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in Skyrme-like Models
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__Bﬂ'e_f introdusction

e B = 1 Skyrmions
@ Multiskyrmions

0000 00
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__Eﬂ'ef introdusction

@ General motivation : study Skyrme Model and extensions as
prototype of effective théeory with 3D solitons

o Skyrme Model is a non-linear effective gheory of pions with chiral
symmetry — in low energy hadron physics. nucleon emerges as a
N = B = 1 soliton with spherical symmetry

o But multiskyrmion solutions (N = B > 2) exhibit symmetries not
expected for nuclei

N =2: toroidal
N =3: tetrahedral
N =4: cubic....

What if the Skyrme model is modified 7 77
Is it possible to get n—sphere configurations? 77

Pirsa: 06060043 Page 35/79




__E!ﬂ'ef introdusction

2

Solitons : Solutions of nonlinear differential
equations :

o Localized finite energy (lumps, strings,
walls,...)

@ Move without distortion or dissipation

@ Stable under perturbations and collisions
with other solitons
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__Eﬂ'ef introdusction

Solitons : Solutions of nonlinear differential
equations :

o Localized finite energy (lumps, strings,
walls,...)

@ Move without distortion or dissipation

@ Stable under perturbations and collisions
with other solitons
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The starting point : The Skyrme Madel

ions/Hadrons physics

o |In hadron physics :

& Nucleon emerges as a topological soliton : i.e. extended object,
topological number, fermion, etc....
Q 2 parameters — reasonable but not excellent agreement with data.

@ Other implementations :

@ Electroweak physics (hidden gauge symmetry)
Q@ Baby skyrmions (142D, e.g. condensed matter physics)

@ Higher dimensional theories (e.g. locally wrapped brane,
Born-Infeld-Skyrme...)
@ Faddeev-Skyrme Model
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o Non-linear effective theory of pions with
chiral symmetry (Skyrme)

@ 1/N, expansion — low-energy limit of

QCD (Witten).

@ Allows for non-perturbative soliton
solutions (extended objects characterized

by a winding number) — identified with
baryons
@ Solitons in scalar field theory — fermions
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@ In hadron physics :

o Nucleon emerges as a topological soliton : i.e. extended object,
topological number, fermion, etc....
Q 2 parameters — reasonable but not excellent agreement with data.

o Other implementations :

@ Electroweak physics (hidden gauge symmetry)

Q Baby skyrmions (1+2D, e.g. condensed matter physics)

@ Higher dimensional theories (e.g. locally wrapped brane,
Born-Infeld-Skyrme...)

Q Faddeev-Skyrme Model
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@ The SU(2) Skyrme Lagrangian :

Pirsa: 06060043
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where
I‘ju r— {?_: (J;_r ;{
._f;.l" L/ _-‘[_Il'_! 5 J[ 24 |

with U = U(z) € SU(2).

Q £~ Tr L,L" : Lagrangian of the non-linear o-model, with o- and

r-fields replaced by
9
I*:;{.:T—{"— T
Fr

Q Lo~ Trf,.f" : 4-derivatives terms introduced to stabilize the
soliton against shrinking to zero size.(“dynamical balancing™)
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@ Solutions are maps from physical space R?
onto the group manifold SU(2)

@ m3(SU(2)) = Z — Winding number
N € Z = baryon number B,

1
247

7.

5 7 .’T
/ d* regupr LY LP LS

@ For B = 1 : Spherically symmetric static
"hedgehog" solution

U(r) = exp [iT - TF(r)]

where F'(r) = chiral angle or profile
function.
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What about B > 1 solution (multiskyrmions) ?

Should one expect n— sphere configuration or else 71 7]
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o For the Skyrme model (no pion mass term), multiskyrmion solutions
exhibit particular symmetries

Q B — 1 : spherical

Q B = 2 : toroidal

Q B = 3 =~ tetrahedral
© B =4 = cubic...

