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Theory CANADA 2. Pl, June 2006

Twistor Space, String Theory and Gauge Theory:
A Powerful Mix
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Introduction

The goal of this talk is to give you a snapshot of the status and open

problems of the developments in perturbative gauge theory that were

2 Talale

triggered by the introduction of twistor string theory (Witten Dec. 2003).

Previously thought impossible calculations are now simple exercises!)
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Introduction

The goal of this talk is to give you a snapshot of the status and open
problems of the developmentis in perturbaiive gauge theory that were

STl

iriggered by the introduction of twistor string theory (Witten Dec. 2003).

Previously thought impossible calculations are now simple exercises!)

Motivations | (String Theory)

Twistor string theory (Witten Dec.2003): a string theory (topological
B-model) with target twistor space (Penrose 1967). New description of
N\~ = 41 SYM at weak coupling. Complementary to the AdS/CFT

correspondence.
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Introduction

The goal of this talk is to give you a snapshot of the status and open
problems of the developments in perturbaiive gauge theory that were

triggered by the introduction of twistor string theory (Witten Dec. 2003).
Previously thought impossible calculations are now simple exercises!)
Motivations | (String Theory)

Twistor string theory (Witten Dec.2003). a string theory (topological
B-model) with target twistor space (Penrose 1967). New description of
N = 4 SYM at weak coupling. Complementary to the AdS/CFT

correspondence.

Motivations Il (Twistor Theory)

e Formulation of interacting quantum fields in twistor space.

e Explicit lagrangian formulations in twistor space.
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Motivation lll (Field Theory)

e Why do we compuie perturbative QCD or ST (V) amplitudes?
Backaround in Hadron colliders like Tevatron and LHC.

e |n principle perturbation theory is under control: Feynman diagrams!
But not in practice or conceptually.
In practice: == of FD grows very rapidly with == gluons and = of logps.

Conceptually: After simplifying a huge = of FD the final answer is often

simple and elegant.
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Motivation lll (Field Theory)

e Why do we compute perturbative QCD or SU (V') amplitudes?

Background in Hadron colliders like Tevatron and LHC.

e In principle perturbation theory is under control: Feynman diagrams!
But not in practice or conceptually.
In practice: = of FD grows very rapidly with Z= gluons and == of loops.

Conceptually: After simplifying a huge = of FD the final answer is often

simple and elegant.
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Twistor String Theory
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Twistor String Theory: (Witten 12/2003)

Twistor space (Penrose 196
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Twistor String Theory: (Witten 12/2003)

Twistor space (Penrose 1967
Pomt
gt L
L :_'. id

Y .

Line — CP

Poimt
Spce T me T wistr Space

n==a m=1

These would be called “Maximally Helicity Violating™ (All lines incoming or

outgoing) (Late 80's Parke. Taylor, Berends, Giele
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Twistor String Theory: (Witten 2003)

e

Twistor space (Penrose 1967
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n=8 m=2 Curve of degree d=1
“Maximally Helicity Violating (MHV)" (Abstract line Nair 1988) (Late 80's
Parke, Taylor, Berends, Giele)
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Twistor String Theory: (Witten 2003)
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Observations that motivated the construction of TST:

e _ & e 4 : T

'__—.——. 3 — i 3 ] T e L iy y U= Y

= 'I_ it =

Next-to-Maximally Helicity Violating (NMHV). Obs: d = m — 1
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Interpretation as a String Theory:

e P: Usual string theories live in 10 D but twistor space is 6 D!
Problems that Witten had to overcome!)
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Interpretation as a String Theory:

e P: Usual siring theories live in 10 D but twistor space is 6 D!

e S: A topological version of string theory, the B-model, can live in 6 D.
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Interpretation as a String Theory:

e P: Usual string theories live in 10 D but twistor space is 6 D!
e S: A topological version of string theory, the B-maodel, can live in 6 D.

e P: The B-model needs a Calabi-Yau space.

e S: Twistor space “plus”™ four fermionic directions is CY'!
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Interpretation as a String Theory:

e P: Usual siring theories live in 10 D but twistor space is 6 D!
e S: A topological version of string theory, the B-model. can live in 6 D.
e P: The B-model needs a Calabi-Yau space.

e S: Twistor space “plus™ four fermionic directions is CY!

e P: Need a gauge group. S: Put N D5-branes = \" =4 U (N) SYM.
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Interpretation as a String Theory:

e P: Usual siring theories live in 10 D but twistor space is 6 D!
e S: A topological version of string theory, the B-model. can live in 6 D.
e P: The B-model needs a Calabi-Yau space.

e S: Twistor space “plus” four fermionic directions is CY'!

e P: Need a gauge group. S: Put N D5-branes = \" =4 U7(N) SYM.

e P: Not quite! Only the self dual part.

