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Twistor space

N=4 super Yang-Mills is dual to a string theory in twistor space?
(Witten)

— 7=

Recently huge activity and progress in the calculation of

amplitudes . N
2“%‘,."53
— New very efficient techniques for calculating amplitudes i
=1
(Witten) % 9,
R . /._,.*‘H

Amplitudes : lines in
twistor space?




Twistor space

N=4 super Yang-Mills is dual to a string theory in twistor space?
(Witten)

— 7=

Recently huge activity and progress in the calculation of
amplitudes v

— New very efficient techniques for calculating amplitudes

(Witten) A 9,

New inspiration from twistor space S
+ expressions for amplitudes (simple) ,/Q

Amplitudes : lines in
twistor space?
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Outline of talk

— Amplitudes for supersymmetric
multiplets

The LHC collider approaching
Data from collider experiments

— Supersymmetry?
— Higgs?

* New (twistor space?)

— Amplitudes in guantum gravity
theories

Theoretical interests
— New insights?

structure for gravity
amplitudes?



Twistor Space and
helicity formalism




Amplitudes

« Feynman diagrams :
Not very ideal
« Number of diagrams :

Grows very rapidly with many legs!

— Momentum vectors : (p. - pj)
— External polarisation tensors : (p; - €), (e, - €)

J

Specifying the external polarisation tensors:
— Spinor-helicity formalism
— Colour ordering
Recursion i

3\ 6
Loop amplitudes ™ T) >,k i
— Unitarity i -'

- Supersymmetric decomposition
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Amplitudes

« Feynman diagrams :
Not very ideal!
« Number of diagrams :

Grows very rapidly with many legs!

— Momentum vectors : (p, - p)

raditional Feynman
diagram expressions:

complicated!!

— External polarisation tensors : (p; - €), (e, - €)

[
|
4

Specifying the external polarisation tensors:
— Spinor-helicity formalism
— Colour ordering
Recursion

3\ : 6
Loop amplitudes RO T T) >/< i
— Unitarity ) :

- Supersymmetric decomposition
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Helicity states formalism

SO(3,1) locally isomorph SL(2) x SL(2)

» Spinor products :

/ \ r_'u'l_ \ Y N .,%EJ
(Ax, An) — —€" XMiaAan, A1 0] — € AT
_
pfff‘f_ A O—””pﬂ -
= pr?ﬁ. — /\ IAr’T

p¥p, =0




Helicity states

« Momentum parts of amplitudes:

2([) . ) — S‘E'Jf — —'fi)\. >P\ ] (for aa—Hta ;j)

« Spin-1 polarisation tensors (Xu, Zhang, Chang)

~+ Ha\a

-'”\ (1 r'.{
(L [x\ ’ ] (Ll (: K_L .

« Polarisation : other matter types
gravitons, fermions, scalars etc




Scattering amplitudes in D=4

e Amplitudes can hence be expressed
completely specifying

— The external helicies ~

eg A1 2,3 4, .) A A
— The spinor variables ’




Note on notation

« \We will use the notation:

— -2 p. ; | — 2 | ; 2
i+l — ‘T‘L;.z_l = (Pi + Pis1) and i — I"‘T_Ji = (& T --- T Pi)

H f\-,'u? J.":I_: —— LH_I‘LEJ,{_I_i — ‘:fr_ I‘L-I;_J: 1{1_ — E’L"L;jlk] e Z ){‘“{' ff{

(k P e 1.':} = -Z:F{ [‘-_L; Kmall’) = Z Z ka) [r; hz {:hf::

a—1 b—m

kllg, K||I) = (k|gK|l) — (k|Kql|l)

10




MHV-amplitudes

Tree amplitudes : (n) same helicities vanishes
AT 223 4. . .)=0

Tree amplitudes : (n-1) same helicities vanishes
A1 2. )..)=0

Tree amplitudes : (n-2) same helicities:
AT 2, 5.k, )=

~irst non-trivial example, which does not vanish on-shell
(M)aximally (H)elicity (V)iolating (MHV) amplitudes

Simple structure given on-shell by the formula (Parke and Taylor) and
proven by (Berends and Giele)

11



Twistor space

 Transformation of amplitudes into twistor space (Penrose)

= O O
NG ~ * e ~ — Ha

ous’ O

* |n metric signature (+ +--):




Helicity states

« Momentum parts of amplitudes:

2([} - ) — S';_'J,' e —'f.i..z\. >P\ ] (for aa—ta ;—_1)
« Spin-1 polarisation tensors (Xu, Zhang, Chang)
_ Aalta 1+ MaAa
“aa [5\1 ] “aa { L,

« Polarisation : other matter types
gravitons, fermions, scalars etc




Helicity states formalism

SO(3,1) locally isomorph SL(2) x SL(2)

« Spinor products :

/ at \ \ \ %}
(A1, A2) = —€™A1aAap,  [A1, A2] = €43 AT A

—
pfflr‘f — 0—(1{11);1

pp, =0




Helicity states formalism

SO(3,1) locally isomorph SL(2) x SL(2)

« Spinor products :

(A1, A2) = — e X [5\ D §—¢c.

_
pfllr‘f S 0—(1{11)[1

pp, =0




Twistor space

 Transformation of amplitudes into twistor space (Penrose)

- O 9,
Ng — 7 N ~ — 7 /ux'i

Ops’ O\

* |n metric signature (+ +--):




Twistor space

* |n twistor space : plane wave-function is a line:

d? )\ _ . . .
/ f_‘:'{[_'){ fuh’\.’-; ) C'X.p( *‘r-‘””’\n”\r}.) — Oz(ﬁrf E 3 ="—irw}r"\”)

(27)2
 Twistor space :

Tree amplitudes on degenerate algebraic curves
Degree : number of negative helicities

(e ™ ) ,

-’/:Jh 1:“'\_ 3 7.5
MHV(2—): . i/ ) NMHV(3-): S
A7 (witten) e




Twistor space

 Transformation of amplitudes into twistor space (Penrose)

~ O D,
7 “l I I - - 7 !_l‘.r i'-,!

