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Overview

e Adiabatic theorem with explicit error bound

e Traditional adiabatics versus adiabatic quantum com-

puting: two different ways of looking at the theorem

e Sketch of proof following the lines of
Avron, Seiler, Yaffe, CMP 1987
& Klein, Seiler CMP 1990
Reichardt STOC 2004

e Application to interpolating Hamiltonians: a simple ex-

ample (search in unordered list)
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Setting

e Hilbert space H, B(H) bounded operators in H

s € [0,1] — H(s) = H*(s) € B(H) k-times differen-
tiable map, k > 2

® P(s) is the projection on the spectral subspace associ-
ated to finitely many eigenvalues \,(s). -y Am(s) (but
possibly dim P = oo0) separated from the rest of the

spectrum by a gap g(s)
g(s) = dist (."u._sifcr{ H{s:_l\,“.:’s}) > 0,

Als) = {:\I{.SL — JLF,.II:S}I}
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Adiabatic Theorem

e time-dependent Schrodinger equation

idr = H(t/T)v, = > 0 time scale
e Propagator U-(s) in rescaled time s ={/7
i U.-(s) =7H(s)U-(s), U:(0)=1.

Theorem Transition amplitude P(0) ~~ Q(s)
1 mI|Hr m|| H||

Q(s)U-(s)P(0)|| < —( +——(s))+R
g g
5 I 2
Rﬂl '_m |H]| , \/—IIHH
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If & > 3, h(s) = max(||E(S)|]. [1H ()] 15 H(5)])
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Adiabatic Theorem

e time-dependent Schrodinger equation

il = H(t/7)¢, 7 > 0 time scale
e Propagator U-(s) in rescaled time s = t/T

i, U-(s) =7H(s)U-s). U.(0) —1-

Theorem Transition amplitude P(0) ~ Q(s)

w 1 ,ml||H | H]|
1Q(s)Us(s)P(O)]] < = (”‘1 gy« ™IHI 5y ;R
P
(™ H _ —HIP
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Traditional adiabatics vs adiabatic quan-

tum computing (AQCQC)

e Quantum mechanics textbook situation: fixed Hamilto-

nian, 7 — oo, m = 1, transition amplitude

Hl H| C(H)

g i g_ _.-"
look only at first order term in 1/7: integral remainder
neglected

e AQC: additional parameter n (size of some problem),
Hamiltonians H,(s). How should the sequence (7;,) be

chosen to keep the transition amplitude small, i.e.
T.A (n.7) < const?

Typically: C(H,.) big, i.e., integral remainder is impor-

tant
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Tg° o T2
look only at first order term in 1/7: integral remainder
neglected

e AQC: additional parameter n (size of some problem),
Hamiltonians H,(s). How should the sequence () be

chosen to keep the transition amplitude small, i.e.
T.A.(n. ) < const?

Typically: C(H,,) big, i.e., integral remainder is impor-

tant




Sketch of proof: adiabatic time evolution

e idea of proof: compare real dynamics to idealized time
evolution:
i) =1, id,Ur=7THUZ
HZ(s) = H(s) + é:P_SLPIS}]
e intertwining property: UZ(s)P(0) = P(s)U7(s)
e Example: 2-level system. Ej(s) < Eals), U (s). Yals)
orthonormal and such that (L-'J, w;) =0,
H = E\|tn) (¥] + Ealya) (¢¥al.
Then

U2(s)un(0) =€

UA(s)n(0) = e Jo B2giy(s).




Wave operator

e Definition wave operator (2.(s) = U4 (s)"U-(s)
tool from scattering theory to compare dynamics
® transition amplitude — off-diagonal block of wave op-
erator
|Q(s)U-(s)Fl| = || Qo2 (s) Fy|
e Volterra equation: Q.(s) =1 — [ (U#)*[P. PJU2Q.

® 2-level system: kernel in basis ¢/;(0), ©x(0):

G _EALT'E]':E:—E;'&)

Ei"."lr:::E']—E: ]

(U2)y[P, PIUA = (
o 0

= {:L"_'h L';

= oscillating integrals !




