Title: World of Wonders: Special Relativity
Date: May 25, 2006 08:00 PM
URL: http://pirsa.org/06050013

Abstract: <kw> teaching relativity, Galilean relativity, Einstein\'s postulates, L orentz-Einstein transformations, time, length, Galilean transformation
eguations, spatial separating, temporal separation, laws of mechanics, Maxwell\'s equations, Michelson-Morley </kw>

Pirsa: 06050013 Page 1/77



World of Wonders: ”%@
Special Relativity
(avoiding pitfalls when
teaching special relativity)

Ernie McFarland

CAGUELPH |

OAPT Conference 2006
Perimeter Institute




World of Wonders:

Special Relativity '

(avoiding pitfalls when
teaching special relativity)

Ernie McFarland

CAGUELPH |

OAPT Conference 2006
Perimeter Institute




Overview

1 Galilean relativity

1 Events

i Einstein’'s postulates

1 Lorentz-Einstein transformations
1 Relativity of time

1 Relativity of length

i What does E = mc? mean?



Pitfall-avoidance Tip:

A good infroduction to Galilean
relativity is very useful before

special relativity is started.
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Galilean Relativity

Y
Frame S
(inertial .
frame) o
Z

Y
Frame S

¥ x'

O
ZI

Frame S" moves with constant speed v in the +X direction
relative to frame S.




Galilean Relativity

For simplicity, assume that the origins of the two
frames coincide at time + = 0.

At time +, O will have moved a distance of vt
from O.

Frame S’
Frame S

vV <

vt




Galilean Transformation Equations

At time t, the position of the object (car) is:
x relative to (the origin of) frame S, and x' relative
to (the origin of) frame S'.

From the drawing, x = x' + vt

dx'/dt + d(vt)/dt
u +v

Taking fime derivatives: dx/dt
or: u

where u and u are the velocities of the car
relative to S and S’, respectively.




Galilean Transformation Equations

So far: x = x" + vt
Uu=u

I
and "+ v

Take another time derivative:
du/dt = du'/dt + dv/dt

v is constant — dv/dt = 0.
Therefore: du/dt = du'/dt
or: a=a

where a and a’ are the accelerations of the car,
relative to S and S’, respectively.



Galilean Transformation Equations

So, for the positions, velocities, and accelerations
of the car:

x = x + vt
u=-u +v
a=-a

These are the Galilean transformation equations
(along with y =y, z = 2', and t = t).



A bus is travelling forward at 25 m/s relative to Earth.
The rear of the bus passes a bus stop, and 0.80 s later,

a woman passenger sitting 5 m from the rear of the bus
stands up. How far is she from the bus stop at this time?

Define frame S (Earth) and S (bus).

Choose origins of the frames (see drawing). These origins
coincide at time t+ = 0.

Choose +X,+X' direction.

(5 moves in +X direction with constant speed v.)

¥ =40

Bus
stop V x"=5m
(x = 0) .

LOATELT [T,

v
H{ vt =20m - :FrameS’. !{

Earth (frame S) —>+x (X7)
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EaLi

A bus is travelling forward at 25 m/s relative to Earth.

The rear of the bus passes a bus stop, and 0.80 s later,
a woman passenger sitting 5 m from the rear of the bus

stands up. How far is she from the bus stop at this time?

Define frame S (Earth) and S (bus).

Choose origins of the frames (see drawing). These or
coincide at time t+ = 0.

Choose +X,+X' direction.

(5 moves in +X direction with constant speed v.)

Bus

stop
(x = 0)

x° =9

Pt
Frevious
Cs
Meeting Minder ...
Speaker Motes
Paointer Options
Soreen

Help

Enid Shiomwy

V r =%

=1

[LIAITI]] {LL
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||{ Ve=20m L@ Frame S

Earth (frame S) —>+x(X")
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Galilean Transformation Equations

So, for the positions, velocities, and accelerations
of the car:

x = x + vt
u=-=u +v
a=-a

These are the Galilean transformation equations
(along with y =y, z =2', and T = t).