Pirsa: 06060043
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B=18
(Sutcliffe et al.)
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@ These solutions and symmetries are approximately described by the
rational map ansatz.
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@ Manton et al. suggest that multiskyrmions are analogous to BPS
solitons — rational map ansatz

where
2 1 , ! | ¥
nE — = Hﬁr = R_‘-.;. Rf\.’ — BJ:’« P |Rj:|"1.
i+ |Hﬂ~.‘_ i3
= (sin© (#) cos P (0),sin O (8)sin P (¢) ,cos O (F))

@ Here |
., plz) _ B

g\ =] 3,

where at least one of the polynomials p(z) or ¢g(z) is of degree N
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@ One recovers #, o—angular dependance by inverting

i d Pty v \ e ( &)

z=tan(Z)] ' —> Ryx(z)=tan(—21)
& — arctan |z —> ©(f) = arctan | Ry

&— ln = — P (o) =1iln |'r.‘

| |
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What happens if the Skyrme Model is modified ?

Will mutiskyrmions exhibit the same symmetries ?

More precisely, is there a model where multiskyrmions possess n—sphere
configurations ?

@ In order to provide an answer we need :

& 2 systematic approach to construct other Skyrme-like models
@ 2 convenient way to find the exact numerical solutions for the
multiskyrmions.
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How o exzend it

X
@ Higher order terms : First. let us write the general form for the
solution
U(r) = exp [iT - nLF]
with

-,

n = (cosO,sin O cos P, gin © sin P)

and F.© and ¢ are functions of (r,#. )

Pirsa: 06060043 Page 51/79
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How o exxend it

There are several ways to modify the Skyrme Model.

o If one considers Skyrme-like models as effective theory :

@ Add terms to account for p— or w— mesons or...
Q ....construct an effective theory which contains terms to arbitrary
orders of derivative of the pion fields.
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How o extend .it

o Higher order terms : First. let us write the general form for the

solution

with

n — (cos®. sin ©cosP.sin © sin ®)

and F.© and ¢ are functions of (r,#. o)
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Howr .exr.end .it

o Static energy densities are given by

s m ~ = 20
T L,I* — & =X2 4+ Y2+ 72
-

Bfud? — =R X ¥+ (Y 2 2 + (&% Xy

where

sin £ sin F sin ©
X _TF v sin F\_@ 7 sin £ sin € -

r r smé
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Howr o extend it

@ Manton has shown that these invariants have a simple geometrical
interpretation.
@ They correspond to the eigenvalues of the strain tensor in the theory
of elasticity
Dj; = 0;0 00,

E=Te D=X2+Y2+2Z2~ Y (length)’

-

2 ” it o - %
— (X < ¥} (¥ x Z) +—(Z = X} ~ E (surface)

= = s i i T 1.2 f j
<3 —Xdel =31 X-1Y x A} ~ E Lv{jlume_;
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How o exxend it

hog solution energy

For the hedgehog ansatz :

X-¥=Y-Z=X-Z—=—0and X* =50

Y? = a. and

L“

£-F —
i 1

‘;'ﬁ

A —

Baryonic density : By =

Pirsa: 06060043

72 — ¢ = a with

. 5
sin“ I

—=— . = P

e

(4

Lh-t o— {20+ f}

ab + be+ ca = ala + 2bH)

1

—
Fra

(3abe — — —
5 5.
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How o extend it

ial class of Skyrme-like models

@ Higher order terms are arbitrary combinations of £,.&5. &5

o Energy for order 2m in derivatives of the field follows the same

-

pattern as &,;. &> &, for hedgehog antsatz.

