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Momentum-space topology
&
‘ universality classes of quantum vacua

) Perimeter Institute
G. Volovik November 18, 2005

Helsinki University of Technology & Landau Institute

* p-space topology of Fermi surface & Lifshitz quantum phase transition

* p-space topology of Fermi points &
chiral fermions. Standard Model, emergent gauge fields and gravity. chiral anomaly.
quantum phase transitions at BEC-BCS crossover, CPT wviolation vs Higgs mechanism

* p-space topology of Fermi lines
quantum phase transitions in d-wave superconductors and BEC-BCS crossover

* p-space topology in fully gapped 2+1 systems
skyrmion in p-space. plateau transitions. Chern-Simons term. quantum statistics
of r-space skyrmions. quantization of physical parameters, QHE and spin QHE
* p-space topology in 1+1 systems
edge states. fermion zero modes, quantum 1D Ising
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GUT vs anti-GUT

anti-GUT:
chiral fermions, Lorentz invariance
gauge fields, gravity,
gauge invariance, spin ...
all gradually emerge

1019GeV

Planck scale

105G eV symmetry from topology
GUT scale

_} - ] e
10FGel GUT:
electroweak
scale

symmetry breaking &
topology from symmetry

GUT in Standard Model GUT in superfluid 3He
symmetry breaking phase transitions symmetry breaking phase transitions

SO(10)=e- SU(3Ix SU@XU(D) == SUE3XU(1) SO(3) x SOBXU(L) = U(IXU(l) mam SO(3)
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phvsics at low T is determine
by low-Ilving excitations
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near Fermi surface ZS

universality classes of quantum field theory =
- 2 or near Fermi point
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Topological stability of Fermi surface: route to Landau Fermi-liquid

E = F_ w = Ve (p-pr) Green's function
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£—0 =
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Fermi surface is robust r@
KSQ{ Ad-2n
= . — | Fermu surface:
then it must survive in F@ . :
e -oniionimang a vortex line in p-space

= phase of Green's function
is this the reamm | ‘D
why Landau theory of Fermi liquid works? G(_ULP):fG‘ €
has winding number N=1
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Topological stability of Fermi surface: route to Landau Fermi-liquid
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Topological stability of Fermi surface: route to Landau Fermi-liquid
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quantized vortex vs Fermi surface

Topology in r-space Topology in p-space
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quantized vortex vs Fermu surface
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Lifshitz transition: vortex loop shrinks

T (temperature) 2m

~~ no change of symmeiry _
R along the path
different asympiotes for C(T)
o £ ' hen T approaches O
(T et | i

» Ll - chemical potential

Y —

quanium phase

transition at u=0 i
vacuum with Fermu surface \J AD=27

fully gapped state Coon o )
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quantum phase transitions induced by p-space topology

transitions between ground states of the same symmetry,
but different topology in momentum space

i ] (temperature)
» no symmeiry change

no change of symmetry along the.path
ﬁ along the path

different asympiotes =5 2
when T approaches O P4
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L e ! » (] - parameter of system
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A de

alternative: end point of line of

quantum phase transition at §=¢¢ 1-st order fransition

Lifshiiz transition, plateau transition, ...
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Lifshitz transition as reconnection of vortex lines in p-space
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u< 0 - - w > 0
‘ w=_0
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Lifshitz transition as reconnection of vortex lines in p-space
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Lifshitz transition as reconnection of vortex lines in p-space
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Topological stability of Fermi surface: route to Landau Fermi-liquid
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right-handed electron vs magnetic hedgehog

Topology 1n r-space Topology 1n p-space

hedgehog in r-space

right-handed and left-handed =~ c0gehog in p-space
massless quarks and leptons
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1\,.[(1,):‘3{[ r are elementary ?artlcles o(p)=p
in Standard Model

right-handed electron =
hedgehog in k-space with spines = spins

H=+co-p
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Topological stability of Fermi point (from Hamiltonian. “He-A)