S: Add D1-branes. D1-branes wrap the cycles where the amplitudes

are supported!
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Interpretation as a String Theory:

e P: Usual siring theories live in 10 D but twistor space is 6 D!

e S: A topological version of string theory, the B-model, can live in 6 D.
e P: The B-model needs a Calabi-Yau space.

e S: Twistor space “plus” four fermionic directions is CY'!

e P: Need a gauge group. S: Put N D5-branes = \" =4 U (N) SYM.

e P: Not quite! Only the self dual part.

]
(3]

: Add D1-branes. D1-branes wrap the cycles where the amplitudes

are supporied!

This construction led to many new and powerful ideas to solve old problems
in scaitering amplitude calculations. In order to support this claim let us

make the standard “Before and After’ test.
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Tree-level Amplitudes of Gluons: Before 2004
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Tree-level Amplitudes of Gluons: Before 2004
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Tree-level Amplitudes of Gluons: Today

o BCFW Recursion relations
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Tree-level Amplitudes of Gluons: Before 2004
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Tree-level Amplitudes of Gluons: Today

BCFW Recursion relations
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One-Loop Amplitudes of Gluons: Before 2004
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One-Loop Amplitudes of Gluons: Now
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MBEV Diagrams

A
!

Connected Instantons Disconnected Instantons

- -

Twistor String Theory
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Disconnected prescription, CSW rules or MHV diagrams

FC.. Svrée en 03/2004
e - $ =32 +:: _+
[pt 'S - L -I— = | _—i_—______________— *
1N . e S = . L S =3 5 *:
MBENV MHWV
Obs:
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Disconnected prescription, CSW rules or MHV diagrams
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Complain 1: Feynman diagrams are computed using the Feynman

propagator Dg(P) = 1/(P? + i€) not Dr( P). Where is the ie?

Complain 2: p = 0 but P* = (ps + p1 + p2)* # 0! S: Use a projection!
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Connected Instantons Dhisconnected Instantons

- o

Twistor String Theory
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One—Loop BST (2004)
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€W O eSS0 New Measare for
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Quadruple cuts: Taming One-Loop Amplitudes in .\

Britto. EC.. Feng 12/2004

Any n-gluon one-loop amplitude in ' = 4 SYM can be written as: (Bemn

I = e ey T fangs! - T Ea—— T a ¥,
Dixon. Kosower 1993 & with Dunbar 1994
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N COE MITESTATION: “ew Measore for AT

- P

= e an = g ' e 55
- technuque LIPS of nuil vectors f

N=1 Chiral One—loop : : One—1Loop

N=0) Scalar One—loon Poly. Equanions MHV Diagrams

el | T

Connect=d Instantons Discomnected Instantons

'
Il

¥

|
1]
| R
]

[#]
[=]
la]

Y 2 _

St Twistor String Theory

{
o
2
{'[.::
4
Py
|
i
i
oY)
=
L
=t
=
1]
0
@]
st
p—s
0
-
-~
s
=
¥
o8
E}-
)
o
i |
2]
e
N

Measure

Pirsa: 06060012 Page 33/52




Quadruple cuts: Taming One-Loop Amplitudes in \/

Britto. FC.. Feng 12/2004
Any n-gluon one-loop amplitude in N = 4 SYM can be written as: (Bern

B R, P =~ 1 (3372 |- e 400 A
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Quadruple cuts: Taming One-Loop Amplitudes in _\/

Britto. EC.. Feng 12/2004
Any n-gluon one-loop amplitude in ' = 4 SYM can be written as: (Bern
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Quadruple cuts: Taming One-Loop Amplitudes in /\" =

Britto. EC.. Feng 12/2004
Any n-gluon one-loop amplitude in N = 41 SYM can be written as: (Bern.

S e iith D == ~ 3 A
LA |'_._..';., NEr 290 & WIT Lnoa 1“_.-"._.'*—-'

b

B.m, d 7 d

{_—lIJ!!E'I
- r}

1

Observation: The problem of computing A" = 4 one-loop amplitudes is

reduced to that of computing the coefficients B pcq.
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Quadruple cuts: Taming One-Loop Amplitudes in \ = |

Britto. FC.. Feng 12/2004

Any n-gluon one-loop amplitude in ' = 4 SYM can be written as: (Bern.

