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Detuned Systems

» Example: Two level system, detuned field
D)

i)

detuning A

-
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Detuned Systems

» Example: Two level system, detuned field

D) - .
detuning A Dj » Interaction Picture Hamiltonian:

' ﬁfz%pme—wmﬂ.
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Detuned Systems

» Example: Two level system, detuned field

D) - o
detuning A D; » Interaction Picture Hamiltonian:

-

- % D)Sle ™ +ha.

« BUT: we know what really happens is the A.C. Stark
shift, 1.e.:

By =2 (D)DI-5)5)
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Detuned Systems

» Example: Two level system, detuned field

detuning A Dj » Interaction Picture Hamiltonian:

o

A % D)(Sle™ +ha.

« BUT: we know what really happens is the A.C. Stark
shift, 1.e.:

A

B =22 (D)DI-i5)5)

* Is there a systematic way to get /. from H; (preferably

s ososegithout all that tedious mucking about with adlabatlc ehmlnatmn)'? PR
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Time Averaged Dynamics: Definitions

« Unitary time evolution operator

ﬁ‘y”(f»:(}(ﬁ’n] 7y
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Time Averaged Dynamics: Definitions

« Unitary time evolution operator

1)) =U(t.10) ¥Ato))
f% U(t.t0)= H (YU t,1,) (1)
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Time Averaged Dynamics: Definitions

» Unitary time evolution operator

w0) =U (1) 1)
f%ﬁ(trrﬂ):ﬁl'(tﬁ(trtﬁ) (1)

« Time-Averaged evolution operator

Tltto)= | S~ 10 @
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Time Averaged Dynamics: Definitions

» Unitary time evolution operator

W) =U(1.10) to))

f%ﬁ("afﬁ):ﬁf(fﬁ(t:fo) (1)
» Time-Averaged evolution operator
Ut,10)= T et U t0)dt (2)
Rl

Filter Function (real valued)
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Time Averaged Dynamics: Definitions

« Unitary time evolution operator

W(f)}zér(mo){l//(fo)>

f%ﬁ(f:fﬂ):ﬁl(’)ﬁ(f:fﬁ) (1)
» Time-Averaged evolution operator
Ut,10)= T st YU o )dt’ (2)
R

Filter Function (real valued)

» Define the effective Hamiltonian by:

O(t.10)=H 7 O)0(.10) 3)

T
Pirsa: 06060027 a
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General Expression |

fﬁ.. U(t,t0)=Hi(0)U(t,10) = féir(f=fo)= H (1)U(1.10)
a a

= | A g@)U(t.10)= H (1)U (t.1,) (4)
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General Expression |

iz Ut.to)=H()U(t.10) = imUlt.t0)=H (1)0(t.10)
a A

= | H z@)0(t.10)=H ()0 (t.10) (4)

» Use a perturbative series for U and H

Oe)=3 27,05 Vaa@=-] B W03 Vo0)=1
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General Expression |

iz Ut.to)= H (0 (t.10) = imU(t.10)=H (1)0(t.10)
a a

= | A g@)U(t.10)= H (1)U (t.1,) (4)

* Use a perturbative series for U and H ;.

Oe)=3X7,05 Vaa@®=2] B W03 Vo0)=1

H0)= Y. 2W,,(1)
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General Expression |

iz Ut.to)= H(U(t.10) = im-Ult.10)=H (1)0(t.10)
a | a

= | H z@)0(t.10)=H ()0 (t.10) (4)

» Use a perturbative series for U and H.

Oe)=3 27,05 Vaa@®=2] By W03 Vo=

H0)= Y. 2W, (1)

H W, 0)=2.W, WV, (5)
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General Expression i

H (W, ()= 2 W, _,(t)V, (1) (5)
p=0

n=0: ‘ Wo()=H; (1) ‘ (6a)
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General Expression i

H (W, ()= 2 W, _,(tWV, (1) (5)
p=0

n=0: ‘ Wo()=H; (1) ‘ (6a)

n=1: H(OW40)=F@O)+Wo@Wi()
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General Expression i

H (W, ()= 2 W, _,(t)V,(1) (5)

p=0

n=0: ‘ Wo()=H; (1) \ (6a)

n=1: H(OW()=W@O)+Wo@i()

= \ Wi(0)=H, (0~ 110) ﬁ(r)\ (6b)
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What’s wrong with this result?
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ﬁeﬁ(r)=ﬁf(r)+ﬁf(r)ﬂ(a‘)—ﬁf(r) i(t)+ .. ®

What’s wrong with this result?

« Hamiltonians have to be Hermitian!
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What’s wrong with this result?