Er =(3a+{(b—a))
Es = a(3a+2(b— a))
e 3 (& £ v
Ea—a(3a+3(b—a))

o rr—F e / o
Em=a" (3a+ m(b—a))
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How o exxend it

ial class of ;S_ky_lrme—{ike models

o Full Lagrangian leads to

‘:ﬁ = S "z;'-"r?'_f:‘-.r?'z. — %‘m_ {1’.'{- ) +— :: E:’ ===} 'J\' { 2 1': 'k*r"._i’ith ‘{f T j = E h.r'.lz. T AT
RIS
=1

r—1I

o Positive energy constraint : 3y (z) — zx/'(z) = 0. X' (z) = 0
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How wm extend it

o Jackson et al. found a recursion relation

fors,.. —a™ {3a-twmldb—a))

-y . ] >

Lo, — Cm—L] — G JED 5

—

or in terms of invariants «. b and ¢ :

(b— c)?a™ + (e —a)’b™ 4+ (a— b)'e™

L — j W, . \
(a— B){b— e)le — a)

Elegant for the static energy but not very practical to construct the full
Lagrangian.
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Howr o .extend .it

s/Generating function

@ Need a closed form for higher-derivative Lagrangian £,, written in

terms
£y = — Tr (LL"). (1)
Lo — 1_ i &2 (2)
16
fa=—o Tl R 3)
l.e.

1y, Tl fia—="=t)

with m = ny + 2no + 3ns.
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How o eaend it

@ This is possible using the generating function

g 4
(::.l';:.ii:l. i{.:_j« J{:,‘_-',,: ;1::' = f:-"!_ == E _ -‘{-:',u_?;,:r:??

— _]_
where
1 i DY il ;
Lm — — G(L :-. f- i 35 L)
m! dx™ .
E— J
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Howr o extend it

i - v s —2No—373 o
’{' i Crn—ﬂﬂg—fjn_;.n.:.ﬂg "Lr L

il il - -

for m = n; + 2ns + 3ng > 4 where [z] = integer part of z
o We get

. . SNk e o )
G e et sty { W 2” :. _1 i

ny! no! ns! 373

2 c o e Y
- (—4nyns + n5 — ny — 2nyng — 3n3 + 3ns)
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How o exxend it

o By inspection

i ¥ -
Cioo= (-H,i_ﬂ = C-'#'L{"LL —3 |}

C;'m .0 — ":: S5 — (-'.T'_J..J-_Li_'l s O
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How o extend it

o Full Lagrangian reads

— i Jt?!‘._, 1 L 177

E—I|

N

. 2]
+mMm—2n3—3N3 ~N>  ~Ta
= E h'-.r:r}. E ( m—2ns—3ns.no L‘L ~ "{-j_ Z-;g
Fit—1L T

r\,|

o Advantage of this approach :

© Need only to know L. L2, L3
©Q Easy to find Lagrangian and energy density for any given model
defined by coefficients h,, or y(z).
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Howr o exzend it

Consider a case where the energy density is given by

= r+I1r —r + ...
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Howr o extend it

o In general, in numerical solutions, arbitrary positive a. b, ¢ can lead
to negative values of energy density =

iy

(b—a)(e—b){c— a)

o So one must find which models are viable : not easy since a. b. ¢ are
unknown.

o A (strong) sufficient condition for positive & would be

x 3 (z) is a concave function on interval |0, max(a, b, ¢)

for lower N's.
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Hew 1o compute anﬁ what we get

T i ated annealing

Need a powerful numerical approach to find the stable configuration
(lowest energy) =— Simulated annealing

@ Advantages

@ Ability to avoid becoming trapped at local minima.
Q@ Minimize the energy without differential equation.

@ Can easily add rotational energy or any higher derivatives term to
the energy

@ Disavantages :

@ Heavy computations.(for large 3D lattice)
o Requires some parameter adjustments : e.g. rate of decrease and
initial "temperature” ...
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How to compute and what we get

Procedure

Q |Initialize the field configuration € on on each point of a lattice
Q Make a random perturbation on the configuration — change in
energy E(Chew) = E(C) +AE
@ Accept the new configuration C' = C,,,.,, if :
@ AE < 0Oor
@ P(AE)=-exp(—AE/kgT) > Random|0, 1] in the case where
AFE > 0 (possibility to escape from a local minimum)

Pirsa: 06060043 Page 69/79



Hew to compute ar.uld. what we Ft

ter adjustments

Ajustments :

Q@ Thermal equilibrium must be reached for each temperature during
cooling.