Dixon. Kosower 1993 & with Dunbar 1994)

Observation: The problem of computing A" = 4 one-loop amplitudes is

reduced to that of computing the coefficients B pcq.

Analogy: Think about each box as a vector ¢;. The set of all ¢; form a basis

of some vector space. An amplitude is avector V' = > " ¢;¢;.

All we need is a way to project oui the vector V along the subspace

spanned by one of the ¢;.
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Quadruple cuts: Taming One-Loop Amplitudes in \" =

Britto. EC.. Feng 12/2004)

Any n-gluon one-loop amplitude in ' = 4 SYM can be written as: (Bern.

Dixon. Kosower 1993 & with Dunbar 1994)

Observation: The problem of computing A" = 4 one-loop amplitudes is

reduced to that of computing the coefficients B peq.

Analogy: Think about each box as a vector ¢;. The set of all ¢; form a basis

of some vector space. An amplitude isa vector V' = > " ¢;¢;.

All we need is a way to project oui the vector V along the subspace

spanned by one of the ¢;.

Clue: It turns out that each scalar box integral has a unique singularity! The

discontinuity across it is computed by a quadruple cut!
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rechnugne -

Connected Instantons
e

4

One—1 oop

A
I

MBEV Diagrams

A
|

Disconnected Instantons

-

Juadmople Cut Techmgue
& ¥ :—_ 5 3 -\-__ "'l.-"l_|'. Fi

Twistor String Theory

Pirsa: 06060012




—

echmuque

P 1

=

T SO T F

NET CTE IMESTaN0n

—f—

Connected Instantons

One—1 .oop

A

5 |
| MEV Diagrams

A
|

Discommected Instantons

-

D—=i—"¢ . -~
Juadruple Cut Techmgue Twrrctor
e I'wistor

String Theory

CEY

[

Pirsa: 06060012

" ._-'_-:1.-- 11T
W L ONSITocon




BCFW Construction

Britto. F.C.. Feng, Witten 01/2005)
Q: Is there a systematic way of constructing an amplitude from iis
singularities?
Consider any amplitude of gluons: A{p1. pa. . ... Pn)
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BCFW Construction

Britto. F.C., Feng. Witten 01/2005)

.

Q: Is there a systematic way of constructing an amplitude from iis
singularities?

™

Consider any amplitude of gluons: A(py.pa..... s )

Define the following function of a complex variable z:

A(2) — A(py, ...

u‘u’he;-e l'l ™ M e :__1[_[1 Pt =] — _.l'}h. + 1_1_[,

=k o — S and ; Bty — 4
. !
i—1
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BCFW Construction

¥ g e o = Lt VA v s A TNV
Britto. F.C.. Feng. Witten 01/2005)

Q: Is there a systematic way of constructing an amplitude from iis

singularities?
Consider any amplitude of gluons: A(py.pa..... D )
Define the following function of a complex variable z:
Alz) = Al Pis-«-eP 1. DP\2)-Plils--- Pn—1.Pn\Z))

vhere e A .- - A

= : =
Observation: 7 \ v :
S \ ] LT . = II‘- ’\- 7 | r'I JIr ) OF — -'In'lar Ir.lln-l
(xd i F I I (L [ F Jed
P Fr P ~ - 4 T IaYaifa] d
] - L |-J.._. .T A V= L | =k o
All we nee n f the z structure of A comes
T ¥ 1Fi A = - 7 - S, -
] singularities. (At tree level: Only simple poles
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| agrangian Description (MHV Vertices)

SRR 4 PRSI = = ™ o el PR N a T m ] = TN Rk A U af=Thu = =~y =l T | AR
Aansfield 2005); Gorsky. Rosly (10/2005), Ettle. Morris (05/2006); Mason.
Skinner (10/2005)

Consider Yang-Mills in the light-cone gauge. n* 4, =0

R = A T S e | A U
Consider a canonical change of variables such that:
L—*[B] = L—H[A] + LT+ [A]
Obs: The new L is quadratic in B_ and is given as an infinite series in B__.
E=F B+ L B +1L tHBl+...+ L T B 4.
Q1: Can we make the choice of 4 or B a gauge choice of some sort of
extended gauge symmeitry?

Q2: Canwe make L~ 7[B] = L~ 7[A] + L~ 77| A] such that we get

the a lagrangian formulation of the BCF RR?
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