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Motivation:

Thermodynamics of U(N) \"= 4 Super Yang-Mills (SYM) on E < S3
Why interesting?

Consider U(N) \'= 4 SYM in the planar limit
't Hooft coupling 2 = g,,° N does not run since \"=4 SYM is finite

For . < 1: There is a critical temperature T, ~ 1/R(S9)
T < Ty : F(T)~ 0O(1) T>Ty : F(T)~O(N?
Resembles a confinement/deconfinement transition
T, a Hagedorn temperature
A Hagedorn density of states p(E) ~ E' exp(T,E) for T = T,
AdS/CFT: \'=4 SYM on E x S? is dual to type IIB string theory on AdS. x S°

1
AdS/CFT dictionary: string tension Tstr = Eﬁ

Conjecture: The Hagedorn temperature of A\’ =4 SYMon E < S3
is.dual to the Hagedorn temperature of string theory on AdS. < S°
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Is It possible to match the Hagedorn temperature in AdS/CFT7

Gauge theory:

We can only compute Hagedorn temperature for » < 1
Current status: Free part + one-loop part computed

String theory:

No known first quantization of strings on AdS, < S°

Hagedorn temperature only computable for pp-wave background
(strings on AdS. « S° with large R-charge)

Problem:

Matching of spectra in Gauge-theory/pp-wave correspondence
requires » > 1

—> Seemingly no possibility of match of Hagedorn temperature
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Why does matching of spectra in gauge-theory/pp-wave correspondence
require A > 17

Consider gauge-theory/pp-wave correspondence of BMN
Z, X:two complex scalars
Consider the three single-trace operators:

O =Tr [sym (XQZJ)] «—— Chiral primary (BPS) = Survives the limit
Or = Tr [XEZJ] +«——— Conjectured to decouple in the limit
-In
O3 =3 *™ITr|X2'XZz’7!| +— Near-BPS = Survives the limit
1

Gauge-theory/pp-wave correspondence needs A > 1 since we are
expanding around chiral primaries

Conjecture of BMN: The unwanted states for A < 1 decouple for . > 1
Weakly coupled gauge theory:

For A = 0: All quantum numbers of ,, O, (', the same
= They contribute the same in the partition function

One-loop contribution just a perturbation of this result.

irsa: 06090016

Matching of Hagedorn temperature in AdS/CFT seems impossible



We need a new way to match gauge theory and string theory

— Consider .\ = 4 SYM with non-zero chemical potentials for the R-charges

Partit.ion Z(ﬁ, Qz) — Tr (e—ﬁD-I-ﬂ(QlJl-I-QQJQ'}‘QgJ:;))
function

Specialcase: J=J,+J,and 2, =Q,=Q, Q. =0
Z(8,K) = Tr (e~PD+E

What happens near the critical point

Q 1: -
:\ (T.Q) =(0.1) ?
08; S
o.o{ \\ Hagedorn temperature T,
1 - as function of Q2
0.4- \ infree \'=4 SYMonE x S§°
02,
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We find that in the limit
i ) A

T—0,Q—>1,A—-0T=——, A= , N fixed
. 1 - 1

the partition function of \'=4 SYM on E < S?in the planar limit N = o¢ is

—

o C.‘Czl

, . 1
0gz(B) =3 3 - e~nLB 7OX) (1, 7 B==
— & 1

Partition function for the ferromagnetic

L Heisenberg XXX, ,, spin chain of length L

This is the behavior of planar \'=4 SYM on E < S° near
the critical point (T,Q2)=(0,1)
Above limit is a decoupling limit for the Heisenberg chainin .\ =4 SYM

How does this help?

X > 1: Only states close to the chiral primaries of the SU(2) sector
contributes to the partition function

Opens up possibility of matching spectra of weakly coupled
gauge theory and string theory... g 58
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We find that in the limit
v} A

T—0,Q2—>1,A—-0T=—— A= . N fixed
1-Q 1—-S2

the partition function of A'=4 SYM on [ x S?in the planar limit N = ~ is

ol Cﬁl

: . 1
0gz(B) =3 3 - e~nLB 7O0X) (1, 5 B==
n—3x = 1

Partition function for the ferromagnetic

L Heisenberg XXX, ,, spin chain of length L

This is the behavior of planar \'=4 SYM on E < S° near
the critical point (T,Q2)=(0,1)
Above limit is a decoupling limit for the Heisenberg chainin .\ =4 SYM

How does this help?

