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Notations
M,, = the algebra of all n x n complex matrices
M. I = the real space of all n x n hermitian matrices

M, ™ = the cone of all n x n positive semidetinite
matrices.
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Notations
M, = the algebra ot all n x n complex matrices
M. I = the real space of all n x n hermitian matrices

_~ = the cone of all n X n positive semidefinite

matrices.

Def: A lmearmap © : M_— M,  1s apositive

linear map when OM < M 7.
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Notations
M, = the algebra ot all n x n complex matrices
M. I = the real space of all n x n hermitian matrices

M, ™ = the cone of all n x n positive semidetinite
matrices.

Def: A lmearmap @ : M_— M,  1s apositive

linear map when OM HYc M T
11 —
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Notations
M, = the algebra of all n x n complex matrices
M. I = the real space of all n x n hermitian matrices

= = the cone of all n X n positive semidefinite

matrices.

Def: A lmearmap © : M_— M,  1s apositive
linear map when OM Hc M 7.

D 1s completely positive when ® 1s of the form
OA)=X VF*AV. foral Am M, .
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Structural problem

 In manyv natural setup. the positive linear
maps are considered as the natural
morphisms.
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Structural problem

* In manyv natural setup. the positive linear
maps are considered as the natural
morphisms.

e The main question: Are there any tractable
structure theory for positive linear maps”?
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Structural problem

In many natural setup. the positive linear
maps are considered as the natural
morphisms.

The mamn question: Are there any tractable
structure theory for positive linear maps”?
Must each positive linear map (restricted to
real symmetric matrices) be realized as a
completely positive linear map”’




The simplest counter-example of a
positive linear map that does not have
completely positive effect

The promised counter-example is a linear map

¥ “3 » Mé such that

( \

. =
" % %l 't Tl [t OO
1% O Ol * [0y Oy Ol *|0 oy O

3 8,
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A classical problem

* Consider R[X;. X-. ...X, ] = {all real coetticient
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polynomials 1n n real variables].
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A classical problem

* Consider R[X;. X-. ...X, ] = {all real coetficient
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A classical problem

* Consider R[X;. X-. ...X, ] = {all real coetticient
polynomials 1n n real variables}.
> >
e Conversely. if f > 0 . does 1t follow that f 1s a sum of
squares of polynomials?

° f: Eg
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A classical problem

_0onsic X,, X», ... X_| = {all real coeffici
Consider R[X;. X-. ...X | = {all real coetticient
polynomials 1n n real variables}.

Z = =0
Conversely. 1if £ = 0 . does 1t follow that f 1s a sum of

squares of polynomials?

f= 2g

Upon homogenization. it 1s sufficient to consider this
problem 1 forms (homogeneous polvnomuals). In the
context of forms. Hilbert (1888) has solved the
problem completely.
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Hilbert proved that each positive degree-4
form 1n 3 variables 1s sum of 3 squares.
(Hilbert's proof 1s incomprehensible by
modern math standard.)
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Hilbert proved that each positive degree-4
form 1n 3 variables 1s sum of 3 squares.
(Hilbert's proof 1s incomprehensible by
modern math standard.)

Excrcise: Wrnte X*+Y* + X2W2 +Y*W-
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Hilbert proved that each positive degree-4
form 1n 3 variables 1s sum of 3 squares.
(Hilbert's proof 1s incomprehensible by
modern math standard.)

Exercise: Write X* +Y* + X?W?Z + YW~

as sum of 3 squares.
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Hilbert proved that each positive degree-4
form 1n 3 variables 1s sum of 3 squares.
(Hilbert's proof 1s incomprehensible by
modern math standard.)

Excrcisc: Waite X* +Y* + X2W2 + YW~
as sum of 3 squares.
Wonie X*tY "+ Xt 'Y

as sum of 3 squares.
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« Hilbert proved that in other cases. 1t 1s
possible. in principle. to construct a positive
form that 1s not sum of squares of other forms.
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« Hilbert proved that in other cases. 1t 1s
possible. m principle. to construct a positive
form that 1s not sum of squares of other forms.

« But. Hilbert's method 1s very complicated.
with no hope of practical construction.
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possible. m principle. to construct a positive
form that 1s not sum of squares of other forms.