Galilean Transformation Equations

So far: x = x' + vt
and u=-=u +v

Take another time derivative:
du/dt = du'/dt + dv/dt

v is constant — dv/dt = 0.
Therefore: du/dt = du'/dt
or: a=a

where a and a" are the accelerations of the car,
relative to S and S’, respectively.



A bus is travelling forward at 25 m/s relative to Earth.
The rear of the bus passes a bus stop, and 0.80 s later,

a woman passenger sitting 5 m from the rear of the bus
stands up. How far is she from the bus stop at this time?

Define frame S (Earth) and S (bus).
Choose origins of the frames (see drawing). These origins

coincide at time + = 0.
Choose +X,+X' direction. Eri};tious

(5 moves in +X direction with constant speed v.) Go

Meeting Minder. ..
Speaker MNofes

= U Pointer Ootions
Bus x| Screen
St()p l’ X =950 Help

(x = 0) — End Show

[LIBITI]] v
H vt =20 m L@ Frame S’. [ILH

Earth (frame S) —>+x (X7)
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Galilean Transformation Equations

So, for the positions, velocities, and accelerations
of the car:

x = x + vt
u=-=u +v
a=-a

These are the Galilean transformation equations
(along with y =y, z =2', and t = t).

:



A bus is travelling forward at 25 m/s relative to Earth.
The rear of the bus passes a bus stop, and 0.80 s later,
a woman passenger sitting 5 m from the rear of the bus
stands up. How far is she from the bus stop at this time?

Define frame S (Earth) and S (bus).

Choose origins of the frames (see drawing). These origins
coincide at time + = 0.

Choose +X,+X' direction.

(5 moves in +X direction with constant speed v.)

Bus x =0
=0 T
(L] ] v
{ vt =20 m N> Frame S’. _4

Earth (frame S) —>+X (X)
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A bus is travelling forward at 25 m/s relative to Earth.
The rear of the bus passes a bus stop, and 0.80 s later,

a woman passenger sitting 5 m from the rear of the bus
stands up. How far is she from the bus stop at this time?

Define frame S (Earth) and S (bus).

Choose origins of the frames (see drawing). These origins
coincide at time + = 0.

Choose +X,+X' direction.

(5 moves in +X direction with constant speed v.)

x =90

Bus
stop V x"=5m
(x = 0) T

LOCAELT [Ty,

v
H{ vt =20m . :FrameS’. ﬂl

Earth (frame S) — R (x)
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Use x = x + vt
= (5m) + (25 m/s)(0.80 s)
=25 m
Therefore, the woman is 25 m from the bus stop.

Page 19/77



stop X" =5m
O foct sssn
LA [Ty
_U,_ vi=20m \Jr Frame S° Kﬁ
¢ >d_(g @@=
Earth (frame S) —>+x (X7)

As the woman is sitting on the bus, which is travelling
forward at 25 m/s relative to Earth, what is her velocity
(a) relative to Earth? (b) relative to the bus?

(¢) What is the velocity of Earth relative to the bus?

During a time of 0.80 s, how far does the woman move
(d) relative to Earth? (e) relative to the bus?
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Overview

1 Galilean relativity

1 Events

i Einstein’'s postulates

1 Lorentz-Einstein transformations
1 Relativity of time

1 Relativity of length

i What does E = mc? mean?



MR e
i".:. EVENTS

W
Baos | P
Ui @R

Anything that happens at a particular time
and place relative to a given frame is called
an event.

Event #1 occurs at
position x, relative to frame S, and x; relative to S'.

It occurs at time t; relative to S and S'.

Event #2 occurs at
x, relative to S and x, relative to S', at time t, .

The spatial separation between the events is
Ax = x, = x4 relative to S
and Ax = x, - x; relative to S'.

The temporal separation between the events is
At = t+, - t; relative to S and S'.

Page 22/77
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X = X + vt can be used for each event:

X2 = le + Vfg
Xy = Xy + Vi

Subtracting: (x, - x;) = (X2’ - %x;) + v(t, - t,)
€., Ax = Ax' + vAt

or: Ax’ = Ax — wAt
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Back to the bus example: At a time of 1.0 s after the

woman stands up, a man sitting 2 m in front of her coughs.

What is the distance separating these events relative
to Earth (frame S)?