X > 1: Only states close to the chiral primaries of the SU(2) sector
contributes to the partition function

Opens up possibility of matching spectra of weakly coupled
gauge theory and string theory... age 1055
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Thermal N =4 SYM on R x S3:

N —BD+B(S2 J1+22Jo+23J3) Partition function
Z(B,$2;) = Try (e ) with chemical potentials
D : Dilatation operator

J; - R-charges for SU(4) R-symmetry of \"'=4 SYM
€2; : Chemical potentials

State/operator correspondence:

State, CFTonE x S° Operator, CFT on E#

Energy E <::> Scaling dimension D

Gauge singlet Gauge invariant operator

Gauge singlets:

_ We put R(S%) =1,
3
Because flux lines on S° cannot escape B =

M : The set of gauge invariant operators

Given by linear combinations of all possible multi-trace operators
e ) Tr(---) - - Tr(--+)
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Planar limit N = oc of UN) A" =4 SYM
— Large N factorization, traces do not mix
— We can single out the single-trace sector

Single-trace partition function
ZST(.B, Qz) = TrS (3'3D+5(Q1J1+Q2J2+Q3J3))

N

S : The set of single-trace operators

Introduce z=¢e7, y; = %

3
. J;
Then we can write Zst(z,y;) = Trg (ED H Y; )

Multi-trace partition function is then i

© 1 W=
log Z(z,y;) = Y —ZsT (w”_{"lm", yf) Equals -1 when
n=1" uplifted to half-integer

irsa: 06090016 Page 13/58




Free thermal V=4 SYMon R x S3:

~=0:D=D, + The bare scaling dimension

Computation of ZsT(3,9;) = Trg (e‘SDU"'@(QlJl+Q?J2+Q3J3))
Single-trace operators Tr(A1A2---Ap), A;€ A
A : The set of letters of A" =4 SYM SU(4) rep

6 real scalars [0,1,0]
\ 1 gauge boson [0,0,0]

8 fermions [1,0,0] < [0,0,1]

plus descendants using the
covariant derivative

Compute first the
letter partition function:

3 .. ,
z(z,y;) = Try (IDO 11 yfi) x=e"P , pg=1¢
i=1

6z2 — 2z3 z+z2 3 __ 2x3 2 1 _1
— (1—2z)3 +(1 —2)3 b3 (yi+y1- 1)+ (1_“")3:‘1:[1 (y?‘*'yi ﬁ)

=1
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From the letter partition function z(x,y,) we obtain

— (k) k41 Kk Kk
—
Giving " :
50 Partition function
log Z(z,y;) = — ) _ log [1 — z(w* 12k, yf)] for free planar
k=1 . N=4SYMonE x S3

sundborg. Polyakov. Aharony et al.
Yamada & Yaffe. TH & Orselli

Hagedorn temperature:

Z(x.,y,) has a singularity when z(x,y,) = 1 — The Hagedorn singularity

Given the chemical potentials Q. :

Defines Hagedorn temperature T(Q,.Q,,Q,) 2" \
1 us;
€; =0 : Ty = :
‘ 77 _log(7 - 4v3)

u
Special cases: / w
02

Case 1: (©2,,Q,,Q,)=(€,0,0)
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1-Q
log 2

Q—rlZTH(Q)E

T

2

Consider case 2: (©2,,Q2,,Q,)=(2,Q,0)

What happensfor Q2 — 17
Should alsotake T — 0

— T
mitt T'— 0, 21, T=—— fixed
Ty limit —+ 1, 1 _ O

090016

Case 3: (©2,,9,,Q2.)=(Q,Q,Q)
L

o

o

- N\

- \

T

0 006 01 Q16 02 025 C3 035

Q—}].:TH(Q)E

1 -0
log 4

Gives finite Hagedorn
temperature in the limit:

/ = 1

Ty =
B log 2
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S - T
Thelimit: T —0, Q—1, T = o fixed (Q,,Q,,Q,)=(2,Q,0)

Correspondsto ¢ — 0, y — oo, T = xy fixed

with x = e_'a, Y= ePs?

Take limit of letter partition function

Z(I,‘y, Y, 1) — ((?l-x)ﬁ’, (2 4‘@)"— 2y_1) + .-

Corresponds to the
Jlri_’ﬂ) 2(z,Z/x,Z/x,1) = 2% -« two complex scalars:
e Z . weight (1,0,0)
— |n this limit only the two scalars Z, X X - weight (0,1.0)
survive and the possible operators are: -

single-trace operators: Tr(A1A>---Ap), A; € {Z,X}
and multi-trace operators by combining these

Therefore: In the above limit we are precisely left with

irsa: 06090016 Page 17/58
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00
Limit of partition function log Z(Z) = — ) log [1 . Q‘Ek]

k=1
Hagedorn singularnity: g = % = Ty = |0; .