Hamiltonians have to be Hermitian!
This is easy to fix:

H 4(r)=HP ‘[ﬁil(t)_l'?{l(t)ﬁ(t)_ﬁl(t) ﬁ(’)’f} (7)

where HP {.2}=%@+3T]
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#.,50=F0-F0-50 To+ Q)

What’s wrong with this result?

« Hamiltonians have to be Hermitian!
* This is easy to fix:

H 4(r)=HP {ﬁl(t)_"?fI(t)ﬁ(t)_EI(t) I7";(")+} (7)

where HP {2}=%Q+3T]

» This can be justified by deriving a master equation:
— excluded part of the frequency domain takes role of reservoir;
— Lindblat equation with unitary part given by (7);
— Neglect dephasing effects.

irsa: 06060027 Page 25/75
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General Expression lli
» Definition of a real averaging process implies:

00 =00 ho-L] Lew > 7o -7
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General Expression lli
» Definition of a real averaging process implies:

00 =56 o= hew > 70 =70
and so, (AT LAST):

|ﬁeﬁ(r)=fh(r)+;([ﬁf(r),ﬁ(r)]—[ﬁf(rxﬁ(r)}---] | (8)
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General Expression lli
Definition of a real averaging process implies:

00 -F0  ho-L] ew > 7@ -7
and so, (AT LAST):
ﬁef(r)=?@)+§([ﬁf(r),ﬁ(r)]—[ﬁ;(r)fa(r)}h-.] | (8)

» Result is independent of lower limit in integral for V(7).
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General Expression lli
Definition of a real averaging process implies:

0O -F0  ho-L] e > 7@ -7
and so, (AT LAST):
ﬁeﬁ"(‘)=m+%([ﬁ1(f):ﬁ(f)]—[ﬁf(f),ﬁ(f)}---] | (8)

» Result is independent of lower limit in integral for V(7).
» Also applies statistical averages over a stationary ensemble.
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General Expression lli
Definition of a real averaging process implies:

00 -F0  ho-L] e > 7@ -7
and so, (AT LAST):
ﬁeﬁ(‘)sz@ﬁ%([ﬁI(f):ﬁ(f)]—[éf(f}ﬁ(f)]+---] | (8)

» Result is independent of lower limit in integral for V(7).
» Also applies statistical averages over a stationary ensemble.

* Thisis NOT a perturabtive theory.
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General Expression lli
» Definition of a real averaging process implies:

0 =00 ho-L] Lew > 7@ -7
and so, (AT LAST):
ﬁef(r)ﬂT(r)Jr%([ﬁI(r),ﬁ(r)]—[ﬁ;(r)fa(r)]+--.] | (8)

» Result is independent of lower limit in integral for V(7).
» Also applies statistical averages over a stationary ensemble.

* Thisis NOT a perturabtive theory.
-YES., we have used perturbation theory with reckless abandon, BUT
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General Expression lli
« Definition of a real averaging process implies:

00 -0 ho-L how > 7@ -7
and so, (AT LAST):

ﬁﬁ(r)=?(r)+§([ﬁ;(t),ﬁ(t)]—[ﬁ;(r),f"l(r)]+--.] | (8)

» Result is independent of lower limit in integral for V(7).
» Also applies statistical averages over a stationary ensemble.

* Thisis NOT a perturabtive theory.
-YES. we have used perturbation theory with reckless abandon, BUT

-Solving Schrodinger’s equation with this Hamiltonian gives a result

irsa: 06060027 Page 33/75
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Important special case:

Harmonic Hamiltonians + Low Pass Filter

* Suppose we have a Hamiltonian made up of a
sum of harmonic terms:

H,()=) he ' +ha. (@, >0) (9a)
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Important special case:

Harmonic Hamiltonians + Low Pass Filter

« Suppose we have a Hamiltonian made up of a
sum of harmonic terms:

H,(t)=) h,e ™ +ha. (®, >0) (9a)

5 1 3 1 ;g —iD 1§ iw
Vl(r)=mj 0@yt =) (e — '™ | (90)
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iImportant special case:

Harmonic Hamiltonians + Low Pass Filter

« Suppose we have a Hamiltonian made up of a
sum of harmonic terms:

H,()=) he ' +ha. (&, >0) (9a)

5 1 3 1 1, 7§ iw
Pi(f)=mj 0@yt =) (e — '™ | (9D)

» And the time averaging has the effect of removing all
frequencies > min{®, }, so that

H,(t)=0
Vi(0)=0
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Important special case:

Harmonic Hamiltonians + Low Pass Filter

« Suppose we have a Hamiltonian made up of a
sum of harmonic terms:

H,(t)=) h e +ha. (&, >0) (9a)