Ops’ O\

* |n metric signature (+ +--):




CSW expansion of amplitudes

« In the CSW-construction : off-shell MHV-amplitudes building blocks for mor
complicated amplitude expressions (Cachazo, Svrcek and Witten)

. Off-shell

. = § 2 — AN
[Tis: (As, Aiga) (A ' \1)
= [ A
Ir | i e e o 17 '| : il
]__[;”_._- \ \ . \q
where (\;. ) i1s continued off-shell in the fashion:
;. =% .t R ) | ) = (1 nl and 1 is
e ] 1 |

MHV( MHV(Q )

14




Twistor space

 Transformation of amplitudes into twistor space (Penrose)

~ O 9,
g ~ * N - -7 ,u:-i

o’ O\

(

* |n metric signature (+ +--):




MHV-amplitudes

Tree amplitudes : (n) same helicities vanishes
Aree(q+ 2+ 3+ &+ Y=0

Tree amplitudes : (n-1) same helicities vanishes
Ay 2. k.. )=0

Tree amplitudes : (n-2) same helicities:
A2 5. .k . )=0

First non-trivial example, which does not vanish on-shell
(M)aximally (H)elicity (V)iolating (MHV) amplitudes

Simple structure given on-shell by the formula (Parke and Taylor) and
proven by (Berends and Giele)

' \4
i {Is\r. ,—’\S:'
n I 3\
l—[i:l {ﬁ'\i‘ x\!'__i._ L}
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Helicity states

« Momentum parts of amplitudes:

2([) . ) — Sij — — (X, >[/\ ] (for aa—Ha ;_1)

« Spin-1 polarisation tensors (Xu, Zhang, Chang)

- = !l",“: i1

-aa [5\? ] ) “aa {:)L.{..

« Polarisation : other matter types
gravitons, fermions, scalars etc




Helicity states formalism

SO(3,1) locally isomorph SL(2) x SL(2)

» Spinor products :

:/\ , Ag) = _Eﬂb/\ ﬂ/\ b [5\ . ;\ ] — € j\ﬂih

«/

M
Paa = O44Ppu

pp, =0




Twistor space

 Transformation of amplitudes into twistor space (Penrose)

: O O
Ng — 7 N ~ — 7 /U-rf}

op®’ O\

* |n metric signature (+ +--):




Twistor space

* |n twistor space : plane wave-function is a line:

f{j 5\ . by - ada \ -2 a
(2m)? explipt A;) exp(1z™ AgAa) = 0°(pa + TaaA™)
L)

« Twistor space :
Tree amplitudes on degenerate algebraic curves
Degree : number of negative helicities

A 1% o
s M5 ) D 2R3 758
MHV/( : - NMHV/{ ): % 5 o

rd (Witten) | 4/<




CSW expansion of amplitudes

» |n the CSW-construction : off-shell MHV-amplitudes building blocks for mor
complicated amplitude expressions (Cachazo, Svrcek and Witten)
-  Off-shell

"'._. .‘
| = o _ ) :
-[—l-l.lr:-:!-; b i _ : .'l.r: 2 \ ; ."'.1_:,

= A f
| L.2 = yov eyl R I ri—1 \ \ 7y ’ R

where (A, ) i1s continued off-shell in the fashion:
\;, =% L ) | ) = (2/()|n] and 1 is an arbitrary reference spinor
p Y . | ,
MHV/( MHV(QO): o

14



CSW expansion of amplitudes

« Example of Ag(1-,2",3

(1)(23) «2 7 N

’ "f\ )

NMHV(3—): NS ol




Loop amplitudes




Unitarity cuts

« Unitarity methods are building on the
cut equation

_ ‘ Al1l—loop
~-~nf'_']ilh;u—hpg_;—n,:—;ujzﬁbﬂ‘l

Quadruple cuts

2, i3
- a !- 2 .
!] ; |_:
o -1,
's : iz
- | :
1= 4 'ﬁ

(Cachazo, Britto, Feng)




Supersymmetric decomposition

« Super-symmetry = simplicity
— N=4 : scalar boxes . .

Cachazo Britio Feng i :
— : B = =
ern. Dixon, Del Duca, Kosower:;

)
=g
oF

—

ig

&
ern, Dixon, Kosower) . °

L u

— N=1: scalar boxes, : (Algebra)
triangles,
bubbles

(Bidder, Bjerrum-Bohr, Dixon, Dunbar; ‘ BESIS

Bidder, Bjerrum-Bohr, Dunbar, Perkins

Brtto, Buchbinder, Cachazo, Feng — e
(Bern, Dixo

Dunbar, Kosower)

®

18




Supersymmetric decomposition

The three types of multiplets are:

AN=E = Al 4 4408 4 AR
_1_"'.-_ 1 vector = _1'1' e _1]’2
_H\_l chiral — _1-1—2-_ 1 _,ll_'lj]
 Linked by :
AN—=1 vecto o N= ‘ N =1 chiral
‘__‘n\ | vector — *_ln 1 j}_‘lp 1 r
 QCD amplitudes for gluons :
| Combine:
+ extra Al°l contribution
(that may contain rational )

19



Supersymmetric decomposition

Super-symmetry = simplicity
— N=4 : scalar boxes

achazo Britto Fenag

'

ern, Dixon, Del Duca, Kosower;

ern, Dixon, Kosower)

o

— N=1: scalar boxes,
triangles,
bubbles

(Bidder, Bjerrum-Bohr, Dixon, Dunbar;
Bidder, Bjerrum-Bohr, Dunbar, Perkins

Rritta Buchbinder Cachazo Fena
L L -\_.I_r“: | b _:\_pl "._.-a'._. :—.D. l_':||::4

-
[y

" ) %
iy — : =i
I4- -1
N
. L] 4 I-I- 3
/,\ (Algebra)
-f‘ .

Basis

(Bern, Dixon
'{} Dunbar, Kosower)

18



Supersymmetric decomposition

The three types of multiplets are:

ANSE — AR . 4P 34

_1_"'.-_ 1 vector — _1'1' 3 _l]fj

_51"-—1 chiral — _lli' 1 _l:_rlj]
 Linked by :

‘__\:;L"-.‘_Iymﬂrur = ‘_1;:"'_1 B 3‘,4,:"_] chiral
 QCD amplitudes for gluons :
| Combine:
+ extra Al°l contribution

(that may contain rational )

19



Recursion for loops

Avoid integration?
Loop amplitudes via recursion?

Proof for the BCFW tree relations (Britto, Cachazo,
Feng, Witten) +

Factorization properties for loop amplitudes
Recursion : finite loop amplitudes (Bern, Dixon, Kosower).