@ Choice of initial configuration must be appropriate (topological
sector).

@ Initial temperature must be large enough.

@ Cocling should not be too fast otherwise one might be trapped into
a local minimum.

@ Random perturbations should refresh all points many times.
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Hew 1o compute and what we g&t

Ly=Tc L, IL" — & =a+b+c
1 i 1
Lo =T, & —ab+ et en

‘{:l e T}" rflu !.rj_‘lrl_, ‘f jr f 2 | N {_:1:3 g | gf_ibt‘

o Model defined by simple choce of coefficients A, —

5

B ISRl Sl e |

L= £ F+ ng = ;L;_{ — T J’!?rv?an—
i s mr=—1

| S
such that y3(x) is a concave. Here :
o x -
LT —FE-—
- 2 6
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How to compute and what we get

Multiskyrmions/Case A (Model of order 6)

Numerical resuts for B =1.2. 3.4

Bs = 1.9995

? = 512%02;’1 E> = 24557
L — 19U, ' EQI';EL — 1L.8¢70

By = 29997
Bz = 35441
b/ B, = 2.7T089

B, = 3.9997
E, = 455.81
Ey/E, = 3.4840
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How to compute and wﬁ_at we gﬁ-t
ar's next |

2 Model of order 8 in derivatives with 4 terms :

Eir=at+b+c £y = ab+ be + ca £, — Jabe
2 1 2 3 (5 R I
Ca= Eieg— Ly = — (a"b" +b"¢c” + ¢° a”)

Model defined by coefficients adding a term : Static energy is

B st Eat § h
o — i S e R e &t m
g o 340 —

"

=

'!z.-!ll—'
—

such that v 2 (z) is a concave. Here

- Ir | — a -
oslz) =+ — - :
Ase > T 6 240

Page 73/79
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Hew to compute and what we get

Multiskyrmions/Case B (Model of order 8)

Numerical resuts for B=1.2.3. 4

B, — 1.9998

gl oy 5’3%922 By = 244.54
vt K E>/E, = 1.8770
B; = 2.9999 By = 3.9997

B, — 352.04
E3/E, = 2.7089

E, — 45421
Ey/E, = 3.4840
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How to compute ar..!d what we get

o Consider the Rational Model (coincides with Case B up to order 8 in
derivatives) :

22 120 + 43z
plz) =2+ — yoslz)+ O(z°)
= 6 40+ z Al

o

o Using the generating function £ can be written in a rational form

& B 1600L, +40 (L7 + L3) + L3
3 3 Y 192000 = 4800L, + 120L5 + L3

™

@ Rational maps approximation cannot be used for comparison
because it would require to compute an infinite number of angular
integrals but
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How 1o compute aﬁd.what we Ft

t:'. “ase C (Eaﬁﬂnal Model)

O constistent with energy constraint
Q not very different form y os(x) so one compare with configurations
and symmetries of yos(x).
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How to compute and what we get

mions/Case C (Rational Model)

Numerical resuts for B =1.2,. 3.4

By = 1.9996

udroer
i — 130 . E/E, = 1.8793

B, = 3.9997
Ey = 454.19
Es/E, = 3.4895

B, — 2.9998
E; = 352.91
E3/E, =2.7114

Page 77/79
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o Next -

@ Continue search for models with solutions exhibiting different
symmetries

@ Special class of Lagrangian may be too restritive
O Positivity constraint may be too strong
@ B > 5 solutions unknown.

@ Include quantum effects directly in the energy and verify deformation
(e.g. centrifugal effect due to rotational energy).
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Concluding ren:ha riks

ling remarks

o Multiskyrmions in some extended models
preserve rational-map type configuration
for low B.

@ Search for different configurations
continues for other exotic models and
deformed skyrmions

@ SA should also useful for deformed
Skyrmions. Skyrme-Faddeev model....
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