52 =0 Event 1 Y =0 Event 2
& X; = 5 m L Xj - 7 m
— ] N
/EHEUEE M /[OBED ]
~Frame S -+ | S (later) _ -
: i
| Earth (frame S) LR R )
€ ? >|
AX Ax' + yvAt

(X' - x;) +v( - 1)
(7-5m + (25 m/s)(1.0 s)
27 m
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Galilean Relativity Principle

The laws of are the same in all

inertial frames of reference.




Transforming Laws of Physics

Example: conservation of linear momentum in a
one-dimensional collision of two particles

REIﬂﬁVE to frﬁme S: m;u;, + mu, = m1u3 + mouy
(before coll.) (after coll.)

Butu=u +v,6and so u, = u,” + v, etc.
smy(uy” V) mp(uy” 4 v) = my(uy” + V) mp(uy” + )
mu,” + MV o+ MU, MoV = MUy + mgv o+ mou, + mpv

myu,” + myu, = muu; + mou,

-. linear momentum is conserved relative to S" as well
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Major difficulty

Maxwell’'s equations re: electricity & magnetism
don't transform into Maxwell’'s equations when

the Galilean transformation equations are used.




From Maxwell's equations,

the speed of electromagnetic radiation (light) in vacuum is

|

U gi’} JL [{}

relative to 22?

E —

Pirsa: 06050013 Page 28/77



Michelson-Morley Experiment

(1887)

+— Ether Wind
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Overview

1 Galilean relativity

1 Events

i Einstein's postulates

1 Lorentz-Einstein transformations
1 Relativity of time

1 Relativity of length

i What does E = mc? mean?



Einstein's postulates:

1_All the laws of physics are the same in all
inertial frames of reference.

2. The speed of light in vacuum is the same
in all inertial frames of references.
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Einstein's postulates

mmp O Lorentz-Einstein transformations
(laws of mechanics and E & M fransform
info themselves relative to any inertial

frame)

® explanation of Michelson-Morley
experiment




Friendship, Politics and Physics
in Uncertain Times




T

_ the calculation of
positions, velocities, times, etc., is straightforward,

even for rapidly moving objects.




Pitfall-avoidance Tip:

Useful practice --
questions involving positions, velocities,
and times, relative to only one frame of

reference, for rapidly moving objects.
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A nucleus, stationary relative to Earth, emits a gamma ray

that is later absorbed by a second nucleus moving away

from the emitting nucleus with a constant speed of 0.75 ¢

relative to Earth. If the nuclei are separated by 3.0 m (in

the Earth frame) when the gamma ray is emitted,

(a) how long (in the Earth frame) is the gamma ray in
flight?

(b) how far (in the Earth frame) does the gamma ray
travel?
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A nucleus, stationary relative to Earth, emits a gamma ray

that is later absorbed by a second nucleus moving away from

the emitting nucleus with a constant speed of 0.75 ¢ relative

to Earth. If the nuclei are separated by 3.0 m (in the

Earth frame) when the gamma ray is emitted,

(a) how long (in the Earth frame) is the gamma ray in
flight?

(b) how far (in the Earth frame) does the gamma ray
travel?

nucleus
at rest

\C},c ®— 075 ¢

| 3.0m 1

relative to Earth |
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Overview

1 Galilean relativity

1 Events

i Einstein’'s postulates

1 Lorentz-Einstein transformations
1 Relativity of time

1 Relativity of length

i What does E = mc? mean?
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Galilean transformation equations for
spatial and temporal separations:

Ax = Ax' + v\t or Ax' = Ax - vAT

At = AY

Lorentz-Einstein transformations:

Ax = y(Ax" + vAY) where 7=
ﬁx' - ‘Y(Ax = V_\f) J
At = (AT + vAX'/c?)

At = y(AT - vAx/cd)
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Gamma vs. v/c

10 |

g

3 !