Recursion : rational pieces in one-loop QCD amplitudes
(Bern,Dixon,Kosower; Forde, Kosower).

20




Supersymmetric decomposition

Super-symmetry = simplicity
— N=4 : scalar boxes

0
4]
0
ek
Qu
N

= 0
(I
=
EF
o
=
|
|
b

1Y (D
—

W

— N=1: scalar boxes,
triangles,
bubbles

(Bidder, Bjerrum-Bohr, Dixon, Dunbar;
Bidder, Bjerrum-Bohr, Dunbar, Perkins;

Bntto, Buchbinder, Cachazo, Feng

A\

I~ i~
Z |2 3
L & .
ll ‘—t
l|— —|3
L W Ok
iz g

(Algebra)

Basis

(Bern, Dixon

Dunbar, Kosower)



Recursion for loops

Avoid integration?
Loop amplitudes via recursion?

Proof for the BCFW tree relations (Britto, Cachazo,
Feng, Witten) +

Factorization properties for loop amplitudes
Recursion : finite loop amplitudes (Bern, Dixon, Kosower).

Recursion : rational pieces in one-loop QCD amplitudes
(Bern,Dixon,Kosower; Forde, Kosower).




Supersymmetric decomposition

The three types of multiplets are:

AN = Al + 4402 4 3AD
‘_Lr:\.- 1 vector — __1': _:|_ __l”] ;2
Jlru.v_i chiral — -_l;i.l y 2'_ 1 _lili,_jl
 Linked by :
N'=1 vect — N=4 2 A N'=1 chiral
‘_xn vecrLor — ‘_111 s '%‘_xn chira

« QCD amplitudes for gluons :

| Combine:

+ extra Al°l contribution
(that may contain rational )

19




BCFW recursion and IR

relations for loops

Feedback from progress for calculating loop
amplitudes into trees.

IR divergent terms = compact tree expressions

.1101::-1_:* _ Z (_‘Si-f—"i"l] {tree O( )
7 5 A,

Compact result for tree amplitudes (Bern, Dixon and
Kosower; Roiban Spradlin and VVolovich)

21



BCFW recursion and IR

relations for loops

Feedback from progress for calculating loop
amplitudes into trees.

IR divergent terms = compact tree expressions

). =) (’*"i-j” AL + O(e)
Compact result for tree amplitudes (Bern, Dixon and
Kosower; Roiban Spradlin and VVolovich)















BCFW recursion and IR

relations for loops

Feedback from progress for calculating loop
amplitudes into trees.

IR divergent terms = compact tree expressions

. (_b 4 e :
AT — 2 AT + O(e)
T

Compact result for tree amplitudes (Bern, Dixon and
Kosower; Roiban Spradlin and Volovich)



BCFW recursion and IR

relations for loops

Feedback from progress for calculating loop
amplitudes into trees.

IR divergent terms = compact tree expressions

- t—%.i41) . ~
loop ! tree
A TS AT + O(e)

Compact result for tree amplitudes (Bern, Dixon and
Kosower; Roiban Spradlin and VVolovich)

[l



BCF\W Recursion for trees

Complex
M. ...
\P1; P2 Pn) momentum
« Shift of the spinors : space!!
'iu —_ 'ia —+ 2 ’i‘b Pu{. 2) = r'\u:fiu + 2 f\u :\b
f\b —_ *\h . _:«f\” !!};j{. .2] = f\h*’\h — j,.\d "\h
a and b will remain on-shell even after shift
 The amplitude transforms as
Alpy.pa, - - -, Pn) — A(p1,p2,--., N Ty L mlz) ..., Pn) = A(2)




BCWF Recursion for trees
Given that:

* A(z) vanish for z — o

 A(z) is a rational function | |
« A(2) has simple poles (Britto, Cachazo, Feng, Witten)

. A(z)
A(0) = — ) Res,—, ——

 Residues . Determined by factorization properties

 Tree amplitude : Factorise in product of tree amplitudes

A —— A(k;,--- ,k;, K,

J ”--J} . }r"_}
"‘z.j

e M b — T




Recursion for tree amplitudes

 Tree-level : No other factorizations in complex plane

2 _
/—1(0 Z 4?1 ma—i—l !1 ——— ‘47??2*1(-:&)

a.h

SOy Ry

jl'!' kj




Recursion for loops

» Universal factorization properties for loop
amplitudes (Bern, Chalmers)
Structure of singularities
— Simple poles
— Spurious pole singularities

- Basis of integrals :

(Bern, Dixon,

. - X E
1 =N"CFE =Y e L5 I\ 9 5 N ¥
Z < 2 i ®, Dunbar, Kosower)

» Starting expressions for recursion!




Recursion for tree amplitudes

 Tree-level : No other factorizations in complex plane

2 _
A0) = D AL h)‘.qm’;q(:a)

a.h

D

if: LJ




Recursion for loops

» Universal factorization properties for loop
amplitudes (Bern, Chalmers)
Structure of singularities
— Simple poles
— Spurious pole singularities

» Basis of integrals :

(Bern, Dixon,
Dunbar, Kosower)

{ Zr F; \_' i +Zr J_;"F:‘ax +y b fj<

» Starting expressions for recursion!

[
L




Factorization of loop amplitudes

Avoid :

Want to construct recursion relations :

* not for full amplitudes but for of
the integral functions

Problems:
— Complete set of poles in amplitudes
not present in coefficients.

— Spurious non-physical singularities can
Interfere In recursion.




Factorization of loop amplitudes

» Factorization of loop amplitudes

1'!1-2 -
one-loop i, i{m—1 E one-loop ~h \ . tree _ r - —h \
__'1?1 {._ilm___i [ - - o o !L's. i'."—{—“"—] e tes frx.z '_1'.'1—?1"?.—.[ = o |: = ;1 .'.'-—'-’H.—-I li - Lol ‘J
o S i+m—1
treo ~h L one-loop ¢ - v —h -
= —1 ¥ | - 1‘1 i i 1 :' ;._._ __l” -1 [1 i ':__!\_J L 'I_:l — -_]
\ ii+m—1
: 2 - .
1 Ateee K* | " (e ) = ) (K] p D)
;_1?”_‘-1'...,. "‘i.,l,,..,_l_.r.:\,:l ']-.-.- I.\-.E ¥ | " .i".l"l‘."_ e e e o E.I—m.—i. I T -".-i:}m- 1‘;‘]_""‘."”
f.i4m—1

* The function F (K. n4%P1, --» Pn)
represents a non-factorization.