Partition function and Hagedorn temperature of the SU(2) sector

The two other cases:

Case 1: (Q,,Q,,Q,) =(2,0,0) lim 2(z,%/z,1,1) =2
Single-trace operators:  Tr( ZL)
half-BPS sector

Case 3: (,,Q,,Q2,)=(Q,Q,Q) lim Wz, %)z, %)z, T/z) = 3% + 273/2
hasss

Single-trace operators:  Tr(A;A2---Ap), A; € {Z, X, W, x1.x2}

ZXW : 3 complex scalars, weights (1,0,0), (0,1,0), (0,0,1)
L1y Lo- 2 complex fermions, weight (1/2,1/2,1/2)

Pirsa: 06!
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Near-critical region in interacting ' =4 SYM on R x S3:

We consider weakly coupled UN) \'=4 SYM on E < S°
near the critical point (T,Q2)=(0,1), where (Q2,,Q2,,Q,) = (©,Q2,0)

Q.,Q,.Q.) = (Q,Q,
Full partition function:

Z(B,Q2) = Trpg (e PPHEY)  ——— J=y,+,

Interacting .\ =4 SYM: T
D= Do} M0+ X204 22D - \ — 99mN
) \ E.g. Beisert's thesis 4?1-2
Weight factor:

o0
e AD+B — oxp (—5(00 ~JI)-B(1-DJ—-BAD2 -8 Y A"/an)
n=3

Near criticalregion: | T« 1, 1 -Q2«<1, A\ K1

Since p > 1 and D, — J is a non-negative integer
— Effectwe truncatlon to states with D, = J — The SU(2) sector

Pirsa: O 090016
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Near criticalregion: | T« 1, 1-Q2kK1, A L1

Partition function becomes
2(8,9) = Z(3) = Try (e 1)

. - - A
With =p(1-9Q), A=
B=8(1-9), X= "o
Hilbert space: H={a€ M|(Dg — J)a = 0}
y i o0
Hamiltonian: H=Dg+ AD2+ A\ > N'Dgqo,

n=0
— Hamiltonian for the SU(2) sector

— N finite (no planar limit necessary)

The above can be usedto study \'=4 SYMonE < S
near the critical point (T,Q2,,22,,Q2,) = (0,1,1,0)

irsa: 06090016
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Decoupling limit:

Consider the limit

T—0.21.350.F=

~ A
fixed, A = o fixed, N fixed

From the analysis before we see that the full partition function in this limit is
73 —3BH _
Z(B) = Try (6 | ) The SU(2) sector
/

Hilbert space: H = {a € M|(Dg — J)a = 0}
Hamiltonian: H = Dg + AD»>

The Hamiltonian truncate — has only the bare + one-loop term

Note also: A can be finite. i.e. it does not have to be small

:> The exact partition Eunction can in principle be
computed for finite A and finite N

irsa: 060900
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Near critical region:

T4l 1—-S2<€<1, A€ 1]

Partition function becomes
2(8,9) = Z(3) = Try (e 1)

With 3=p(1-9), A=

Hilbert space:

Hamiltonian:

A
1-—-S2

H={a€ M|(Dg — J)a = 0}

o0
H=Dg+AD2+ A\ Y A'Dgyo,

n=0

— Hamiltonian for the SU(2) sector

— N finite (no planar limit necessary)

The above can be usedto study \'=4 SYMonE < S

near the critical point (T,Q2,,Q2,,Q.) =(0,1,1,0)

irsa: 06090016
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Decoupling limit:

Consider the limit

T—0,QQ—1,2—-0,T=

~ A
fixed, A = o fixed, N fixed

From the analysis before we see that the full partition function in this limit is
3 —3BH _
Z(B) = Try (E | ) The SU(2) sector
/

Hilbert space: H = {a € M|(Dg — J)a = 0}
Hamiltonian: H = Dg + AD»

The Hamiltonian truncate — has only the bare + one-loop term

Note also: A can be finite, 1.e. it does not have to be small

:> The exact partition {unction can in principle be
computed for finite A and finite N

irsa: 060900
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Planar limit \'= ~c
— we can focus on the single-trace sector

Tr(XZZX ---Z
Tr(A142--- Ap), A; € {Z.X) e

JAETR -~ 5]

— like aspinchain Z: T, X : |

Which spin chain?