Integration by parts

e partial integration for functions: G = g # 0

J 23 NN  TTi— gt g

e operator version needs analogue of @ — 2

e Def. Twiddle operation
['(s) contour in C circling the band

X(s) = :’7 fru H(s) — z)71X(s)(H(s) — =) d=.
e integration by parts for wave operator
Qof2-(s) Py = — _/u : Qu(UA) PUAPS. P
= Q(Qu' UZ) PUARQ. Pl — /  Qu(UA)PUARO.P,
: 0
= -/n. Qu(U7 :"ﬁﬂ-",flﬁpf?‘ |}).
P, = Py(U2)" PUAQL0.-

= trans. ampl. O(1/7).
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Integration by parts
e partial integration for functions: G =

e )

e operator version needs analogue of a — '—_

e Def. Twiddle operation
['(s) contour in C circling the band

X(s) = 2= - (H(s) — 2) " X (s)(H(s) — =) ld=.
e integration by parts for wave operator
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Integration by parts

e partial integration for functions: G = g # 0

e operator version needs analogue of a — -

e Def. Twiddle operation
['(s) contour in C circling the band
X(s) = - ﬁ‘u H(s) —z _L.\_[_.S:{H-fs} — z)'d=.
e integration by parts for wave operator
Qof2-(3) 5 = —-/ Q.;f;{,'ffl'PUanQ_rPu
- ~(@uwarPrsra.pis— [ Quud)yPuzro g
- ] QU2 ;'PL';*FH&H;J |
Wi — .P]flt 2 'P{. 4[:?[]--

= trans. ampl. O(1/7




Explicit estimates & iterating the ibp

e Lemma: m number of eigenvalues in the band, g(s) gap

: __||H
18| < Vil 18] < AlE
g i
epp|| < =l gmviml Ll
7 P

— |eads to explicit estimates of transition amplitude:
|H|| n||H]|
TA. (m| ll gy 4 12 “zs;)

: f ”1||H|E = ,E?-:HH:}
' 1;1‘ g : Gy

e Pitfall in iteration of integration by parts: differentiaton
of (). generates powers of 7! Correct procedure leads to
multiple integrals, does not a priori improve gap depen-

dence of bound.

e What about "traditional criterion” 7 > ||H||/gap®?
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Integration by parts
e partial integration for functions: G = g £ 0
i [ . O Tl (s o o
/r' i'-’.‘:f: —-—(-:' t"—f —j 7S — I _f—/-:—':'.c‘ﬂf)
T g g
e operator version needs analogue of o — 2
e Def. Twiddle operation
I'(s) contour in C circling the band
X(s) = J]T! J'Er (H(s) — z) ' X(s)(H(s) — z)d=.

e integration by parts for wave operator
Qo (s)Py = — / Qu(UZ) PUARQ. P
0
(Qm U2) PUARQ. B3 — / Qu(U2)" PUARQ.P;
0

P, = Py(U2)" PUAQ,Q.

~ | ==,

= trans. ampl. O(1/7).




Explicit estimates & iterating the ibp

e Lemma: m number of eigenvalues in the band, g{s) gap

1P| < Jmie Pl < mizlh

g g°
= ml||H] m+/m||H||?
IQPP|| < '_1 , ™ p .

— leads to explicit estimates of transition amplitude:

TA. < l(""'ﬁf’r”m] + il )

T-. g- (R lg- -

1 [ m||H _ILHIP
mllEl - JIEIR

3 I v r.
T Jo a- g3

e Pitfall in iteration of integration by parts: differentiaton

L]

of € generates powers of 7! Correct procedure leads to
multiple integrals, does not a priori improve gap depen-

dence of bound.

e What about "traditional criterion” 7 > || H||/gap™?




Application to interpolating Hamiltonians: a simple

example

e Notation: H = (C=)®=". |0). 1) a basis of C-,

|z) = |Z71) @ .. ® |£a) € K for z € {0,1}".