Factorization properties for
loop amplitudes

28




Factorization properties for
loop amplitudes

» Collinear singularity

al|b

one-loop \ o . treer h, 1.hy one~loop ; h \
Vo ke (SRR SN S : E Spit”y (a™ ™A " (- (P}, --.)

t E Sphty e AT P), . )

* Or expanding out 'in terms of integral
functions

flh . / peoe k. F h 1 . . ome— o = s htree
E il : E h[jhll_r;-- el ) E G rr—‘u‘Ierra—] T S hl}]”_:-. UJP!.“'”‘-"rf’“J]«llﬁ_"
I i L n







Factorization properties for
loop amplitudes

» Collinear singularity

allb

one—loop \ | . -, . tree h. hg one—loop ; h \
A - = 5 Dy POy - - =) . E Spht” g (a™ AL . AP

+- E Spiit r  Tlem AT (PY,. )

t||b . = i Cree k. ha h 1 - o Ofe— 04 i ha fs k tree
E f .:i-"ll.r,u 3 E h[jlll_r.i- a*, b E € 1lin 11 S -‘-"'1}]”_;1 U]p:.“' ‘-"rf'"]»l'n_‘.
L &, F ik 1 ¥ I |
1 h i

28




Factorization properties for
loop amplitudes

» Collinear singularity

one-loop \ allb o1 treey h, 1hyy soneloop; h \
v soiibe (RN S ) : E Splik . (e ™A (- APY, )

* Or expanding out 'in terms of integral
functions

al|b \ * e h. hg h ' . one-loopy hg iy h tree
i :__,i,}'rj‘” » :".‘[jlul_r;_*- .-,l*.;1,I_J’-', | {r,l_,rr—}f'l*”_] 1 ; .‘.".*111[[_:_. ulp:.“, ‘.L”'],'I,_,_'.‘
1 fl L L

28




Factorization properties for
loop amplitudes

» Collinear singularity

allb

_,iﬁnv— RO : \
A (---,Pa,Dby---)

. J:ptreers h. zhg one—loop ; h \
: E Spik "y (2, B™)YA s (- (P), )

+5 Sphit” s Tlemm) A . P )
Jr— 4

* Or expanding out 'i'n terms of integral
functions

flh & . e |F. | .‘Ii . " ..:;1—[ i 4 h " .'I-'"l 5

E Ealia - E Split™s (™, ™) E %o shin 1 \ Spht "= (e, FT) AT
e—
i h ! n

28




Factorization of loop amplitudes

» Factorization of loop amplitudes

h'i . 0 ;
one—loop i,it+m—1 E one~loop ; ~h v tree ; - \—h )
'_'lT,I_, {__llm___i | PR 1;1!. ididtm—11--- | —) '_']'?'L—Fﬂ.—.[ Tt |: _.I;"Ll_r'_._r”__'l ] =, ._}

h—+ JI{‘II' .l?.r—i—'.ri'.l—]
tree rh L one-loop / - v —h .
+ AT K i) s V. i (e | ESNER LS,
ti+m—1

_-l'l:fi_’{:" -di_ ,...{_jlz'lj_m__l_i rt....,vaj'f\.fi}m. E:!F_.i']:---w'r-)ﬂ:l

A tree ~h .
2 o e (el | e SRR 73 ' i
‘l".!.i'-m 1

* The function F (K i.n.4%P1, -5 Pn)
represents a non-factorization.




Factorization properties for
loop amplitudes

» Collinear singularity

one=ioop \ al|b o - tree h, hs+ sqone=loop h \
AT T P P <) ; E Spik "y (e, ™A (. (PY,--.)

1 = OTE— o ' r h 5 1
e S ?"?]_Ylll'l—”,-_l :p{ﬂrad‘ﬂ ..5:|;__\1.er‘1_} o . l-l!_)]r ne

t||b . . e k. R h ﬁ \ o~ - , one— ok ’ h. ks e
: : '”'III"'” 2 E h[j]!ll—rf-t a™,o™) E ".._,rr—‘;‘f'.nu—] L. hl}]ll_;; —=—e ._;)‘J]_'ln_'.!
—
i i

28




Factorization properties for
loop amplitudes

» Collinear singularity

one-loop ! allb o 1:-.trees _h, 1hs\ sqone-loop, h :
AR e D) ———— E Spik Ty (a ™, AT (. PY, )

+ E Sphit™r “P(a™=, ") ATS (.. ., (P)", ...
F

* Or expanding out 'in terms of integral
functions

J‘Il.-' . = e fa. F h s o l-:':-"_i. . g h 1’_ e
; '”IL” 3 h[j]”_r.::_ Sl C. .rr—‘.‘lr'.nn—1 T ; -‘."'llllll_;, t”p[f:‘"*.l'r)“J],'!n_".“
. h t h




Recursion for simple case

* Now we consider the behaviour of a
single term in this expansion

al|b = , .
Cim — E Split™ee(a™= ") &M .
h




Recursion for simple case

 Now we consider the behaviour of a
single term in this expansion

al|b w , \ ]
Cin — E Split™ee(a”, b™) .
h




Recursion for simple case

» Coefficients behave as if they were tree amplitudes

. K20 P * —h
Ci.n ‘i n—m+1 JHL'--_J ¢ i.m+1

h

 Assuming well behaved denominators

| h -- P SR
cn(0) = D An moi1(2a) 777 Cmat1(2a)

e

. h




Recursion for simple case

» Coefficients behave as if they were tree amplitudes

. K2—0 “3 : ~h
Ci.n ’ n—m+1 Jr J'r nt+1

h

 Assuming well behaved denominators

| : .
(1) Zl 1) KE Cma +1(2za)

. h

), JOx—o<




Recursion for simple case

o Sufficient conditions:

— Shifted tree cluster
well behaved as z — oo

— All loop momenta
dependent kinematic
poles unmodified
by shift.