7
@ 6 i
= |
£ 5
; /
O 4 vic=0.9

3 gamma = 2.29 /

vic = 0.2 |vie=0.5 /\’l/
2 gamma = 1.02 gamma = 1.13 ——
Vi -
1 : —
0 :
0 0.2 0.4 0.6 0.8

vic
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Ideas about science from essays, exams and classroom
discussions from fifth- and sixth-graders at
Jefferson Elementary School in St. Louis, Missouri:

e Vacuums are nothings. We only mention them to let
them know we know they're there.
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Ideas about science from essays, exams and classroom
discussions from fifth- and sixth-graders at
Jefferson Elementary School in St. Louis, Missouri:

e Vacuums are nothings. We only mention them to let
them know we know they're there.

e I am not sure how clouds get formed, but the clouds
know how to do it, and that is the important thing.
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Ideas about science from essays, exams and classroom
discussions from fifth- and sixth-graders at
Jefferson Elementary School in St. Louis, Missouri:

e Vacuums are nothings. We only mention them to let
them know we know they're there.

e I am not sure how clouds get formed, but the clouds
know how to do it, and that is the important thing.

¢ You can listen to thunder after lightning and tell how
close you got to getting hit. If you don't hear it
you got hit, so never mind.
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Ideas about science from essays, exams and classroom
discussions from fifth- and sixth-graders at
Jefferson Elementary School in St. Louis, Missouri:

e Vacuums are nothings. We only mention them to let
them know we know they're there.

e I am not sure how clouds get formed, but the clouds
know how to do it, and that is the important thing.

¢ You can listen to thunder after lightning and tell how
close you got to getting hit. If you don't hear it
you got hit, so never mind.

e Some people can tell what time it is by locking at the sun.
But I have never been able to make out the numbers.

Pirsa: 06050013 Page 45/77



Overview

1 Galilean relativity

1 Events

i Einstein’'s postulates

1 Lorentz-Einstein transformations
1 Relativity of time

1 Relativity of length

i What does E = mc? mean?



Gedanken Experiments




Relativity of Time

Suppose that the spatial and temporal separations (Ax and At)
between two events are measured relative to S.

Relative to S', the temporal separation is At.
Will At be larger, smaller, or equal to A+??

From At = y(At - vAx/c?),
At could be larger, smaller, or equal to At !

I+ depends on the sizes of v (and hence ), At, and Ax.
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: 06050013

r e I Time Dilation

Suppose that two events occur at the same position
relative to S, and the temporal separation (relative to S)
between the events is Af.

= 0 (same position). Therefore, At = (At - vAx/c?)
= 7AT > AT

Suppose that two events occur at the same position
relative to S°, and the temporal separation (relative to S')
between the events is Af.

Ax' = O (same position). Therefore, At = (At + vAX'/c?)
= vA¥ > AT
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[*“] Time Dilation

When two events occur at the same position relative to one
frame, with a time interval AT, (subscript "0” for
zero spatial separation), the time interval between these two

events relative to any other frame is AT = yAT,; >AT,.

This is time dilation.

Easy-to-remember tip:

two-position time (interval) > one-position time (interval)
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A useful style of question:

In which of the following situations is the time interval
between the two events, as measured relative to one frame,
equal to vy multiplied by the time interval measured relative
to the other frame?

(a) A high-energy electron is emitted (event #1) by a
distant star, which is moving rapidly away from Earth.
The electron, however, is moving toward Earth and is
detected upon arrival there (event #2). The frames
are the star and Earth.

(b)
(c)
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A useful style of question:

In which of the following situations is the time interval
between the two events, as measured relative to one frame,
equal to y multiplied by the time interval measured relative
to the other frame?

(a) A high-energy electron is emitted (event #1) by a
distant star, which is moving rapidly away from Earth.
The e.le.cfron however, is moving toward Earth and is

Next =d upon arrival there (event #2). The frames
Brevious > star and Earth.

0 g

Meeting Minder. ..

Speaker MNotes

w

Pointer Options
Sgreen >
Help
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A useful style of question:

In which of the following situations is the time interval
between the two events, as measured relative to one frame,
equal to 7y multiplied by the time interval measured relative
to the other frame?

(a) A high-energy electron is emitted (event #1) by a
distant star, which is moving rapidly away from Earth.
The electron, however, is moving toward Earth and is

Next " :ted upon arrival there (event #2). The frames
Previous he star and Earth.

