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Abstract: Noncommutative geometry is a more general formulation of geometry that does not require coordinates to commute. As such it unifies
guantum theory and geometry and should appear in any effective theory of quantum gravity. In this general talk we present quantum groups as a
microcosm of this unification in the same way that Lie groups are a microcosm of usual geometry, and give aflavour of some of the deeper insights
they provide. One of them is the ability to interchange the roles of quantum theory and gravity by "arrow reversal'. Another is that noncommutative
spaces typically carry a canonical 1-parameter evolution or intrinsic time created from the fundamental conflict between noncommuting coordinates
and differential calculus. In physical terms one could say that quantising space typically has an anomaly for the spatial translation group and this
forces the system to evolve. We give an example where we derive Schroedinger's equation in this way.
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Noncommutative geometry and the origin of time

|. Hopf algebra axioms (invariant under arrow reversal)

HoHM™H HéEH.g:;H
A(ab) = A(a)A(b)
e(ab) = ( )E(b)
m(S®id)A = m(id® S)A

= (dual Hopf algebra) H «— H~
‘prove one get one free property’
S(ab) = S(b)S(a) AS = flip(S ® S)A
for every phenomenon a cophenomenon’
ICtiGT*  observable coaction state "
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Category Hopf as microcosm of quantum-gravity
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Jmmary of Hopf paradigm
Ig of obs is Hopf = ¢@(x) = x(¢®) obs-state duality

QM-+toy gravity

1ding one of self-dual type =(bcn:h modified in the process)

category ofl

[he next self-dual MNon, = {F | LR V} monoidal

- ? 4
paradigm/ functors

(F,C,V)°=F°:C°—=YV  “dual’(SM 1989)

g. (Fredenhagen) cov QFT is a monoidal functor
F:{Globally hyp manifolds} — {C*-algebras}

QUANTUM-GRAV=finding self-dual object in Mon?? ......
(madifv hbath cidec af cav OFT)




. Noncommutative geometry of an algebra A
juantum groups approach: these should be differentiable’)

Jifferential Structure

L a((db)c)=(a(db))c (A-A bimodule)
i- 4 -9 d(ab)=(da)b+a(db) (Leibniz rule)
adb} = 0! kerd = C.1 (connectedness

lopf case - ask it to be translation invariant
e 1) —pil™ d? =0 ... Hodge * ... metric ... bundles ...

heorem: for noncom deformation QI(A)\)
36 € Q'such that [0, a] = \da

ut need not have any classical analogue
dzr; — dz; - .8
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. Noncommutative geometry of an algebra A
juantum groups approach: these should be differentiable’)

Jifferential Structure

L a((db)c)=(a(db))c (A-A bimodule)
1 4 9 d(ab)=(da)b+a(db) (Leibniz rule)
a-db} = O! kerd = C.1 (connectedness)

lopf case - ask it to be translation invariant
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artial derivatives on A def.by 3, — (0'a)dzx; + (0°a)b

BE— Inn 30/)\ is induced class. hamiltonian
A—()

Summary

Axioms of an a translation inv. diffl calculus on most known
quantum groups => an extra cotangent time’ direction

(" classical translation invariance of differentiation is
anomalous on quantisation’)

)iemiclassical analysis: a

[a,db] = AV, (db) + O(\?) he

"Poisson preconnection’
bl <> H-

Can prove non-existence of flat transl-invariant {/
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Example (§pin space model)‘ 2+ QG (Schroers,Batista-SM, Freidel)

coadjoint

Rg — U(SU’Q) : [;r'i* IJ] — :2'2A€ijk1’.k quantization

®; Ma;11(C), Majp, =R3/ 2% = 4X2j(j + 1)

1€

A;}ji =Z; 1+ 1R x;

lassify calculi by repns of su(2) - we use pauli =

QY R3) = R;.M5(C), dz; = Mo, 0 x id

(d:l?i).]?j s .Jﬁjd.lﬁi — ligijkd.}?k -+ z.,u()',;jf?.
xr,0 — 0xr; = 1—dx;
7
i # 0 is induced free param for normin of @

i
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C[SUs] > Ry #(1) = [ dufu [ @p I/ @e

curved mom coord alg S SU>

p' parametrize waves, are local coordinates on mom space

ff-ops become multiplic. i.e. acting on plane waves:
0" = 1—— sin(A|; 0 cos/\) —1