Simple case

« Simple example of recursion :

Integral coefficients for split n-point
amplitudes

A1, 27, -1, I+ 1)t - 0

Sufficient criteria :




Example Spt — 6pt

« Check that criteria for recursion is satisfied:
— Look at cutted diagram

— The shifted tree amplitude is

..:,. ; & J‘,} j' Fy\
Atree /. E =F aF @l 3 \ 2 Lg) (OLg,
ba (o A5 2 . =) = 1 —




Example Spt — 6pt

« Check that criteria for recursion is satisfied:
— Look at cutted diagram

— The shifted tree amplitude is

TE F 1 I . o \ n.*} ¥
A3 4 5 08 0 -z -




Example Spt — 6pt

« Both criteria immediately satisfied

» z-dependence factors out of the integrant

* The shifted coefficient times the integral
vanishes as |z| — oo

. 4|15 ey - : ; g
ctb”. Y 2 =3 4.5 » Split™ " (4 5)ex(67.1:2:3.(44+5))




Example Spt — 6pt

 Can consider recursion of 5pt coefficient into
a 6pt coefficient :

z 2




Example Spt — 6pt

* Integral functions:

I\;J}{.}".

Ln{f"

AN=rdiml— 9— 3— 4+ B

| —I'I"} -

: |
( - log(—7 2 f) = O(e
. log(r) — (r — r)/2
La( _ :
(1 8
T I.| 1‘"‘; 1 ':
chir 1 .3~ 4 ) ( 1
s o



Example Spt — 6pt

 The 5pt point coefficient is

N lclltr:.i.l;l:-;‘l 2, ;3 ‘_1%1

(

« \We will do the shift

/\ 3 = ? .r\ = < .f\ 4
-“\_1 S -f\ 1 o ol z\ 3




Example Spt — 6pt

 Hence we can do recursion

(45) /{35 WD (3| Ky 5|4

-

|._}’# ' ._’1{ !._} i : 2 ;r\-g__l -Hl'_'.--'i-ll} 5 h--l.'i_ : JJ':L.'.'. ",

Cyg — r1| ’ . ] : 2 : -.ji . FL__||I'-3 ' ‘_ —1{ 1 i - 5% A :_.—Jr';L_.l,"J .-|

-

Kas|P|6] [Kas|P|6 _‘r‘l_45|‘l"2-‘r‘_ﬁ.ﬁl|“—‘ i i) [45]3

6 1][1 2][23][3 K 5] sas [(—Kys) 4[5 (—Kys))
: )J' flr‘L-:i_I"] Jp:ﬁ} -} 11-3_3;‘-‘ *.J.._ i Jr\{#-h_ f\-EL-_ﬁ} '-.;i

= 1 . = =iy P T
2 I‘Lj_:-, 2) | ]|l_} s i *'_Jr-i -;3_5

Lk
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Example Spt — 6pt

 The 5pt point coefficient is

e : [45]2 [4]|[kg, K54]|5]
r_."'\ ].Lhtri.lllsl:-;“ql 3 % —l-l) — —.*’ r:I : [ 2 :.1|| }.!
- 15 1][12](2 3][3 4]

« \We will do the shift

/\ w, A .f\ r, P < .f\ |
x'\ _1 — .-f\ i | -+ < .r\ 3




Example Spt — 6pt

 Hence we can do recursion

(45 -Ji_:!--'?

4 Kys5| = |[4|Ka5(3)/w

2

5 jﬁ !_} 1 . [\--3_4 5Y/ 35)

K| P6] [Kus|Pl6] | K| (Ko, f"fa.zﬂ“}

61][12][23][3 Kys] sss [(—K

. (3| K55P|6] (3| K35P|6] (3| K3 5[ka, Kg2]|6]

2|K35/|5) [61][12] (34) (45) t35

Lid

¥ 4]



General case and 7pt and 8pt

 The recursion : easily extendable to
general cases

e /pt: Two orders for recursion:
* First add plus (+) leg
then minus (-)
* First add minus (-) leg
then plus (+)

 Different orders of recursions:




General case and 7pt and 8pt

 The recursion : easily extendable to
general cases

 /pt: Two orders for recursion:
* First add plus (+) leg
then minus (-)
* First add minus (-) leg
then plus (+)

1 3

'."+

« Different orders of recursions:




Helicity diagrams

« The various contributions to coefficients :
Organized in terms of helicity diagrams

* A path going to the left means a (-) minus path
« A path going to the right means a (+) plus path

40



Helicity diagrams

« The various contributions to coefficients :
Organized in terms of helicity diagrams

& @

* A path going to the left means a (-) minus path
« A path going to the right means a (+) plus path

40



I'p, Py

2 (—1

All paths (Tg, T))

1|Qr P Q1) {1|Qr PQL|1) (1|Qrlks, KL]QL|1) (r,r + 1)

\[+K+5
| 12]23] [ — LI, I+ 1)...(n— 1, n)(n, 1)
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All paths (T, T))

* \Where

I
K.
Kpg
Q=

P

: fl—q._p: f'L_; — 3;.0;
Ko o K; = Kg_ o

- KnKn_1Kn_1 ... K1 K; Qi = KK ... Ky
k.Kg,1 P = Kgk,,1
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NMHYV result

» Reproduction of result for NMHV case
split-helicity amplitudes N=1

(Bidder, NEJBB, Dunbar, Perkins)

r p |
) r i r41]

4 |
e 2 F - Lalt
11\. Ao ]_.,j_-_ J'_-. l__-i'_ -l — = [l\ —I\._,..‘s'l-il}l — —!Z (1 e
Faf Fa = .L
= Lolta, /1 g . Lol
— = ll——T:’Jn e
A { _}—-1' i3




NMHYV result

 New result for NMHV case split-helicity
amplitudes Al°l

[0 )— F o s N'=1 chiral A e ;
lln 8 SRl R TR _.,-.I_---,,r,r ) = _'HH f11|3‘1|-l O S SRl o e

n—I . = 3 : . - 2 _

— 1_ ‘1]' I--j!_f.-{.f'- -'J‘-_'_r"_ B i -Lj_f‘j_r' :'J-:.,",. 1 . i Jllr [_.fi:r:{_r-.. r:i.r.. L ]‘
32 =3 32 dnr =g — 32 b 3
= 2, — 2,r+1 3 ri1

+ rational




NMHYV result

 New result for NMHV case split-helicity
amplitudes Al°

0] = F g 2 N=1 chiral i = :
AT, 2.3 4,55, --- nt) = A S .23 45w

rr_] . = Ty '3 = : = 2 g
: L-‘-“.f'-i-'" fi--". : Y‘ ]__.j_f*_)_r- ff.r‘v 1] ! 2 : [..f[f."n.p. L3 r+ 1]
_ _.J Z “;”"" 3 T Jn.r 3 s Jl'r}”._. 3
2 r—4 £2r = (2,741 < (3 r 41
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I'p, Py