GO ¢

Meating Minder. ..

Speaker MNotes

Pointer Options . »

Soreen a

Help
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A useful style of question:

In which of the following situations is the time interval
between the two events, as measured relative to one frame,
equal to v multiplied by the time interval measured relative
to the other frame?

(a) A high-energy electron is emitted (event #1) by a
distant star, which is moving rapidly away from Earth.
The electron, however, is moving toward Earth and is
Mext " :ted upon arrival there (event #2). The frames

Erevioug ‘he star and Earth.
Es s

Meating Minder. ..
Speaker MNotes

Pointer Options »

Soresn *
Help
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A useful style of question:

In which of the following situations is the time interval
between the two events, as measured relative to one frame,
equal to v multiplied by the time interval measured relative
to the other frame?

(a) A high-energy electron is emitted (event #1) by a
distant star, which is moving rapidly away from Earth.
The electron, however, is moving toward Earth and is
detected upon arrival there (event #2). The frames
are the star and Earth.

(b)
(c)
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Relative to Earth (frame S)‘

v =0.995¢
v = 10
Muon (frame S') created here
(event #1)
Rel. to S':
AY = 2 ps
Rel. to S:
Muon decays here (event #2) At = 20 ps

Earth (frame S)
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-~ a comment about questions involving high-speed
subatomic particles vs. questions involving

high-speed spaceships, sticks, efc.




Overview

1 Galilean relativity

1 Events

i Einstein's postulates

1 Lorentz-Einstein transformations
1 Relativity of time

» # Relativity of length

I What does E = mc? mean?



(il

Relativity of Length

If an object at rest has a (rest) length L, ,

then its length when moving at speed v is L,/7 .

This length contraction occurs only in the direction of motion.

| Lo I
voes: | I

|- Lo/
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An electron is moving at a speed of 3¢/5 along the beam line of an
accelerator. At this speed,

¥ — : =

V-
o>
As the electron travels 1.00 m as measured in the frame of
reference of the beam line (or laboratory), how far does the

electron travel relative to the frame of reference of
the electron?

(A)1.00m (B)1.25 m (C) 0.800 m

(D) 0.600 m () 0 m
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Relative to Earth (frame S) ‘

/ I v =0.995 ¢
Muon (frame S') created here v =10
(event #1) =
Rel. to Earth (S), Ly = 6 km :

L, = vAt Rel. to S':
= (0.995 ¢)(20 ps) At' = 2 ps
= 6 km :

Rel. to S:
At'= 20 ps

Muon decays here (event #2)

—

Earth (frame S)
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|Relaﬁve to muon (frame S‘)\

Muon (frame S°) creation and decay
Ax = 0

Rel. to muon, the Earth and atm. are I I
Vv
| ,

M

moving at v = 0.995 ¢, and the height
of the atm. is L = Ly/y = 0.6 km.

0.995 ¢
10

Earth (frame S)

Summary

Rel. 0 S':
At =2 ps,and L = 0.6 km

Rel. to S:
At =20 ps, and L, = 6 km

Page 64/77
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Overview

1 Galilean relativity
1 Events
i Einstein's postulates
1 Lorentz-Einstein transformations
1 Relativity of time
1 Relativity of length
) % What does E = mc2 mean?

V
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Lepton Summary 7able

J=32

lD

Mass m = {548.57990945 = 0.00000024) x 107 ° 4
Mass m = :nl, a3 92 = 0.00000004 MeV
< 8x10~% CL =90%

| ;
'Emé‘_ - mf"' -m

g, +q.|/e < 4x107°

r'ﬂ-::g"?EUC moment g = 1.001159652187 £ 0.000000000004 ug
(g = ; gE\rE'Eg: —_ "—Q-E T Ei} b G_L_

Electric dlpole moment d = {0.07 = 0.07} x 10 ecm

Mean life - > 4.6 x 10%¢ yr, CL = 90% ¥
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Mass m = (.1134239264 = O OGBEE 0 u
Mass m = 105.658369 = 0. UGDOG9 MeV
Mean life - = {2.19703 + 0.00004) x 107" s