= =(dX).X =XdX —wh, 60X =X60-—w'dX = dX"

T P=F (\/1 T 1) = zg_v% O

Induced evol is Schroedingers eqgnas A — (
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..... A2 X x
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T,
> df(t) = @ Nt o)=L

2 A2
M
(a(z)f(t)) = (0"adz;)f + (8"adt)f + ad' fdt
= (8*a)f(t — r/:)d.r, + ((f)“n)f(f = ;’%) + na’f) dt

= 9'(af)dz; + 3°(af)dt.

n this extended space-time the NCSE becomes

aOL‘(I'. t) f— 0 S T—i (L‘(_.r*.f_} — Yzt — .'/\——'}) = Mu(z.t — r£)

4 H i
2
= dat+i=) = (VI+2V2) y(,
I
Vhich is solved by
vy - _ _ip-xz+ap’t D e e ) | T
spa.t) =Pt e — cos(A), ol < 5

dispersion rein Planckian cutoff
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(a(z)f(t)) = (0"adz;)f + (8"adt)f + ad' fdt 4
= (0a)f(t — r‘—:)(l.r,, - ((t’)“n)f(f - :/::) - nf)ff) dt

= J'(af)dz; + 3°(af)dt.

n this extended space-time the NCSE becomes

aOL'(I t) — 0 — ::[—i (L'(_.r.f_} — f.'{.r.f—r/\—-]) :E’)”t.‘(.r.f—r/i)

L .

2

| A |
=St Pz, t+3—) = (\/ - A)Vr)) (x, t)
v
Vhich is solved by
ba(a,t) = ePErEt A = cos(A),  Ip

00000000000000

b

-

2\,

dispersion reln Planckian cutoff







()p 2 cf bicross-
o5 = Sl G

= wave speed

How to detect? Exist minimal uncertainty states s.t.

(7,0, V|Z|], @, 1) = r(sin @ cos 1, sin ¢ sin ¥, cos @)

= I e
i, 0, ) = 2“'}\/(_!;])(14’('050)- 7 (1 — cos@)2e*¥|j,j — k)
k=0 |
—
P = : ) 2
<J~ 6, ¢35, ¢, ¢9)|" = (;(1 + cos(angle(o, V[, v")))>

cf Penrose spin network) In such states we see fuzzy waves:

—

| p-(x)
L ¢, ) = cos Alp] + 1 ‘5111)\|ﬁ|
Alp]
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ol = Altan

= wave speed

How to detect? Exist minimal uncertainty states s.t.
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: . - 2} 27—k k k
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> af(t) = (@ fENat 0'f(t) = ——
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()p z cf bicross-
‘ e _t taﬂ(Alm” product model’)

= wave speed
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4 Outlook
IC space-time models

@ solve hydrogen atom, electromag.(exist polar coords)
O Uq(S’u:z) = CA[B+] curved version - cosmol const
@ C,|SU,| time generation =  q-Friedman model
@ fermions, field theory incl. bicrossprod (kappa) model

NCG in general
Q' (C(Set)) — Graphsdf = (f(y) — f(x))d.dd,

QG= ). /dAdE -S(A,E) T—Y

Graphs

| qua. random walks, qua. information, qua. measurement
' extend obs-state duality, Einstein’s egn as self-duality
. general cogravity - mom. dependent £ ?
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T (G ﬂ[) matched pair egns toy einstein eq’

T G=—M-—R = hbzxl—al—c )

¥ | S . Ty S e 3 o s e =T T e

Page 62/76




. Noncommutative geometry of an algebra A
juantum groups approach: these should be differentiable’)

Jifferential Structure

L a((db)c)=(a(db))c (A-A bimodule)
-4 O d(ab)=(da)b+a(db) (Leibniz rule)
a-db} = 0! kesd—¢C. 1 (connectedness

lopf case - ask it to be translation invariant
= I — e, d? =0 .. Hodge * ... metric ... bundles ...