3 1 a 1 ; _—iD 1§ iw
vz(r)=mf Hy @yt =) (e — '™ | (9D)

« And the time averaging has the effect of removing all
frequencies > min{®,}, so that

H;(6)=0

s }Zun the whole, looks rather boring
h(®)=0
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£9.8): Hg )=y, (OGO [0 O
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Eq.(8): Hyg(t)=Hj )+;([ﬁ;(r>ﬁ(r)]—[®m+---]
0 0 0
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Eq.(8): Hyg(t)=Hj )4{5([&(&%@)}[@@---}
0 0 0

Z 1 h“m, l;ﬂ :k—i(mmmn)t I };m? };:g —i(@,—®, )
2 5z, L [

§ [;”,L ;;n }i(mm_mn)t _ [f,;, j,‘:g }i(ﬁ?ermn)f }
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Eq.(8): Hyg(t)=H] )4{5([&(&%@)}[@@---}
0 0 0

) WA R S P T
mn

2%,
0

4 [;‘,L;’;n]gi(mm—mn)f . [ﬁlﬂ}? +0, )t }
0
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Eq.(8): Hyg(t)=H] )4{5([&(&%@)}[@@---}
0 0 0

yza, Unn b X P
mn 0
5 [;‘,L . l;n}i(mm_mn)t B [;’;L , j,‘:g]e +0, ) }
0
H5(t)= Z Fﬁ ES  (10)

Pirsa: 06060027
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£q.8): Hg()=1; ) = Z0N0

2:@ {hm? h"}z& TN _ h hT}_i(mm_mn)t

. h:[,,h,,]e’(‘” [ A PR
0

(10)

| H (1) = Z— s Y

1 1[ 1 1J
where: —=-— +
@ 2\w,, @,

mn
Ref: D. F. V. James, Fortschritte der Physik 48, 823-837 (2000); Related
resulis.-Average Hamiltonians (NMR); C. Cohen-Tannoudji J Dupont-Roc and £G. s
Grynberg, Atom-Photon Interactions (Wiley, 1992), pp. 38-48. 9/17




Example 1: AC Stark Shifts

. D) A |
dewning A~ A1 =D)(sie™ +ha

Fy

: S)

5
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Example 1: AC Stark Shifts

D) N~

detuning A H, =7\D><S\e—ﬂf +ha.
~ =5
e =—|D)S| ; =A
| 5 Iy =—~|DX @
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Example 1: AC Stark Shifts

_ D) ,‘ |
detuning A < Ix =?\D><S\e_ﬂLr +ha.
I
: ~ 282
.e.. im=—1D)8§ —A
| 5, iy =—~|DX @,

$

TRt —
[l = [S(DLD)IS] s op=ay=A

5
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Example 1: AC Stark Shifts

%
b}

. D) ' y
detuning A = Hfz?\l)}@\e_m#—h.a.
~ 28
| ) . h1=7‘D><S > @ =A
= = Ok =
> = > 3 i —
[l = [S(DLD)S] s op=ay=A

5
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Example 2: Raman Processes

Q/ Q, +%\P>(S’ ™y ha
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Example 2: Raman Processes
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Example 2: Raman Processes

g =y BT o ]| e i o e
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Example 2: Raman Processes

=y BT o ]| e B ™ e

m 3 g r {4
=2 p-i515)- 22 p-iss)

Pirsa: 06060027

+{m192 SY B2 L pg
43 /\ Page 51-/7

1117



Example 2: Raman Processes
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Example 2: Raman Processes

[ M —|5) A
7 L A l pt; I @t 7 VLi(or-a)
H‘-ffzm)lI?’lthl]'l'm)z[h;r:;b]+[%[hlth2}(ﬁh ) +h.a_]

2 2
L (PP S)- 22 (PP-I)(S')
e AR I G S

Page 53/7§

A.C. Stark shifts (again!) . =
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Example 3: Quantum A.C. Stark Shift

| D)
one trapped ion

- J—. s

laser

Gddelon and G. Milburn, Phys. Rev. A 54, 5141 (1996); S. Schneider et al_, -J. Mod
Opt. 47. 499 (2000); F. Schmidt-Kaler et al, Europhys. Lett. 65, 587 (2004). 12/17



Example 3: Quantum A.C. Stark Shift

. D)
one trapped ion

i J—. s

G.ddelon and G. Milburn, Phys. Rev. A 54, 5141 (1996); S. Schneider et al_, »J. Mod
Opt. 47. 499 (2000); F. Schmidt-Kaler et al, Europhys. Lett. 65, 587 (2004). 12/17