T,-/T,- = 1.00002 £ 0.00008

¢cr = 658.654 m
Magnetic mofﬂent = 1.0011659160 = C.00000C0006 E‘t}:md
\g —&,- } [ Baverage = (—26 £16) x 10~8

Flectric dipole moment d = (3.7 = 3.4} x 1079 com

Particle
Physics
Booklet

http://
pdg.lbl.gov

2005
Booklet
not yet

available
(fry in
Sept.)
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14

Lepton Summary Table

LEPTONS

=

Mass m = (548.57990945 = 000000024} x 107 ° y
Mass m = 0.51095892 =+ 000000004 MeV

1A=

lm, —m__|im< 8x107° CL=90%

g + q_ _.-"'e < 4x10-8

Mf—'gwenc mement x4 = 1.001159652187 + 0.000000000004 15
(g - — .- } * Baverage — '.'_-*‘3‘5 = E..'L} x 1012

Electric dlpule moment d = {0.07 = 0.07} x 10~% ecm

Mean life - > 4.6 x 10°° yr CE_ — gge;, &

Pirsa: 06050013

Mass m = 0.1134289264 = (.0C0C0CC030 u
Mass m = 105.6583638 + 0.000009 MeV

Mean life - = {2.19703 + 0.00004)} x 10~ s
7 _ /7 _ = 1.00002 £+ 0.00008
—

or = 658.654 m

Magnetic moment g = 1.0011659160 = C.0000CC0006 efi/2m,,
(8,~ — &,-) | Baversge = (—26 £ 1.6) x 107°

Flectric dipole moment & = (3.7 = 3.4} x 107 ecm

Particle
Physics
Booklet

http://
pdg.lbl.gov

2005
Booklet
not yet

available
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For a moving object, @®&—— v

Erora. = mc® + Kinetic Energy (KE)

or. KE = ETGTAL == i'l"ICZ

It can be shown that: E;gr, = ymc?
|

where 7 = (v =speed of object)

=¥

Therefore, KE = ymc? - mc?

= (y - 1) mc?
# + mv® unless v<<c
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BaCk '|'0= ETOTAL = sz

Should ym be interpreted as the mass of
the moving object, that is, can we write
ETOTAL = MCZ ? (Wher"e M = “{I'I'I)

What is mass?

Two kinds:
e /merifial mass
e gravitational mass




Inertial mass = F/a

For high-speed objects: F——0—v
F/a = vm
Buf: f:]:r—t- V
F
F/a = ym

The inertial mass of a rapidly moving object cannot
be uniquely defined.
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Gravitational mass

For low-speed objects: F = 6Gm,m./r?

For rapidly moving objects, use general relativity.

==mp in general it is difficult to define a
relativistic gravitational mass.

The only uniquely defined mass is rest mass.




Einstein: 1948 Letter in German

#

1 B ol ol Rt e i Hrsta T thay Lty
-{.’l'-\,l.;;a}ua-lﬂmﬁ-l-.,-{-. ’C-'-m.rﬁ'a‘:u-—.‘ Eﬁa-
}-744-—-—:-#6-—- S A—Mﬁ-—-ﬁﬁﬂ“—
af e okly - Marne e . Bl o s jn
%—;“%M‘M ‘M“"F"
W%M_

"It is not good to introduce the concept of the mass

M = m/(1 - v?/c?)"? of a moving body for which no clear
definition can be given. It is better to introduce no other
mass concept than the rest mass’ m. Instead of
introducing M it is better to mention the expression for
the momentum and energy of a body in motion.”
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Energy and Momentum

-

B —peC +(m<:“)
where momentum p =y mv

for an object having rest mass m

For photons, m = 0
Tthom i ETOT AL = P€

(and p = h/i = hf/c
R ETﬂTﬁL - hC/ﬁh = hf )
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Summary -- Avoid Pitfalls by:

M having a good introduction to Galilean
relativity

| asking questions involving positions, velocities,

and times, relative to only one frame of
reference, for rapidly moving objects

Il emphasizing that time dilation is a special case
1 avoiding “moving clocks run slow”

remembering that spatial separation might not
correspond to an object's length

/1 following Einstein's advice about mass
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