heorem: for noncom deformation Ql(A)\)
36 € Q'such that [0, a] = \da

ut need not have any classical analogue
dz;, — dz; -




(C[SUQ] S Ri Fif) = /;luf(ft)u = /q.jl:;‘u J(P) f(p)e™ ™

curved mom coord alg S SU>

p' parametrize waves, are local coordinates on mom space

ff-ops become multiplic. i.e. acting on plane waves:

& =12 _sn(Alg]) 8° = j\’j(cos()\|p|)—1)

Alp]
=prr =(dX).X =XdX —wh, 60X =X60—w'dX = dXx"

> LI

ol
_

Induced evol is Schroedingers egnas A — (

Now lets adjoint, [t,z;] =0 dt =246

:f”ﬁ%]_J\'dh,p a]-,"j o = f(t-ﬁ\—') , = o T(t)

(‘/1 - 1) = zg—v%} +O0(\?)




{74y {{ .3
> df(t) = (@ f@ydt; otfey = LD T )

22
) A
I
(a(z)f(t)) = (0"adz;)f + (8"adt)f + ad' fdt
= (0%a)f(t — ;;—;)d.r,- + ((t’)“n)f(f — 3/:) + nf)ff) dt

= 9'(af)dz; + d°(af)dt.

n this extended space-time the NCSE becomes

aol’vi(l: t) — 0 < ”—i (t‘(.r.f} — L'(.P.f—r/\—-)) :H”t.‘(.f‘.f—r./i)

H K

v

| A~ ‘ |
e 'L‘L‘(.‘If.t G : E—) — (\/]. = /\EVE) 'L'L,*(;I,?. f)
i
Vhich is solved by

Bt aFete®s X" __cu i
pt)—e €W =cosQA). Ipl < 55

dispersion rein Planckian cutoff







Appendix

icrossproduct models |, ;| = 1\, [z, .’L‘j] — !
d case (SM 1987) has poinc. C[B4|paU (su2)

r 2% ko Fl—e i - k3 S, T i
(M;,.p;i| = 5 €ij 3 — AP~ | +1X€&; PPk ) =1,2 (t — ,13)

ll[{ — JL‘ 5 (:_Ap"i + z\J[;; X Pi + 1R JI!‘ AP: s o2¢ E—/\p;; 5 1 X Pi

‘)

A2

)

Vave op (cosh(\p3) — 1) + 72¢**  on e-z-ﬁ-f P33

+| case (Ruegg-SM 1994) has poinc. U(so, 3)>4C|[B.]

f i l ,..,- l i f‘.}_EAP” 4_2 . f el P
I, N.| = —50_; X + Ap” | + 1 Ap'p; ij=1,23

\N; =N;®1+e* @N, + Aeijkp’ @ My Ap' =p'®@1+ ™ g p'

irsa: 05090005 .') Page 67/76
Ll — —
—i) A‘I} »

P4 -- _ )
Vave an — — (cosh(\p®) — 1) + p%e . adniS Sl




AP A, N
;f>€i-h N
.x./ rF v \ .'*\:\
S S - b
A S S AN
l ".-_. ':',,..-"'j i ' ,.h'\::_\
a7 “ \\ .
A % Y, *
0
. i e
2 e R -2

T - 0 1 2 -2 e 0 , "

Euclidean (def spheres) Mink. (def hyperboloids)

| 0,
m=0: |pl=-1-e"* )< 1/x

A -
|
dp 0
f —‘]_’ | — EAP

Pirsa: 05090005 Cf‘ non re | E Sp | nm dadGé({



Appendix

icrossproduct models |, ;| = 1Az, [z, :L'j] =
d case (SM 1987) has poinc. C[B4|p<iU(su2)

| 1 : : > -2Ap3 - 2 - o e
(M, p;il = = €ij X — AP~ | +1X€; PPk ,] = 1,2 (t — ]

AM; = M;@e 3 + AM;9p; +1QM; Api=pi& e P 1 1R Pi

2 — —3
Vave op é(t:u:ﬁh{f\p:;) — 1)+ p%**  on e'i'p-.’lreapg r3

+| case (Ruegg-SM 1994) has poinc. _L-r(-‘it:)l.:i)NC[B+]

i N 2 b S e 2 : e
", N;| = —;ja_; - + Ap” | + 1 Ap'p; ij=1,23

\N; =N;®1+e* @N, + Xeipp! @My Ap' =p'®1+e ™ @p'

irsa: 05090005 .') Page 69/76
L — —
—i) A‘J” .