But. Hilbert's method 1s very complicated.
with no hope of practical construction.

In 1967. Motzkin gave a concrete example of
degree-6 form of 3 variables.
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Hilbert proved that in other cases. 1t 1s
possible. m principle. to construct a positive
form that 1s not sum of squares of other forms.

But. Hilbert's method 1s very complicated.
with no hope of practical construction.

In 1967. Motzkin gave a concrete example of
degree-6 form of 3 variables.

In 1973. R.M. Robinson gave a concrete
example of degree-4 form of 4 variables.
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Bi-quadratic forms

» A biquadratic form n two set of varniables x =
(X} X,. ..) V=(¥}. V5. ..) 1s @ quadratic
expression
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Bi-quadratic forms
» A biquadratic form n two set of vanables x =
(X{- X,. ..) V={(¥;. V5. ..) IS a quadratic
expression
s Bx.y)= X bpq XXV V

I Fply
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Bi-quadratic forms

» A biquadratic form n two set of vanables x =
(X} X,. ..) ¥V =(¥}. V5. ..) 1s @ quadratic
expression

« Bx.y)= X bl”1 XXV ¥

i3 p q
* The class of such forms arise naturally m

several different connections.
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Bi-quadratic forms

» A biquadratic form n two set of vanables x =
(X} X,. ..) ¥V =(¥}. V5. ..) 1s @ quadratic
expression

e B(x.y)= X bpq XX.V.V

i3 p q
* The class of such forms arise naturally m

several different connections.
* In particular. each linear map ®:M_—> M
determines a biquadratic form v*O(xx*)y .

L
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Bi-quadratic forms

A bigquadratic form m two set of variables x =
(X} X,. ..) ¥ =(¥}. V5. ..) 1s @ quadratic
expression

B(x.v)= X bpq XNY V

i3 p- q
The class of such forms arise naturally in

several different connections.

In particular. each linear map ®:M_ —> M
determines a biquadratic form v*O(xx*)y .
Thus positive linear maps induce positive
biquaratic forms while completely positive
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« 1968. Koga stated a certain result in circuit theory.
implying each positive biquadratic form must be a
sum of squares.
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« 1968. Koga stated a certain result in circuit theory,
implying each positive biquadratic form must be a
sum of squares.

 This was false as I worked out the case of a
positive biquadratic form  *
B(X. ¥) = (X7V, %7V, 7X57Y37)
-2(X X5V V2 TXON3YoV3 + XaX 3y )
H YY)
associated with the special positive linear maps.
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In B(x, ¥) = B(x;, X5, X35 ¥7- ¥2> ¥3)-
citmg = - X x~— W x — 7
ZW=1 =4, ¥
we get
QX Y. Z W))=W4 1+ XY Y77 177°X"
—AXY/LW

which 1s a positive degree 4 form but not sum of

squares.
(Proof) Q 1s positive because

arithmetic mean > Q€OH?€T}’ IC medan.
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QX Y. Z W)=W4 + X?Y? +Y?Z? +Z°X?
—4XYZW




»
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Q(X‘ Y" Z“ W) = W“I' = 5 XzYz —|—Y222 _|_Z}X2
~ AXYZW

If Q=X g,- where each g, 1s a quadratic form.
then , each q, cannot have the terms X-, Y-. Z-.




Q(X‘ Y" Z“ W) o W“I' okt X2Y2 —|—Y222 _|_ZZX2
~ AXYZW

« If Q=2X g- where each q, 1s a quadratic form.
then , each q, cannot have the terms X-, Y-. Z-.

* Hence . each g, cannot have the terms XW.YW.
ZW. N
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Q(X‘ Y" Z" W) = W“I' s X2Y2 —|—Y222 _|_ZQX2
~ AXYZW

« If Q=2X g where each q, 1s a quadratic form.
then , each q, cannot have the terms X-, Y-. Z-.

* Hence . each g, cannot have the terms XW.YW.
/ZW.

* Thus each g, 1s a linear (.,ombmgtlon aof XY Y7
/ZX.and W-.
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Q(X‘ Y" Z“ W) o W“I' 5 X2Y2 —|—Y2Z2 +Z2X2
~ AXYZW

If Q=X g,- where each g, 1s a quadratic form.
then , each q, cannot have the terms X-, Y-. Z-.