1 (—1)

All paths (Tg, T;)
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Example Spt — 6pt

 Hence we can do recursion

4 Ky5] = [4|Ky5|3) /@ 5 Kas5] =

23 23| — z[24 2| K5 4]5)/(35) B3K,5] = t3s/@

ce = ¢(67,17;27:37,K5)— A4",57,(—Kss) )

Kys|P|6] [Kys|P|6 | Kus K2, Hﬂ.ﬁ”ﬂ i (—1) [
6 1][1 2][23][3 K 3] sas [(—Kas) 4|
: ] ‘{“-.'!.."] f-?'f-ij ;-_)r I'L-:Jl__'i!L-? r'_;'_ ?u Jr\-r-{_lv; .h_: .IF\L-EL'_EE 13'

— _ - . e oI
-_-J I\j_; -"J' 'h]|[_} ;l ]cJ fja

(Ridder. NEJREB.

Dixon. Dunbar)
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Example Spt — 6pt

 The 5pt point coefficient is

2334

N 1“"”‘1".:“}‘,1 - 9 ;3 —l FH. 1
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|
g
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(

« \We will do the shift
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NMHYV result
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New results

Split helicity amplitude contributions :

N=4 amplitudes : (Bern, Dixon, Del Duca,
Kosover, Bern, Dixon, Kosower)
Split-helicity :

(Britto,Feng,Roiban,Spradlin,\Volovich)
only missing ingredient..




New results

Split helicity amplitude contributions :

N=4 amplitudes : (Bern, Dixon, Del Duca,
Kosover; Bern, Dixon, Kosower)
Split-helicity :

(Britto,Feng,Roiban,Spradlin,\Volovich)
only missing ingredient..




Gravity




New results

Split helicity amplitude contributions :

N=4 amplitudes : (Bern, Dixon, Del Duca,
Kosover; Bern, Dixon, Kosower)
Split-helicity :

(Britto,Feng,Roiban,Spradlin,VVolovich)
only missing ingredient..
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Gravity Amplitudes

* Traditional methods :
Einstein-Hilbert Lagrangian

order by order In

1/x2 R(g) — h&2 h + « h282 h + «“h35°h+..

49




Gravity Amplitudes

KLT relationship (Kawai, Lewellen and Tye)
— Gravity loop amplitudes (Bern, NEJBB and Dunbar)

The KLT relationship relates open and

3 3 3
- R""‘"’/}'\\
21 2 E 2

L
closed strings
1
i (11,11 left | ) righ -
M. ~ ) e A (IT) x A& '(IT),
I1.10
Lrs ‘ 3 Lree ; -y Lre . r

- 1,2,3) =—1A4, (1,2,3)A, 2. )

2 (5.2,3.4) =~ T L2304, 24.3)
. (1,2,3,4,5) =dsgasg A (1,2,3,4,5)A.™(2,1,4,3,5
+ 3813824 A, (1,3,2,4.5)A.7(3,1,4,2,5)




Quadruple cuts in complex
momenta

* Observation : Quadruple cuts of N = 4 box coefficients

— Coefficients of box functions by algebra

(Britto, Cachazo and Fenq)

. e b 1, i3
Solving the on-shell conditions I T
iy =
. . I 3

2 2 p2 )2

£=0 &£=06 &£=06 =8 iy ; i

1 . 17 '4 16

e EE_;( ltl'{."'l_ rl 11 2 €n) x ltr{?l {F-'!l 1!.3 4 fa}
1tr,l-[f3 e =y ig, £4 s (£4,17 18 flr)



Supergravity amplitudes
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Quadruple cuts in complex
momenta

* Observation : Quadruple cuts of N = 4 box coefficients

— Coefficients of box functions by algebra

(Britto, Cachazo and Fenq)

Solving the on-shell conditions o o g
= =B
= R
=0, =0, £=0, £=0 - ; i«
. i
A = %S(.ltrm— L5 O ig £n) x ltr{?‘ (£ . 1_1.,!'"3}




Supergravity amplitudes

= o . = ===

273 )4aT5T)8 1 1 tree,, i : tree, ,+ =4
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tres L i = tree, . — L
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Supergravity amplitudes

) : i (ab)(cd)ef (ba)(dc)ef
:,1:'"'. r:_ — _..:b_-_'cd b \ E -'_ W ; ?}

bt

Ty
E
-y
-

L |'J. (abe)de f .(bac)def (abc)def . (bea)def (abc)de f . (cha 1-'."4'}’"'-'
- ¢ c +C & rC, C; .

1 1 T
A & & L

- (__l.:.-H.r:'fr-_f__'-"r:hl-'frf F ach)de f (cha)def _(ach)def |‘:-'1'firf")
' 3 “s s - i

Sample expressions for other box-coefficients at seven, eight and n-pt have also been

presented.
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Supergravity amplitudes

box-functions

- boxes + triangles + bubbles?

o~
~_ J y
| )

=l L — o




Supergravity amplitudes
Demonstrated :
(Bern, Dunbar, Dixon, Perelstein and Rozowsky)

= much better power behaviour than expected.
— Cut-constructibility :

 For 6pt . Direct calculation
« Alln . Factorisation properties
IR behaviour : (NEJBB, Dunbar and Ita)

Conjecture supported!

N = 8 supergravity :
as N = 4 super-Yang-Mills?



