ITn il . e TER |
br, = JE_S.'ZE w € [-9Q.9] Tn ‘= ~ N '. f'_'x e
« The Shannon Sampling Formula:
1 Q2 e 1

= F. by, )b, by, ) = — e dw = ——f(zn

;( ) (F.bg,) e f_ﬂF(u}E du -._;’2Qf('r )
f=Fm1F=Z(F*bIn)}-_lbIn F_lf]; ZEQSiHQ(I—In)

1 e Q(z — zn)

Sin Q(QZ = xn)
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« Sampling Lattice: asetof points A = {yn},lvn —uml > >0 st thereis alinear map
R: B(Q) —12(2), Rf = {f(yn)}ncz whichis bounded above and below.

— B9 A={z=%)

- Any lattice of sufficient density will do:

n—(r) := min number of Y= in any interval of length r

D (A) := lim ol
r—00 '
Theorem: -
(@) if Aisasetofsampling 2 (V== (Beurling)
(b) Aisasetof samplingif p-(n>= (Duffin & Shaeffer / Beurling)
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Example: B(Q) = Hilbert space of functions bandlimited by Q:

Q2 :
f(z) = F(w)e™dw FeIL?(-0,0)
—Q2

« Resolution of Identity: 1 = Xn(:;bz,)bz, [ ]

i — 1 I T —— AR .'I
Inm -7 V,-'E_QE w e [—Q Q] T -— ?E' —~ il I \ ,-"(_ —-
\ v/ ™
v
« The Shannon Sampling Formula:
1 Q o 1
F: F.b_r” b_rn 07, ) = —_— T .“LI” F— —— fe
g( ) (F.bz,) 7 f_ﬂ F(w)e du u"ZQf(I )
= Flp = Z(F brn)-?r_lbr,._ 1, — zgsin Q(x — zn)
mn " Q(I _In}

=@ =3 fan) g~
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« Sampling Lattice: asetofpoints A = {yn}.|vn —uml > >0 st thereis alinear map
R: B(Q) —12(2), Rf = {f(yn)}nez which is bounded above and below.

— BEG A={za=15)}

- Any lattice of sufficient density will do:

n—(r) := min number of Y= in any interval of length r

D—(A) == rli_r'l';lc n—(r)
Theorem: -
(a) if Aisasetofsampling o2 (V== (Beurling)
(b) Aisasetof samplingif o> ; (Duffin & Shaeffer / Beurling)

Pirsa: 06090028 Page 10/257



« B(S) := Functions frequency limited by compact S C E"

f(2) = [5 F(w)e'™ dw F e L2(S)

| Theorem: (Landau) =
If A Is a set of sampling for B(S) then D™(A) 2 (;(:)21

minimum possible sample density ~x bandwidth volume

Sufficiency conditions not known in general
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« Sampling Lattice: asetof points A = {yn},lvn —uml > >0 st thereis alinear map
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- Any lattice of sufficient density will do:
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Theorem: =
(a) if Aisasetofsampling 2 (V== (Beurling)
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« B(S) := Functions frequency limited by compact S C E”

f@) = [Fa)e™dw  Fe I2(S)

* Theorem: (Landau) -
If A I1s a set of sampling for B(S) then D~(A) 2 (p;ﬂ)n

minimum possible sample density ~x bandwidth volume

Sufficiency conditions not known in general
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+ A bandlimit is a cutoff on the spectrum of the Laplacian in L?(M)on the
manifold M= & .

2 42
_\ - d' P

= dat dz>

- s e
e T =we T VweR

= § i

« B(Q):= subspace spanned by ¢ for |w| < Q2

Q -
fa)— f_ Fwe™de o feB()

- Definition: B(M, Q) ;= subspace of L2(Ar) spanned by eigenfunctions
to A (or =) whose eigenvalues A obey |\ < Q2

(Q ;= the bandlimit)
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« |dea: Impose this generally covariant bandlimit / UV cutoff on physical fields
on spacetime.

- |.e. Given spacetime M. we restrict the space of allowed physical fields to be
B(M, Q).

« This Is a restriction on the set of fields that the path integral runs over

» |nvestigate: as in the simple case M= E | does the subspace of fields
B(M.Q) have a countable (or even finite?) # of spatial degrees of freedom
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« D’Alembertian: —;—i-t—a Eigenfunctions: i(»°t—p-x)

Spectral cutoff: |(p°)* — p?| < Q7 Fix »° = Qb

QY1+b%2>|p| > Vb2 -1

min. possible sample density « bandwidth volume (Landau’'s thm)

b<1 b>1 5

1D EQ\, 1""!:"2 2£-I(ll'ln]'-l_'l':'lz_llllﬁ"'z_l] T T T T T

b

2
'-.\\-\.\\
45 j 3 3
ax _ T eed 2y% _ rpd _ S

—5'23(1+52)13* 3 Q ((1+b )2 — (b 1)2;] b—oc ~o ‘\\_
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 Note: in 1+1, 1+2, 1+3 D, each fixed temporal mode obeys a spatial
sampling theorem and vice versa