Hence . each g, cannot have the terms XW.YW.
ZW.

Thus each g, 1s a linear combination of XY. YZ.
/ZX.and W-.

Then there 1s no way to get the term XYZW i Q

G, iy,
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QX Y.Z W)=W4 + X?Y? +Y?Z? +Z°X?
—4XYZW

If Q=X g,- where each g, 1s a quadratic form.
then , each q, cannot have the terms X-, Y-. Z-.
Hence . each q, cannot have the terms XW.YW.
ZW.

Thus each g, 1s a linear combination of XY. YZ.
/ZX.and W-.

Then there 1s no way to get the term XYZW i Q
=Xq”

Therefore Q 1s not sum of squares.
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Another surprise

In B(x, y) = B(x;, X,, X3; ¥1. ¥, ¥3)
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Another surprise

In B(x, y) = B(x;, X, X3; V1, ¥, ¥3)
letimg x, =be, x,—ca, x; =ab,
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Another surprise

In B(x. ¥) = B(x}, X, X301 v} V2. V3).

lettine x, =bc¢. x,=ca. x, =ab.
[ T l s D
L= s = =
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Another surprise

In B(x. ¥) = B(x}, X5, X30 v}, V2. V3).
lettmg x;, =be, x,—ca, x; =ab,

e = Y by
we get

S(a. b. ¢) = a'b? +b'e2 +ctb? —3a2b2c?
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Another surprise

In B(x. ¥) = B(x}, X5, %30 v} Va. V3).

letting x, = bc, x,= ca, x; = ab,
Y178 ¥>=b, ¥,

we get

S(a. b. ¢) = a'b- +b'c- +¢*b? —3a-b-c¢-

which is a positive degree 6 form in 3 variables but not

sum of squares.
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1

Page 48/68




Another surprise

In B(x, y) —B(x;, X, X3; ¥, ¥, ¥

Ikihmr x~—be x—ca x,—ab
[ T l E 3
L= s =

we get
S(a. b. ¢) = a*b? +b*c? +¢*b? —3ab e

which 1s a positive degree 6 form 1n 3 variables but not

sum of squares.
A
(Proof) S 1s positive because
arithmetic mean > geometric mean.
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Sa b c)—a'%h tb'c i 3a'h’c’

« If S=2X q* where each q. 1s a cubic
form, then , each q; cannot have the
terms a’, b’, ¢’. Hence , each q. cannot
have the terms ab?. bc¢?, ca.
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Sa. b o)—a'h tb'c” ic'h” 3a'h’c

« If S=2X q* where each g 1s a cubic
form, then , each q; cannot have the
terms a’, b’, ¢’. Hence , each q. cannot
have the terms ab?. bc¢?, ca.

e Thus each q. 1s a linear combination of
a’b, b’c c2a and abc. So the term a2b%c?

n%q - 1s nonnegative, but S has the term
“3alblc2
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S b c)—a'h tb'c” i 3a'h e’

« If S=2X q.* where each q. 1s a cubic
form, then , each q; cannot have the
terms a’, b’, ¢’. Hence , each q. cannot
have the terms ab>. bc¢?, ca.

e Thus each q. 1s a linear combination of
a’b, b C.Ca and abc. So the term aZbc?
In q - 1s nonnegative, but S has the term
_3a%b2c2
e Therefore S 1s not sum of squares.
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Let L(Mn’"m) = {all linear naps: Mn . Hm]. There is & natural linear
{sonorphism between L(Hn , Mm) and Mn ; Hm : Hnm' assigning each Linear

i
mp §: Mn+Mm to a big matrix [¢(Ejk)]j’k=leﬂn(ﬂm). Noreover, “p i3
identifiable with {linear functionals on “p} since each Aeﬂp {nduces
linear functional p | by A(X) = trace(Al), Henceforth, we get a chart

showing natural correspondences among different classes,
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hermitian-
preserving
linear maps

positive
linear maps

completely
positive
Anear maps

: +
(H; e ME)
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linear functionals
on M e M
”n m

L

linear functionals
assuming real values

h
on (Mh 2] &%)

)

linear functionals
assuming positive
values on

M e M
n im

)

linear functionals
assuming positive
values on

+
(Mh 9—&%}
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