"l?r; —|m e fp.‘*') g3(p) g(p) +1 Z-(p)
2l 2 - | =T-2(p)
c@.—1p,) g1(p) -1 P —-Z(p) N
- ermi point
i g P\r% :—l
N3 81 Ijkfds g @, g x 0, g) 2
4 ________....-—-'"""

over 2D surface S
in 3D momentum spacé

\_Js, V3=1

= FEIT{].I point

Topological stability of Fermi point (general case: from Green's function G(p. w))

N=—-e trfds'Ga'G'Ga'G'Gd G

v ¥ ' .\_‘.’ 2
24xn e over 3D surface S in 4D momentum space

top. iInvariant
_1 J'_'\TS = ]_ Fight-hﬂﬂdE{] determines
in low-energy corner: ( =7m + *'\T_’, cO-p particles ' chirality
Ny =-1 left-handed in low-energy
1 i particles corner
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Topological stability of Fermi point (from Hamiltonian. “He-A)
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Topological stability of Fermi point (from Hamiltonian. “He-A)
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Topological stability of Fermi point (from Hamiltonian. “He-A)
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Topological stability of Fermi point (from Hamiltonian. “He-A)
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Topological stability of Fermi point (from Hamiltonian. “He-A)
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Topological stability of Fermi point (from Hamiltonian. “He-A)

£ _u @ +ip) 23 g (P) +i &(P)
B ) = | =T -g(p)
(_p Ip". — $ + u gl(p) —1 g:(p) _::‘5([))
Zm : Fermi point
~ = - 1\73 :—]_

in 3D momentum spaceé

Topological stability of Fermi point (general case: from Green's function G(p. w))

Ni=—1se trfds’Gca"G'Ga'c'Gca" G

= . Vi H
24n ) over 3D surface S in 4D momentum space

top. invariant
1 JI_'\TS — ]_ right-handed determines
in low-energy corner: ( =7m + JN}} CO-p particles ' chirality
1\'73 ——1 left-handed in low-energy
11 } particles corner

Pirsa: 05110011 Page 52/84



Topological stability of Fermi point (from Hamiltonian. “He-A)
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Topological stability of Fermi point (from Hamiltonian. “He-A)
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Topological stability of Fermi point (from Hamiltonian. “He-A)
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Topological stability of Fermi point (from Hamiltonian. “He-A)
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Topological stability of hedgehog leads to:
effective relativistic quantum fields and gravity

H=+co-p s oW(p,-eA, - et W )p,-eA, -et -W,)=0
general deformation © @ I - .ll) By €<y v)
effective spin
effective metric effective effective
emergent gravity SU(2) gauge 1sotopic spin
v field ¥
effective effective
electromagnetic electric charge
field ¢ =+1or -1

chiral fermions, gauge fields & gravity
emerge in low-energy corner
together with spin & physical laws:
Lorentz & gauge invariance

is gmm
hedgehog in P-space on't ask! use this as analog system,

—v wﬂv. for \ problem

! A
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Topological stability of Fermi point (from Hamiltonian. “He-A)
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Topological stability of Fermi point (from Hamiltonian. “He-A)
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Topological stability of hedgehog leads to:
effective relativistic quantum fields and gravity
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Topological stability of hedgehog leads to:
effective relativistic quantum fields and gravity
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Topological stability of hedgehog leads to:
effective relativistic quantum fields and gravity
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BEC-BCS quantum phase transition between p-wave states
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Many-body Schridinger quantum mechanics for N atoms  Universality Classes of vacua

from Theory of Everything
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Many-body Schriodinger quantum mechanies for N atoms
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BEC-BCS quantum phase transition between p-wave states
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Chiral fermions in Standard Model
Family #1 of quarks and leptons
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Chiral fermions in Standard Model
Family #1 of quarks and leptons
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Two topological scenaria in Standard Model
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Conclusion

Momentum-space topology determines:

umversality classes of quantum vacua

effective field theornies in these quantum vacua

quantum phase transitions (Lifshitz, plateau, etc.)

quantization of Hall and spin-Hall conductivity

topological Chern-Simons & Wess-Zumino terms

quantum statistics of topological objects

spectrum of edge states & fermion zero modes on walls & quantum vortices

chiral anomaly & vortex dynamics
ete.
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Intrinsic spin-current quantum Hall effect & momentum-space invariant
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