Twistor space properties

* Twistor-space properties N=8 Supergravity:

AT, 27, ..., p @ ,---,n )( A ) N=4
; i = -2 \ O tree MHV 4 i | -
“fi/'fufl];‘ Hid —-fc-\f.inl 3 S LA 7 [—— T ) A

r

S-functions
Derivatives of o-functions

R .....-‘.'_I{.\H_.._,;,j N=8 U
= = o
o / ;f‘l_,'_- j: = J'lr-_:’:;l: ; ] 11 .-ﬁJl s ) :
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Twistor space properties

* Twistor-space properties N=8 Supergravity:

¢ Mol § e e yP see-s@ 5---yn ) Ao i) N=4
~ j 4z 0 (pia + Taa; 7 Mses s 5 e LA G 5. n' ) (A
=1
o-functions

Derivatives of o-functions
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Twistor space properties

 For gravity : Guaranteed that

JD l|1 riree h-II'lW- '
Ly

F RE..... w) = 1§ for P > 2(n —3)

ri

* Five-point amplitude. (Giombi, Ricci, Rables-Llana and
Trancanelli; Bern, NEJBB and Dunbar)

-2 I V -2 e v
K2) {Iatree MH —g K \{1%1' e googly —

 Tree amplitudes :

. M s FoaMg= "™ =0 Checked by using computer
F5 M= MY _ g algebra.
“ oo " e . From this pattern we postu-
and | late the general behaviour,
K3 gt (———++9) _ g Fr-2pgtree MEV _ g
1R o sk .
203 ~1 K u“ Mt (———++H) _ g % rnh—‘i g tree NMHV _ o







Twistor space properties

 For gravity : Guaranteed that

- Lre N ! q - = A 3 ]
F ‘1 tree MHV (1..... n) = 0 tor | sl _-,_)!L i 1]‘

* Five-point amplitude. (Giombi, Ricci, Rables-Llana and
Trancanelli; Bern, NEJBB and Dunbar)

-2 e MHV - -2 e 4
K2} {Iatre MH S K ﬁft}r e googly =

 Tree amplitudes :

P P pgtemy g Checked by wusing computer
4 M= sl :
e 5  » otree MHV .315-:._'}!'3.
_'. . ':Lr'.“-'v.' e =0
= Fe et _a From this pattern we postu-
and | late the general behaviour,
, . R Mimt—ttx__g | v g ;
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Twistor space properties

For gravity : Guaranteed that

P tree NTHV

F

ri

M (1..... ")

st

— for P > 2(n 3)

Five-point amplitude. (Giombi, Ricci, Rables-Llana and
Trancanelli; Bern, NEJBB and Dunbar)

-2 » MHV
}'\ -\ {Iatl'ei: MH - 0

Tree amplitudes :

g -";1 !_1‘. T::'H-' MHV 0
' / r.j-'v.'  ptree MHV _
I hk T-.‘:'w'- MHV =0
and
| En st
7" Ko M=ttt ) =0

-9 ce v
KM=y _ g

Checked by
algebra.

using computer

From this pattern we
late the general behaviour,

postu-

II'-'J. i l'rr_l.'l_'i_: !‘r[m'

7k - N

ee NMHV _

~
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Twistor space properties of
gravity loop amplitudes

« Unitarity : loop behaviour 1 . 2
— Cuts of the MHV box
— Consider the cut C123, where h
the gravity tree amplitude is M, __(l;, 1, 2, 3, L,). ‘ -
— This tree is annihilated by F3(123)
« Hence F3(123)cp-5(45)123 =0
« Similarly F3(145)cy-(45)123 = F3(345)cy-a(45)123 = 0.
* Remaining choices of Fy, : consider more generalised cuts,
e.g.. C(4512) and hence F4(124)cp-g(45)123 =0
+ Summarising: FioscN=s'" " = Figen—s " : Fygens ' =0
rlg \_-E-Sﬁl'..,_r 0 v ; k
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Twistor space properties of
gravity loop amplitudes

« Unitarity : loop behaviour 1 . 2
— Cuts of the MHV box
— Consider the cut C123, where .
the gravity tree amplitude is M, __(l;, 1, 2, 3, L). ‘ =
— This tree is annihilated by F3(123)
« Hence F3(123)cp-5(45)123 =0
« Similarly F3(145)cy-(45)123 = F3(345)cy-s(45)123 = 0.
* Remaining choices of Fy, : consider more generalised cuts,
e.g.. C(4512) and hence F4(124)cp-g(45)123 =0
. SummariSiﬂg: f‘f_,_.*-'“,'__a:ﬁ”m — 1“1134_-.3‘_‘.'_.*- 45)123 _ L-ih_,‘\__qlmn[;.; — i
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Twistor space properties

For gravity : Guaranteed that

FP

M

tree NITHV (

ri

I 71 |

) for P > 2(n — 3)

Five-point amplitude. (Giombi, Ricci, Rables-Llana and
Trancanelli; Bern, NEJBB and Dunbar)

-2 . WV ”
}'\ -1 {.atl'ei: "'-'II‘] . U

Tree amplitudes :

‘L,I.J.k M ::!'H-' MHYV =
+15 ree [ Vv
+B . trea | i
F8 At MEV _ g
=3 g ptree [———diu)
h”“
i tree { ————— 11 )
A r.L!"If_

_9) = =
K _:.‘[E}r_e googly =

Checked by using computer

From this pattern we postu-
late the general behaviour,
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Twistor space properties of
gravity loop amplitudes

« Unitarity : loop behaviour 1 AR
— Cuts of the MHV box
— Consider the cut C123, where h
the gravity tree amplitude is M, __(l;, 1, 2, 3, L,). ‘ -
— This tree is annihilated by F3(123)
» Hence F3(123)c\-5(45)123 =0
« Similarly F3(145)cy-g(45)123 = F3(345)cp-5(45)123 = 0.
* Remaining choices of Fy, : consider more generalised cuts,
e.g.. C(4512) and hence F4(124)cp-g(45)123 =0
° Summarising: f_-ﬁg:s"“f'—.fﬁ”ﬂ _ F!;al . 45)123 _ L-.ihl.‘x__‘qlqlﬁli._'_‘. — 0.
F!l.k"_‘\,-’ __.; 15)123 0 Y . 7. ;'[- :
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Twistor space properties of
gravity loop amplitudes

» |nspecting the general n-point case, we can now predict

n—1 n-point e
Foren—sg" ' =0 Vi gk

« Similarly we can deduce that (consistent with the YM picture)

A B ><
bt e
K e m—u ‘ ;x/,-' \3
3 \
/ L
2 F ._--~5{'

Topology : 4 C e

= Points lie on three
Intersecting lines (Bern, Dixon
and Kosower.) -




CSW type expansion for
gravity tree amplitudes

BCFW for gravity (Bedford, Brandhuber,
Spence, Travaglini; Cachazo, Svrtec)

CSW expansion :
Shift (Risager)

e e e Shift factorisation
Ay Amqy T < .H.-_),u.u;_._. ] . |

..\urﬂ."_'-' — | mo T s Ty 1Ly )1 , Z i+ \1\ r._.r’. . _1,.. ‘

.;\'\1—,_.._.5 — '\.”"-';". + Z(mT 1 Tl )10]) , *."_.:. -

for Yang-Mills (Risager)

60



CSW type expansion for
gravity tree amplitudes

» Negative legs shifted in the following way

km.(Z2) = Am, (,\,”!. + zZ(m;_1miyq r;)

« Analytic continuation of the amplitude into the complex plane.