Example 3: Quantum A.C. Stark Shift
D)

one trapped ion
B —L s

2() ——

- o laser

N
- A i At i@ F Y
k2= Y@ ™ vale™
1
(allZmodesy

G.ddielon and G. Milburn, Phys. Rev. A 54, 5141 (1996); S. Schneider et al., -J. Mod
Opt. 47. 499 (2000); F. Schmidt-Kaler et al, Europhys. Lett. 65, 587 (2004). 12/17



Example 3: Quantum A.C. Stark Shift

| D,
one trapped ion
\ S
Z())—d— ‘>
- el laser
N

" '~ —iD ~F o 1)
kzz(t):% @pe ”t+a}:e Pt}

(ani";odes)

lon-mode coupling factor: DFVJ, Appl. Phys. B 66, 181 (1998).

Gddelon and G. Milburn. Phys. Rev. A 54, 5141 (1996); S. Schneider et al., «. Mod
Opt. 47. 499 (2000); F. Schmidt-Kaler et al, Europhys. Lett. 65, 587 (2004). 12/17









« Lamb-Dicke approximation: =) 1+ik.z(1)

- “carrier’ term /i _—\D (S| @ =A
. e RN ~
* red sideband: A, = — mD)Sa, @, =A+o,
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» Lamb-Dicke approximation: e

* “carrier’ term

* red sideband:

* blue sideband:

: 06060027

im ¥ ~
= DS

e

ile,2(7)

- Zpys|
i,

m::m

—H D) Sa,

~ 1+ik_z(t)

Page 61/75

13/17



» Lamb-Dicke approximation: =) 1+ik.z(1)

« “carrier’ term = ?\D}(S\ @& =A

| L e N 3
* red sideband: A, = = mDySa, @, =A+m,

mmﬁ\DB S\&T @;=A—@

» blue sideband: &, = -

* low pass filter excludes oscillations at ®,, hence:

2(
He_ﬂ':_ﬂ Ll“'zlzz(ﬁf:)zﬁ‘z mz(" +y2)Jﬂ XD|—|S)S)
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What about two ions?

4() 2()

laser
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What about two ions?

a) 2()

14/17






» nearly resonant with the CM (p=1) mode ({1 =1]

- Define a collective spin operator J =ﬂD}{S |+ D)S \2]
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» nearly resonant with the CM (p=1) mode ({1 =1]
- Define a collective spin operator J =ﬂD}-{S h+]D}{S\2]
» “carrier’, red and blue sideband terms:

p R p PR 5w p IR 54
. - 4% e % 2-/N “r
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» nearly resonant with the CM (p=1) mode ({1 =1]

- Define a collective spin operator J =ﬂD:ﬁ-{S MHD}{S\Z]

» “carrier’, red and blue sideband terms:

p_ R MR, IR 5041
. - 45 e 5 2-/N “r

: 06060027
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» nearly resonant with the CM (p=1) mode ({1 =l]

- Define a collective spin operator J =QD?={S |+ DY

fS!z]

» “carrier’, red and blue sideband terms:

ﬁ[:mj(+)r %:@.}(ﬂ&p, ];3 fﬂmJ(+)nT

2 2-/N 2-/N

(A+ @) [JHHT I ]+( _ [](_)al’jmalf]:

(AZ Z_Aa)lz )(ﬁl B yZ)[A 2.0 ]_ (AZZ?@IZ ){7() J }

: 06060027
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» nearly resonant with the CM (p=1) mode ({1 =1]
- Define a collective spin operator J¢ =(D)(S,+D)(S|,)

» “carrier’, red and blue sideband terms:

2 2N~ P BT NT r
L 5Ot 595 L pOs 519:0
(A+m[)[ o al]+(A—w1)[]( a0
-3 (i + LI g,
2 s 2 2 7 >
(x -ai)
ooy n@W term: wasn't there for single ion
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Hence the effective Hamilton is

He_ﬂ':

Pirsa: 06060027

=
aA

4

1

\

207 A

T N(AZ =

a)f)(nl +1)

L

/

> (XD, —I)sS],.)

BT (2 %0
Z(Az—mlz){j( ’J( J

5
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Hence the effective Hamilton is

oy 2 2
Quantum A.C. Stark shif Y o §O,5N
in: 2(A" -t ) .
again: yawn
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Hence the effective Hamilton is

Quantum A.C. Stark shift
again: yawn

Couples the two ions:
VERY INTERESTING!
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Hence the effective Hamilton is

Quantum A.C. Stark shift
again: yawn

Couples the two ions:
VERY INTERESTING!

» Add another laser (with negative detuning): Quantum
A.C. Stark shifts cancel, but coupling term is doubled:
Mglmer-Sorensen gate
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Conclusions