1 L
Do = > > Tiit1— Piit1)

i=1

L: Length of single-trace operator / spin chain

AD> : Hamiltonian of ferromagnetic XXX, ,, Heisenberg spin chain

Minahan & Zarembo

Total Hamiltonian: H = L + AD»
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fixed. A =

—_— _—

In the limit T T= fixed, N fixed

planar \'=4 SYM on E < S? has the partition function

00 o0
~ | =
log Z(3) = Zl Lzl ;e HL_BZ£XXX)(ng)
n= —
o Partition function for the
Z£X XX)(3) = Try (8‘3'\92) - ferromagnetic XXX, ,
-\ Heisenberg spin chain

Chains of length L

— The ferromagnetic Heisenberg
model is obtained as a limit of
weakly coupled planar \' =4 SYM
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Alternative version of limit (not thermal):

We consider U(N) A" =4 SYM on E < S?in the limit

E — =
A fixed, \ = i fixed, J; fixed, N fixed
€ €

e—0, H=

In this limit planar .\' = 4 SYM becomes the ferromagnetic
XXX, Heisenberg model (for the single-trace sector)

H : Hamiltonian for Heisenberg model

Limit very different from pp-wave limits
where E - J is fixed while J — cc and N — o¢

N =4 SYM is weakly coupled

The decoupled theory is purely bosonic

irsa: 06090016
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fixed. A =

—_— —_—

In the limit T T= fixed, N fixed

planar \'=4 SYM on E < S? has the partition function

s CQ o0 1 _
IOQ Z(B) — Z Z ;EHHLSZ£XXX)(R5)

n=1L=1
_ Partition function for the
zX XX 3y = v (e‘a"D?) . ferromagnetic XXX, ,
\ Heisenberg spin chain

Chains of length L

— The ferromagnetic Heisenberg
model is obtained as a limit of
weakly coupled planar \"'= 4 SYM
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Alternative version of limit (not thermal):

We consider U(N) \'=4 SYM on E < S°in the limit

E — -~
A fixed, \ = i fixed, J; fixed, N fixed
€ €

c—0 H=

In this limit planar \' = 4 SYM becomes the ferromagnetic
XXX, Heisenberg model (for the single-trace sector)

H : Hamiltonian for Heisenberg model

Limit very different from pp-wave limits
where E - J is fixed while J — occ and N — o

N =4 SYM is weakly coupled

The decoupled theory is purely bosonic

irsa: 06090016
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Spectrum of gauge theory from Heisenberg chain:

\We can now obtain the low energy part of the spectrum for finite A

Hamiltonian: AD-

Spectrum: Vacua (D, = 0) plus excitations (magnons)

Vacua are given by: D>, =0

J1 — Jo
2

Exists a vacuum for each value of S:

Define the total spin: S-. =

1
|S:)L ~ Tr (Sym(ZJ1XJ2)) - J]_ — _2-L + S.
These L+1 states are precisely all the possible o= lL -
states for which D, =0, i.e. all the possible vacua -

The vacua |S:); are precisely the chiral primaries of \"'=4 SYM

obeying D, =J, + J, (=L)
=*The low energy excitations are 'close’ to BPS
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Low energy excitations: Magnons

Assume thermodynamic limit, i.e. Large L

Eigenvalue problem: XD,|W) = E|W)

|
N
i
|
b

N[

Ansatz for state with g impurities: A

q
W)= Y W(i,.-1g) [ S:11S=)c

=1

q
= ¥ ¥ %, L) -l—-I1 s(L)Tr(Agery -+ - Ag(r))

N

L
Q= {s = (5(1),5(2),...,s(L)) |} = S=, s(i) = i%}

=1

Using Bethe ansatz techniques + integrability of the Heisenberg chain

we get the spectrumforL = 1:

272X 5 2 M. S i o A string-like spectrum
e ounoss L2 4 20 . 20 in weakly coupled gaugg.theory




Hagedorn temperature from Heisenberg chain:
Consider the partition function

log Z o S - l —nL3 —HSXDQ
az(B) = > > -e Trp e
n=1L=1"

Define
) | .
V@)= lim =logTry (et ‘92)
(1) = lim —1ogTry (e

f(t) is the thermodynamic
Notice: f(t) = —tV(t) «——— limit of the free energy per site

for the Heisenberg chain
\We see then that

e LBy, (e-“f”m?) ~ exp (—nL3 + LV ((nBX)™1)) for L —

Therefore we _I:nave Ehe Hagedorn singularity for \ n=1 gives the

temperature 1" = Ty given by first singularity
= 1 A general relation between
Ty = V(E”IT ) thermodynamics of Heisenberg chain
S— = and the Hagedorn temperature