- Eg o¢eB(M.Q) M=1+1D Minkowski spacetime.
. D -= temporal Fourier transform of @
- p% = Qb fixed temporal frequency

- (% z) (spatial) frequency limited by

55,:_[—521.1;.21&1-{21, b2 41 p2 < 1

Sy=|-V+1-av-1ujeV -1V +1| p2>1
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« D’Alembertian: —;—24—& Eigenfunctions: ,i(»°t—p-x)

Spectral cutoff: |(p°)? — p?| < Q7 Fix p° = Qb

QY1462 > pl > Vb2 -1

min. possible sample density « bandwidth volume (Landau’'s thm)

b<1 b>1
1D 20/1+4? 2 (V1+62— Vb2 —1)
2
v e
4x 3 3 S
4x 3 3 2v% _ p2 _ =
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« Note: in 1+1, 1+2, 1+3 D, each fixed temporal mode obeys a spatial
sampling theorem and vice versa

- Eg o¢eB(MQ) M=1+1D Minkowski spacetime.
. P -= temporal Fourier transform of @
- p% = Qb fixed temporal frequency

- (% z) (spatial) frequency limited by

5,,:[—521.&2+1-m b 4+ 1 p2 < 1

Sp= |-yt + 1,y —1julaVi -1V +1] 2> 1
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Maximum bandwidth volume: 2v/2%2

> There could be a set = {¥n }ff=—xsaﬁsfying Landau's thm and is sampling for
every B(S,) V bi.e. for every fixed temporal mode

Onesuchasetis A:={y}o—_, Wwhere u.:= { g:fflr ) } ac(0,1)

Every temporal mode ®(p°. z) can be reconstructed perfectly from {®(°, yn)}ynen

—> every ¢ € B(M.Q) can be reconstructed from {&(t,yn)}y.en ter

]

Similarly every ¢ € B(M.2) can be reconstructed from {o(tn. ) }+,cA zer
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In 1+3 dimensions, such a spatial sampling theorem is not possible as there
Is no upper bound on the bandwidth volume for a fixed temporal mode.

Can show that d sets A := {zl.22} s.t the information {o(t.z}.22)} ,
{o(t.zL. 22, 23)} is sufficient to reconstruct o(t. z1. z2) . &(t.zt. z2. z3)
everywhere.

Shows that 2D surfaces have a finite density of degrees of freedom, good
for holography

Expect in more general 1+1 or 1+2 D spacetimes it may be possible to
reconstruct ¢ € B(M. ) from its values taken on certain discrete sets of

timelike curves.
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« For simplicity, consider 1+1 D. ds2 = —dt? + a2(t)dz? = a?(n) (—dn? + dz?)
n := conformal time

- D'Alembertian: A =a—2(n) (92 + 82) = —a—2(n) (82 + ¥?)

- Expect as in Minkowski case, that for each fixed spatial mode k' there will
be a temporal sampling theorem.

« E.g. De Sitter with a finite ending time: a(t) = ¢ € (—2.0]

| = et n € [1,00)
A =—n?(82+k2) % ([1. oc) X (—oo,00); r}_zdndk)
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| a(t) =t te(—=,00 N=e€" pcl1,o00)

A= 2 (0,2] + sz] L? ([1. ) x (—oc, x):n_zd?}'d*‘-‘}

» Specfral cutoff (bandimit). |y <92 A eo(A)
- For each fixed 'k this implies a cutoffon Ar=—7? (32 +K2)in  £2([1.o0). 7 2dn)
* Prelminary resuits:

— The subspace of L?([1.c).n %dn) spanned by eigenfunctions {7
to 4 obeying the bandlimit has finite dimension Vx for each fixed k.

{H}‘w

—> Anyset (5} %, of points s.t. the determinant det[S] #= 0 |5}n = f( }(fi‘n) |
is a set of sampling for the fixed spatial mode k. -

N k ok
o(m k) =0k cnfFm)  en= Y. é(nj.k)S;
j=1
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* Further questions:

— How does the dimension N, behave as a function of k, or of the end time of the
manifold
— We conjecture an overall temporal sampling formula that reconstructs (7. x)

from {o(nn, m)}nEZ
— What about the full De Sitter spacetime ¢ ¢ (—oc, o)

- Some techniques used so far:

-complex analysis
-operator theory (self adjoint extensions of symmetric operators, spectral theory)
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Future Work:

- would like to develop a full understanding of reconstruction properties of
B(M.Q} in physically relevant spacetimes: De Sitter, Power law,
Schwarzschild, etc.

- spatial sampling theorems for fixed temporal frequencies, higher dimensions

- given a general pseudo-Riemannian manifold. can we develop general

sufficiency conditions on a discrete set of spatial hypersurfaces s.t. bandlimited
fields can be reconstructed from their values on those surfaces.
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