2 : )
Vave Aan — — (cosh( \p°®) — 1) + p~e . SRt sl




4 Outlook
IC space-time models

@ solve hydrogen atom, electromag.(exist polar coords)
O Uq(S’uz) — C)\[B+] curved version - cosmol const
® C,|SU,| time generation =  q-Friedman model
@ fermions, field theory incl. bicrossprod (kappa) model

NCG in general
Q' (C(Set)) — Graphsdf = (f(y) — f(x))d.dd,

QG= ). / dAdE &SA.BE) ==Y

Graphs

' qua. random walks, qua. information, qua. measurement
' extend obs-state duality, Einstein’s egn as self-duality
. general cogravity - mom. dependent £ ?




Appendix

input-output symmetry (braided Hopf algebras)

B B

Pirsa: 05090005




Appendix

icrossproduct models |, ;| = 1 \x;, [z, LJ] =
d case (SM 1987) has poinc. C[B4|p<iU(suz)

- l ‘ }, — _2;\;};; —i} = - ‘
(M;,p;]| = ;F,_}‘i ( X - /\p‘) - .*/\F,‘l‘"";}jpk 5, 1=12 (t — .1'3)

ljl[l' = J[t' S f:_)\pj + /\JI;; X P; + 1& ;\L' AP; — Di X ﬁ—/\p;; + 1 Pi

) : — —3
— (cosh(Ap3) — 1) + p%e** on P’lp'iﬂﬁlpx I3

Vaveop ; -

+| case (Ruegg-SM 1994) has poinc. _L'r(-‘5{)1.:§)D*LC[B+]

Y, 2 {1—e 2P », : e
I, N;| = _*_jd-f X + Ap” | + 1 Ap'p; ij=1,2,3

\N; =N;®1+e* @N, + Aeipp! OMy  Ap' =p'®1+e " @p

irsa: 05090005 .') Page 72/76
—f =

. ] —i) . ”
Vave Aan — — (cosh(\p®) — 1) + 52 aAn - e-E 3P 1







Appendix

icrossproduct models |, ;| = 1\x;, [z, LJ] =0
d case (:SIVI 1987) has poinc. C[B4|p<iU(suz)

2 1 — e 2APs =) k3 cos o :
(M;,p;| = = ,3 X — AP~ | +1A€; PPk 1,7 =1,2 (t — .13)

3‘115 = .‘[t' 5 E:_Ap"i T z\J[;; X P; T+ 1 & JL‘ Apz e & E_APH + 1 X Pi
)

2

—i \Pfi

Vave op —(cosh(Ap3) — 1) + p7e on elﬁ'felpfaifz

+| case (Ruegg-SM 1994) has poinc. _L-"'(Sf_)-l_;i)NC[BJF]

N, I - : i
[, N;| = —*—_)-r)_f- X + Ap” | + 1 Ap'p; ij=1,23

\N; =N;®1+e* @N, + Aeijkp’ @ My Ap' =p' @1+ Tk P’

Pirsa: 05090005 i ) Page 74/76
—f =

Vave Aan e Aota 7 0 CRERET TR D o e ~IP-Z nép“t




Appendix

a € A copositive observable means
(0" R@)Aa >0, Vopee A" €(la)=1, a* = Sa
Eg. A =C|x| ahasposftrans, a(0)=1, a(z)=a(-x)
{elp ‘r’} are the pure copositives
dual of a random walk is "creation process’

0),a1|0),asa1|0), azaza|0)...

.oentropy = entropy as a state on A7increases

)Juantum random walk hasstep A - AQA — A
a— (¢®id)Aa = (¢ R1d)W (1@ a)W™ =, a

0000000000000




Appendix

input-output symmetry (braided Hopf algebras)
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