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Abstract: Entanglement is one of the most studied features of quantum mechanics and in particular quantum information. Yet its role in gt
information is still not clearly understood. Results such as (R. Josza and N. Linden, Proc. Roy. Soc. Lond. A 459, 2011 (2003)) sho
entanglement is necessary, but stabilizer states and the Gottesman-Knill theorem (for example) imply that it is far from sufficient. | will di
three aspects of entanglement. First, a quantum circuit with a "vanishingly small* amount of entanglement that admits an apparent expc
speed-up over the classical case. Second, | will discuss techniques for lower-bounding the amount of entanglement in bipartite quantun
Finally, | will discuss the role of entanglement in quantum metrology. Specifically, | will show that entangling ancillas can make no differen
the accuracy of a quantum parameter estimation, regardless of the nature of the coupling Hamiltonian. | will conclude by discussing strate:
improving the scaling of quantum parameter estimation.
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Entanglement:
What is it good for?
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Global entanglement as
a necessary resource

@ We'd like to understand the role of entanglement in a
quantum information.

@ Global entanglement is necessary, but not sufficient,
to achieve advantages over classical protocols.

@ T'll discuss two systems where entanglement matters,
but in vastly different ways.

@ Power of One Qubit - "Multum ex Parvo”

@ Quantum Metrology - "Parvo ex Multum”
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What can one qubit do?
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What can one qubit do?

Problem:

Let U be a unitary operator on 1 qubits
that can be implemented efficiently in
terms of elementary gates. Estimate

Tr (U) /2" with fixed accuracy .
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What can one qubit do?

Problem:

Let U be a unitary operator on n qubits
that can be implemented efficiently in
terms of elementary gates. Estimate

Tr (U) /2" with fixed accuracy .

Seems artificial: Is this useful?

Applications to testing integrability of chaotic
systems and estimating density of states.

E. Knill. R. Lalamme. Phvs. Rev. Lett. 81. 5672. 199RK.
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What can one qubit do?
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What can one qubit do?
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What can one qubit do?

Some Alternatives:

@ There exists an efficient classical algorithm.

@ There is no efficient classical algorithm.

@ The state of the computer is separable
during the computation.
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What can one qubit do?
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What can one qubit do?

Some Alternatives:

@ There exists an efficient classical algorithm.

@ There is no efficient classical algorithm.

@ The state of the computer is separable
during the computation.




Where's the entanglement?
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Where's the entanglement?
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Where's the entanglement?

b, ) ol
[_i_{}f O - | H | /71\ Y H (t’.r’ 3L RS : )
5 3 ,_
Bipartite split
I | between the last
on U qubit and the rest
Choose

(l[; (L] E}1 6\ _> Negativity = .25




Where's the entanglement?
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Is this typical?

We would like to construct a pseudo-random unitary
that is efficiently implementable and calculate the
resulting state's negativity.

Probably hard to do analytically.

Quite easy numerically.

. Emerson. Y. S. Weinstein. M. Saraceno, S. Llovd. D. G. Cory. Science 302. 2003
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Is this typical?
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Is this typical?

Megativity v. Biparie SpEting Number for 2 3+ Qubit DQC1 Siae

Global entanglement!

The negativity
achieves a
maximum when the
bipartite splitting
is done half/half.

Average negafivity

Bipartite splitting
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Is this typical?

Zf random U

Generate lots of statistics and
see what the negativity is....
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Is this typical?

Standard Deviation v. Number of Qubits

& (niZe1
(NiZ+ 1.2} I curve

]

Number of Qubis

Number of qubits



Is this typical?

Standard Deviation v. Number of Qubits

Standard deviation
| decreases
exponentially.

| Almost all unitaries
| have the same
negativity

Standard _d_evi_q‘rion

Number of qubits




Bounding the negativity

Recall the form of rho: 2=

| I oV
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Strategy: find trace
invariants of P to
constrain the eigenvalues.

Trace invariants:

Tr(p') s=123,...
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Bounding the negativity

1 L oe bF
Recall the form of rho: 2=+ ( Ut I )

Choose an arbitrary but fixed bipartite
splitting and take the partial transpose.
Denote this by p.

Strategy: find trace
invariants of P to
constrain the eigenvalues.

Trace invariants:
o ye=123 .

Then maximize the negativity
subiect to these constraints.
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Bounding the negativity
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When k is odd, C* is block off-diagonal, so the trace vanishes.




Bounding the negativity
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k=0

When k is odd, C* is block off-diagonal, so the trace vanishes.
When k is even, we need the following lemma:

Proof is simple; just pick

Lemma 1: Tr (AB } =T (AB). _ _
A and B and write it out.




Bounding the negativity
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When k is odd, C* is block off-diagonal, so the trace vanishes.
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Lemma 1: Tr (AB) = Tr (AB). Proof is SImPIEJ'JUSiT piCk
A and B and write it out.
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Bounding the negativity
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When k is odd, C* is block off-diagonal, so the trace vanishes.
When k is even, we need the following lemma:

Proof is simple; just pick

Lemma 1: 17 ( ;-ii?} = Tr (AB}. y ‘
A and B and write it out.

Tr (C*) = 2Tr ‘t(fﬁ'(f il when k=2, T (C?) = 2N

! the lemma implies X

when k24, the lemma can't help us!
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Bounding the negativity
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Bounding the negativity
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When k is odd, C* is block off-diagonal, so the trace vanishes.
When k is even, we need the following lemma:

Proof is simple; just pick
A and B and write it out.

Lemma 1: Ir (AB) ="Tr (AB).




Bounding the negativity

L l b L / ~k
Tk 3.'_{.?" ) = Z ( )r}le'n\(.fL_,]- 5:1,2,3

(2IV)® - K

A" I o >
N e 1+ a) +(1—a)

p Ny s '\h__ [ A

constraints




Bounding the negativity
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Bounding the negativity
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Bounding the negativity

Hard to solve.
Can be done
numerically:
exactly for

small n, or
approximately
for large n.

Nhuimber af COVitikhi+e



Bounding the nega‘nvu‘ry

Negatrwty v. Number of Qubits
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Bounding the negativity

Negativity v. Number of Qubits
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Global entanglement as
a necessary resource

@ We'd like to understand the role of entanglement in a
quantum information.

@ Global entanglement is necessary, but not sufficient,
to achieve advantages over classical protocols.

@ T'll discuss two systems where entanglement matters,
but in vastly different ways.

@ Power of One Qubit - "Multum ex Parvo”

@ Quantum Metrology - "Parve ex Multum”




Bounding the negativity

Rest known U
achieves the

upper bound
for n=3. Is
this optimal?

Negativity v. Number of Qubits
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Bounding the negativity
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Bounding the negativity
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Bounding the negativity
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Bounding the negativity

Negativity v. Number of Qubits
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@ T'll discuss two systems where entanglement matters,
but in vastly different ways.

@ Power of One Qubit - "Multum ex Parvo”

@ Quantum Metrology - "Parvo ex Multum”
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Quantum Metrology

Goal: Take a one-parameter Hamiltonian H., = vhg
and estimate the coupling constant.

N
Usually the Hamiltonian has the form hy = Z h;
=1

For separable input states, the shot-noise limit says
the optimal scaling of the standard deviation is

1
tvV'N (A — Am)

v




Use Entanglement

If we are allowed to input a "cat” state,

1
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Quadratic Improvement!
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This was shown to be optimal for
Hamiltonians of the form ho=Y A,
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