]. {: , 1-[n
. ,%%l[ri(:i To— (—*'}t_ = XIHIUI_{_ZR{“‘*:u_\: ( )

271

o

« |[fM_(z), 1) rational, 2) simple poles at points z, and 3) C__
vanishes ( )

= M_(0) = sum of residues,

o 61




CSW type expansion for
gravity tree amplitudes

» All poles:

MHV - — 2 MHEV . L _ _
M H\'(m.f_,.-w PT)X —=—==XxM — ) y Ty Th o5~

P
P<

»  P2(z)vanishes linearly in z :
P? = pP? + 2 {m;, m;, [ffip mi,) = 0

« Spinor products : not z dependent

(i P) = fP[P:)J iy 2| P|n]
U“ffj W 62




CSW type expansion for
gravity tree amplitudes
 For gravity :

o+ [Pl _ ﬁ-_’f , i al.
. -';'é.:’ 17 Plr
] —= " | + N P )
[ = |1m, - ] a I
MHV amplitudes = MHYV vertices

type expansion for

!IJ:“
- 5—— < Contact term!
1/

Arn] e ;!"m; + 2 (mamg3) = Arﬂ; =










CSW type expansion for
gravity tree amplitudes
 For gravity :

| !I' 1‘1|" JF-,‘I ,_,_,"llr T ‘j' 1 Fa _.‘_"-'r{. I.l'l ¥
It P = - = — e
. Pa n|Fla n|F|m
Mo il = My, M| + 210 P - 154 )
- - L - - . E EQ L
m;, [ | = |mi, 7| +zalnl™| (Mmi, m;,) ,

MHV amplitudes = MHYV vertices
type expansion for

. B - p2-
Amy = Amy + 2 (Mams) 1 = Am, — ——— < Contact term!
7| P|m,)




CSW type expansion for
gravity tree amplitudes
 For gravity :

+ Pl R = [ = [T | Pl N ab.
) I|.,; ) 17 Plr
7 —= " | + n P, mn
[ =h - 1
MHV amplitudes = MHV vertices

type expansion for

A 2 I P27
Amy = Amy + 2(Mam3) 1] = Am, — - - < Contact term!
|qu]_.







CSW type expansion for
gravity tree amplitudes
 For gravity :

. !I' !i ¥1 J||'}‘l ,__\_.-.-llr T ;" ] .r'! h._'-:_r{- f
IJr_._ FJ e : — - : — =
Gt (Pa nlPla n| P
'.'Ir_: ‘I?;.Iﬂ_ - ;'r:r'l.-_. JJ‘..__;] T .'-i -ill.II PIJ"'I‘ . -(I’.H.i'_.._ .
I | r-l - |
fhqg . ‘I — rri " n Il T _ Trks..

MHV amplitudes = MHV vertices
type expansion for

- = = P45
Ay = Ao, + 2 (mam3) 7= Aomy — - p;“ < Contact term!




Conclusion

 Amplitudes in QCD

— Unitarity cuts
— Recursive technigues are examples of this

 Amplitudes via recursion = most efficient option
Via recursion for loop amplitudes :

— Recursion for (some) integral coefficients :
— Sufficient criteria for valid recursions ( )




Conclusion

 Apply to large classes of coefficients

— lllustrated recursion with explicit results for n gluon scattering
(NMHV amplitudes with split helicity)

« Possible to extend : more generic shifts?

f_ Bena, Bern, NEJBB,
Dunbar, Ita, Mastrolia)

— All coefficients for loops in this way?

Still long way to go.




Discussion and summary

* It occurs to be very interesting that amplitudes have

SO as is found. \ |
« Consequence of twistor space? 4/§
due to twistor space? (same structure gravity, S |
Yang-Mills?) v
(simplicity) is very valuable! ﬁ w
Inspired = in perturbative physics. s

perhaps possible?...
structure present/CSW expansion possible.
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Twistor space properties

 For gravity : Guaranteed that

FE Rty n) =0 for P > 2(n — 3)

rn

* Five-point amplitude. (Giombi, Ricci, Rables-Llana and
Trancanelli; Bern, NEJBB and Dunbar)

= 2 v -2 e v
K2M MY o0 K ME e googly _

 Tree amplitudes :

‘ ’ Fo Me= VY — ¢ Checked by using computer
. ,, . f‘rk | tree MEV _ o algebra.
‘ P M —@ From this pattern we postu-
and | late the general behaviour,
]\- o h__.lll.-i'\' ;;:‘ﬁf— e o o 2 e 0 II-.-.r;p'c “"I'!E:L.L: MHYV _ 0
2R3 ; L KA M ) — o h-:;;;i pteee NMHV _ o




Supergravity amplitudes

box-functions

- boxes + triangles + bubbles?

P
— w il N\ .
L] L
> ke







CSW type expansion for
gravity tree amplitudes

BCFW for gravity (Bedford, Brandhuber,
Spence, Travaglini; Cachazo, Svrtec)

CSW expansion :
Shift (Risager)

S Shift factorisation
Mg .‘t,;.] o = " "r"l"_-) J".u.r.:_.__-”_

.\.“_._-_. — | mg T s Ty 1Ly )1} , Z L+ .:\'-\-: r, B _]m | :

.;\\rr;.:g — -‘;\ ms3 +— Z(Thn 1 7L 7] , " | -

for Yang-Mills (Risager)
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CSW type expansion for
gravity tree amplitudes

» Negative legs shifted in the following way

km.(2) = Am, (,\,”!. + zZ(m;_1miyq r;)

« Analytic continuation of the amplitude into the complex plane.

]. {: 1-[n
— (_‘\[”_(':, e (—_f'.\; — KIIL[{II—{—ZRIW-H:_JJ ( )

271

o

« [fM_(z), 1) rational, 2) simple poles at points z, and 3) C__
vanishes ( )

= M_(0) = sum of residues,

M..(0) = Z R“"'—;,,*. ;T.{ Z)