= 1 <« Defines Ty as function of \

>1

Large

% Small

Small \/high temperatures:

1 3 1 5 3
V(t) =log2— — —
(&) S 4t+32t2 6413 1024t4+1024t5
Obtained from the integral equation:

1 Qt_l 1 21 A |
Wer) = 2+f 2mi {m —y—2i " [_y(y 7 21')] = y+2i [_y(y — 2i) } u(y)

V(t) = log [u(O)] Shiroishi & Takahashi
Jsing the general formula we get

Low temperaturest < 1

>

«—— High temperaturest > 1

+0(t %)

. 1 E + 3en log 2 3 17log2 , 5(log2)?) -
e ——3 (_ _) Pl )
H log 2 + 4log2” 32 w 1232 T 6a 3+ 512 1024 T 1024
391log2 . 3(log?2) 3(log 2)7\ <5 i
= p) O(X
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_arge )\ /low temperatures:

272\
Using the low-energy spectrum E = 12 Z n?Mp, : Z nMp, =0
n7=0 n#=0

3 t
i e V t —_ (—) e —
we find fort < 1 (t) =¢ 5)\2x

= —2/3 _ -
This gives Ty = (2x)1/3 [c(g)‘ A3 for x> 1

Sensible that Ty — oo for A — oo since from the Hamiltonian XD,
we see that the vacua gives the dominant contribution

— Partition function becomes the trace over chiral primaries

3\ |t
Correction computed in the Heisenberg chain: V(t) = ¢ (5) T t
w

Takahashi

_ 27)1/3 47
Gives correction: Ty = ( W)2/3 /3 + 5+ O(x~1/3)
Pirsa: 06090016 g(lj) 3((2) Page 33/58




Decoupling limit of string theory:

AN'=4 SYM on E x S°dual to type IIB string theory on AdS; < S°

1 A R?
= — = — with Tstr =
Tstr 2\//?\ gs N str 471_!3
Dual decoupling limit:
- E-—-J Te
e— 0, H= fixed, Tsty = ;t_" fixed, s = = fixed, J; fixed
€ €

A zero string-tension, zero string-coupling limit

Consider planar limit N = oo / free strings g. = 0:

Limit of Limit of

Ferromagnetic
Heisenberg <:> weakly coupled <:> free strings
i i planar \"=4 SYM on AdS; < §°

4

spin chain
I |
po 1

log Z(73) = Z Z —e -"L32£xxx)(n,3) -

Pirsa:|06090016 n=1Il=1
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Correspondence for large J / Penrose limit of AdS,; < S
Want to find appropriate pp-wave background

Vacua in gauge theory are chiral primaries withD=J, + J,
— String theory vacua: E=J, + J,

I:> We should consider string spectrum near E=J, + J,

Leads to consider a Penrose limit resulting in the pp-wave background:

8 3 -
ds? = -4d:c+d:r_—p2 Z .TIII(dx+)2+Z d.rid:r'—}-i‘-!-pxzdxld;r't' +—— Michelson
I=3 =1
P lirrut:
F(S) = 2pd$+(d$1d322d.’£3d$4 + dISd.’BGd.‘E?dIS) Bzzr;?n?, dr:ltEluer, TH, Imeroni & Obers

with currents

_ ‘ E+4+J _ 2S-
H,- = id) p— E—J). 'i‘_—la__—_1r — i) 4 = =
lc = 0+ = w(E=J), 7 2% T our2z ' P1T TR T R

x' a flat direction
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Light-cone string spectrum: .
2ptHe = 2fNo+ ¥ [(wn+ HNo+ (wn— HMa]+ 3 3 walNSD

n==0 neZ I=3
4
Bl p S

Level-matching condition:

= o0} 5 e o)
Y n|Nn+Mp+ > Ny’+ ) Fp/| =
n#=0 =3 =1

with

f=ﬂifp+ , Wwp = \/n2+f2

why the right pp-wave? H_=0 < E=J
A vacuum for each p, < avacuum for each S,

= ofefp@ pp-wave has the right vacuum structure due to the flat directigm-



Correspondence for large J / Penrose limit of AdS,; < S
Want to find appropriate pp-wave background

Vacua in gauge theory are chiral primaries withD=J, + J,
— String theory vacua: E=J, + J,

I:I) We should consider string spectrum near E=J, + J,

Leads to consider a Penrose limit resulting in the pp-wave background:

8 3 -
ds? = —4dzTde—p? Y 2!zl (dz™)%+ Y de'de'+4pxldatda™ «—— Michelson
I=3 =1
P lirrut:
F(S) — 2pd:r+(d3:1dz2dx3dx4 + (f:Ideﬁd:E?d:rS) Bzﬂﬁiﬁn?, ::ir:ltEluer, TH, Imeroni & Obers

with currents

. + * E4J _ 28,
Hy~ = 10 = u(E-J), ——18_———, T ) B —

x' a flat direction
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Light-cone string spectrum: .
2ptHe = 2fNo+ Y [(wn+ HNa+ (wn— HAMal+ 3 3 waN5"

n#0 neZ I=3
4
" ngz [gl (wn - %f) (b) bgs ( ) (b)

Level-matching condition:

= (D) L D)
Y n|Nn+Mp+ > Ny'/+ ) Fp/| =
n7=0 I=3 b=1

with

f=ﬂi§p+ , Wp = \/f:rz"?+f2

why the right pp-wave? H_=0 < E=J
A vacuum for each p, < avacuum for each S,

= ofofp@ pp-wave has the right vacuum structure due to the flat directigm-



Correspondence for large J / Penrose limit of AdS, < S
Want to find appropriate pp-wave background

Vacua in gauge theory are chiral primaries withD =J, + J,
— String theory vacua: E=J, + J,

I:t) We should consider string spectrum near E=J, + J,

Leads to consider a Penrose limit resulting in the pp-wave background:

8 8 -
ds? = —4adxtdz™—p? Y 2!zt (dx+)2+z dr'de'+aurldatde™ «—— Michelson
=3 =1
P lirmit:
F(s) = 2udat (dz'dz?de3da® + da®da®da dz®) Bt i e R i s

with currents

s . o _EB¥F _ _ .. _ 2%
ch_t’a.r‘*'_“(E_J)!p _561-_m9 pl—_ta_rl—?

x' a flat direction
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Light-cone string spectrum: 5
2ptHe = 2fNo+ Y [(wn+ H)Na+ (wn— HMa]l + 3 3 waNSD

n#0 neZ I=3
4
" ngz [gl (wn - %f) (b) .5;5 ( ) (b)

Level-matching condition:

38 8
Y n [Nn+Mn+ Y NP+ Y F,E*’)] =

n#=0 =3 =1

with

f=pl2pt , wn=n2+ f2

why the right pp-wave? H_ =0 < E=J
A vacuum for each p, < avacuum for each S,

= ofsp@ pp-wave has the right vacuum structure due to the flat directigm-



Implementing the decoupling limit on the pp-wave gives the large p limit:

p— oo, Hic=pH/fixed, §s= pgsfixed, ls,pT fixed

Limit of spectrum
» Only the modes with number operator M survives since f — oo
2
n

4 — = S ) =

» Presence of flat direction gives non-trivial spectrum after limit,
can be understood geometrically

Spectrum after decoupling limit

= > n?Mn, Y nMp=
n#=0 n#=0

Y nMp, Y aM,=0
n#=0 n#=0
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Matches spectrum of weakly coupled gauge theory!



Light-cone string spectrum: -
2ptHe = 2fNo+ 3 [(wn+ H)Na+ (wn— HMa]l + 3 3 waNSD

n#0 neZ I=3
4
f n%:Z Lgl (wn 5 %f) (b) bgs ( ) (b)

Level-matching condition:

= (D) o kD)
Y n|Nan+Mp+ Y Ny'/+ ) Fp/| =
n7=0 I=3 b=1

with

f=pl2pt , wp=1/n2+ f?

why the right pp-wave? H_=0 < E=J
A vacuum for each p, < avacuum for each S,

= ofep@ pp-wave has the right vacuum structure due to the flat directigm:



Correspondence for large J / Penrose limit of AdS,; < S
Want to find appropriate pp-wave background

Vacua in gauge theory are chiral primaries withD=J, + J,
— String theory vacua: E=J, + J,

I:> We should consider string spectrum near E=J, + J,

Leads to consider a Penrose limit resulting in the pp-wave background:

8 3 -
ds? = -4d:r+d:r_-p2 Z 2!zt (dx+)2+z d.z‘da:‘—}-q.pg;zdg;ldx*' <—— Michelson
I=3 =1
P lirrut:
F(S) — 2pd:z+(da:1da:2d:c3dx4 + dedxﬁd;r?da:a) Bzzr-ﬁ?n?_ dr:nBuer, TH, Imeroni & Obers

with currents

. + * E+J _ 29,
H — 6 = u E—J . — ia = . 6 ——

x' a flat direction
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Implementing the decoupling limit on the pp-wave gives the large p limit:

p— oo, Hiec=pH,fixed, §s= pgsfixed, ls,pT fixed

Limit of spectrum
» Only the modes with number operator M survives since f — oo
2
P o —2 210
Vn2+ 22— f=f(Vi+f2m2-1) =
» Presence of flat direction gives non-trivial spectrum after limit,
can be understood geometrically

Spectrum after decoupling limit

_ 1
B = Y n?Mp, Y naM,=0
2(13p%)? =0 nZ0

— 1 =
Using Tty = —2—\/; we can write this as

Y nMp, Y nMp,=0
n#=0 n#=0
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Matches spectrum of weakly coupled gauge theory!



Correspondence for large J / Penrose limit of AdS, < Se:
Want to find appropriate pp-wave background

Vacua in gauge theory are chiral primaries withD=J, + J,
— String theory vacua: E=J, + J,

I:> We should consider string spectrum near E=J, + J,

Leads to consider a Penrose limit resulting in the pp-wave background:

8 8 -
ds?® = —4adxtde—p? » 2!zt (da:+)2+z dr'de'+aprldatde™ «—— Michelson
I=3 =1
P lirnit:
F(sy = 2pdzt (dz'da?de3da® + daSdzOda” dz®) Bkt i e R s B s

with currents

_ : E+J _ 28.
Be—=iby =wlB-T). oV =28_ = Cpy = :

x' a flat direction
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Decoupling limit of string theory:

N'=4SYMonE x S°dual to type |IB string theory on AdS, < S°

1 A R?
Tstr 2‘/;* gs N str 471_@
Dual decoupling limit:
e—0, H= E-J fixed, Tty = th_" fixed, §s = = fixed, J; fixed
€ €

A zero string-tension, zero string-coupling limit

Consider planar limit N = oo / free strings g, = 0:

Limit of Limit of

Ferromagnetic
Heisenberg <:> weakly coupled <:> free strings
i [ planar \"=4 SYM on AdS; « §°

o

spin chain
I |
po 1

logZ(B)= ) > —e -"LJZEXXXJ(HS) .

Pirsa:|06090016 n=1IlL=1

\/i
Page 46/58




Correspondence for large J / Penrose limit of AdS,; < S
Want to find appropriate pp-wave background

Vacua in gauge theory are chiral primaries withD=J, + J,
— String theory vacua: E=J, + J,

I::) We should consider string spectrum near E=J, + J,

Leads to consider a Penrose limit resulting in the pp-wave background:

8 8 .
ds? = —4dztde—p? ¥ 2!a! (dzT)?+ Y da'de’ +4pa®dztdat «—— Michelson
=3 =1
% lirrit:
F(s) = 2uda™t (dz'dz?de3da® + da®da®da” dz®) Bcut s TN e 8

with currents

. + ‘ E+J _ 2S.
Hye =10 4+ = u(E-J), =25 = ,, — i ===

x' a flat direction
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Implementing the decoupling limit on the pp-wave gives the large p limit:

p— oo, Hiec=pH/fixed, §s= pugsfixed, ls,pT fixed

Limit of spectrum
» Only the modes with number operator M, survives since f — oo
2
n

) =

» Presence of flat direction gives non-trivial spectrum after limit,
can be understood geometrically

Spectrum after decoupling limit

H,. = n?M,, , nM,, =
IC 2(12]9'[')2 ngo h n§0 ’

Y nMp, Y aM,=0
n#=0 n#=0
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Matches spectrum of weakly coupled gauge theory!



Correspondence for large J / Penrose limit of AdS,; < S
Want to find appropriate pp-wave background

Vacua in gauge theory are chiral primaries withD =J, + J,
— String theory vacua: E=J, + J,

I::> We should consider string spectrum near E=J, + J,

Leads to consider a Penrose limit resulting in the pp-wave background:

8 8 -
d52 - -4d:r+d:r_-p2 Z .rfIf(dx+)2+Z d:l:id:rl—l»-d-pxzdxldx'i' <«—— Michelson
=3 =1
P lirmit:
Fs) = 2uda™t (dz'dz?de3da® + da®da®da” dz®) Bl e s B8 i G

with currents

: + ‘ E+J _ 28,
Hye =10 4 = u(E-J), —_ia__—_, - i ===

x' a flat direction
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Implementing the decoupling limit on the pp-wave gives the large p limit:

p— oo, Hic=pH\fixed, §s= pgsfixed, ls,pT fixed

Limit of spectrum
» Only the modes with number operator M, survives since f — oo
- 2
2 - = / -2 .2 il
V2 + 22— f=f(Vi+f2m2-1) > =
» Presence of flat direction gives non-trivial spectrum after limit,
can be understood geometrically

Spectrum after decoupling limit

Y n’Mnp, Y nM,=0
n#=0 n#0

Y nMp, Y nMp,=0
n#=0 n#=0
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Matches spectrum of weakly coupled gauge theory!