H(s) = (1 — s)(1 — [0)(0]) + s(1 — Ju) (us)).
1 .
ueH 0) =5 Z |z)
= r={0,1}"
e P(s) projection on ground state, gap to the rest of the
spectrum
(s) = /2™ +4(1 — 2-7)(s — 2)?
g\s V = = . 5/

-f,_f g2 = 0(gZ2), ||H|| = O(1), = previous bounds

show: T.A. < C/(742.,). C n-independent.

e Remark: integral remainder bigger than boundary terms!







Application to interpolating Hamiltonians: a simple

example

e Notation: H = (C*)®". |0). |1) a basis of C>,

)@ ..8 |za) € H for z € {0,1}".

e Path of Hamiltonians: u € H

H(s) = (1 — s)(1 — |0)(0]) + s(1 — |u)(ul),

- 1
= R o
A H | on/2 !.L‘J.,

= {0}

e P(s) projection on ground state, gap to the rest of the

spectrum

=

[

a| =

|
(2= + 4(1 — 2—=)(s —

g(s) = V 2
B J':.Il G — o= ), \|H|| = O(1), = previous bounds

show: T A. < C/(7¢2;,), C n-independent.

e Remark: integral remainder bigger than boundary terms!




e |dea (e.g. van Dam, Mosca, Vazirani et al. 2005): adapt-
ing the interpolation to gap function improves running

time = to O(g_.., ). Here:
He(s) = (1 — f(s))Hy+ f(s)H;
fls)=kg°(f(s)),1<p<?2.
k chosen such that f(1)=1, 1 <p <2
= T.A. < C/(7Gmin)
by the theorem & special features of gap function.

e Remark: reminiscent of problem treated in context of

Landau-Zener transition (Hagedorn, CMP 1991):

izOr = H(t, eV, — 0

in

Mitchell et al., Phys. Rev. A 2005: evaluate probability

of a transition with Landau-Zener formula




o ———

{
1
;
h
1

-

e

Lia TR e _“11.:“"-.
P T T T A

- S L g = e —
- “"—."MW—--—‘-#‘I-.. """'_;-" . al ..
e T T T, W

R T T g T

ST —

) tl 'L}-'{'.'-j""’f ljr¥ ‘-‘
DSeEET g (2 :
|yl i [y 4"

e ———

Rt



e |dea (e.g. van Dam, Mosca, Vazirani et al. 2005): adapt-

ing the interpolation to gap function improves running

Hy(s) = (1 — f(s))Hy + f(s)H,

e

f(s) = kg”(f(s)),1 <p <2,
k chosen such that f(l)=1, 1 <p < 2.
=T < /(70

by the theorem & special features of gap function.

e Remark: reminiscent of problem treated in context of

Landau-Zener transition (Hagedorn, CMP 1991):
isdy = H(t, e, =—0

Mitchell et al., Phys. Rev. A 2005: evaluate probability

of a transition with Landau-Zener formula
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® |dea (e.g. van Dam. Mosca Vazirani et al. 2005}: ad.apt-
ing the interpolation to gap function improves running
time ~ to O(g_! ). Here:
Hi(s) = (1 — f(s | Hy + f(s)H,
f(s) = kg?(f(s l<p<?2
k chosen such that f(l)=1,1<p<2
=T A < C‘I_-IE:TQ._-_.H'H.]

by the theorem & special features of gap function.

® Remark- reminiscent of problem treated in context of

Landau-Zener transition (Hagedorn, CMP 1991)-

=0y =H(t, 2. =—0

m

Mitchell et al_, Phys. Rev. A 2005: evaluate probability

of a transition with Landau-Zener formula
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Conclusion
e AQC setting slightly different from traditional quantum
adiabatics (fixed Hamiltonian) setting
e "Folk theorem” transition amplitude ~ ||H||/(7 gap’)
not necessarily true when problem size gets big

- - - - - - =1 s .
e rigarous justification of criterion T > g_;, using partial

integration proof requires extra look at gap function.