Computation of Hagedorn temperature, |:

Computation using spectrum after decoupling limit
Multi-string partition function:

~ T — 1 —anH,.—bnp™
log Z(a,b) = Z ~Tr(e ey

n=1" \

Trace over single-string states

Z(a,b) has singularity for 5va = 12¢(3/2)V2x

From the Penrose limit one finds @ =73 ., b= uTs/%3

1

: - - : Ny -
Us"-lg o = m 1 TStI’ =— #Tstr 9 Tstr = 5\/;

’ -2/3 _
we get Ty = (2n)1/3 [C(g)] a1/3

Matches the Hagedorn temperature computed
in gauge theory/Heisenberg chain

irsa: 06090016
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Computation of Hagedorn temperature, |l:

We can also consider the Hagedorn temperature as computed using

the full pp-wave spectrum. Consider the partition function
o0

log Z(a,b) = ¥ =Tr((—1)(H1Fg-anHic—bnp™y

n=1

This has a Hagedorn singularity for

b= 4!3;1 Z — [3 + cosh (pap) — 4(—1)” cosh (Epap)‘ K1 (pap)
p=1F
Sugawara

Usingnow a=pu3, b= uT/l2s
we can take the large p limit, obtaining again

= o () 0

Check on the validity of the decoupling limit
wderifies commutativity of limits i



We have matched spectrum and Hagedorn temperature of weakly coupled
gauge theory and free string theory, in a sector of AdS/CFT

Why it worked?

» Because on the gauge theory side we could consider X > 1
Corresponds to looking at states near chiral primaries

— We can ignore most states in the SU(2) sector,
only the magnon states important for low energies

» Because we have a pp-wave with the same vacuum structure
as for the gauge theory side

A non-trivial match between weakly coupled
gauge theory and weakly coupled string theory

Can either be understood as matching of spectra (non-thermal)
or matching of thermal partition function (thermodynamics)
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Conclusions:

We found the decoupling limit

T—0,R—1, A0 T= L

1O 1 -0

A

>
Il

, N fixed

of A'=4 SYM on E < S in which the partition function becomes

Z(B) = Try (E-G(Dw:ipz))

where H corresponds to SU(2) sector of \'=4 SYM.

A well-defined theory for all X. N

In the planar limit N = oc:

Physics of <:>
Heisenberg model

Physics of decoupled
planar \"'= 4 SYM

T

1

Pirga: 06090016 n=1L=1

0g2(B) =Y Y. ~eBZ0N0m3) | &= | Ty =




» A manifestly integrable decoupled sector of planar \'=4 SYM
Integrability in planar \' = 4 SYM without conjectures!

» Describes \'=4 SYMon E < ST near
the critical point (T,€2,,22,,Q2.) = (0,1,1,0)

Other interesting case: The SU(2|3) sector

» \'=4 SYMon E x S near the critical point (T,Q2,,Q2,,Q.) =(0,1,1,1)
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Implications for AAS/CFT:

» Dual limit a zero string tension, zero string coupling limit
of type |IIB string theory on AdS. x< S°

» Planar limit/zero string coupling: A solvable sector of AdS/CFT

Ferromagnetic Limit of Limit of
Heisenberg <::> weakly coupled <:> free strings
spin chain planar \"=4 SYM on AdS, « S°

A spin chain/gauge theory/string theory triality

» Explicit matching for spectrum and Hagedorn temperature using pp-wave
_ 22X

= 3 n°Mn, Y nMp=0
n#=0 n#=0
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Future directions:

» Study Hagedorn transition on gauge theory side

» 2. corrections to spectrum/thermodynamics
» XA~ 1/3 corrections on the string side

» SU(2|3) sector: Which pp-wave?

We have matched spectrum of weakly coupled gauge theory and
limit of string theory on pp-wave

—— Could put new light on three-loop discrepancy
(no possibility of unknown interpolating functions)

Could explain why the match at two loops — but not at three loops

—— 1/N corrections and pp-wave string interactions
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