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AdS/CFT (and it's dictionary)

Quantum hall droplets in AdS/CFT

Dual supergravity description
Bevond halt BPS

All loop string energies
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The AdS/CFT correspondence

Conjectured exact quantum duality between:

N=4 SYM on a sphere = Type IIB Superstring on

}1(155 X S-]
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We have a lot of reasons the correspondence

ShDUld work.
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We have a lot of reasons the correspondence

S hDLlld \VDI‘l{.

The big question 1s: how does 1t work?
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We have a lot of reasons the correspondence

ShDUld \VDI"k.

The big question 1s: how does 1t work?

Dvlore precisely: Wllt—.‘ru {10&:5 gemnerr_\,' come fl‘nm ':’
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GENERALITIES

Map states to states

\-‘-?)s}';u = -‘1*}_4{-15*

Map operators to operators
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GENERALITIES

Map states to states

‘-‘-*).5'}'_-11 = |-5'>Ad.‘5'

Map operators to operators
For example:

SLIPBI*CO Il i'l(] I*I_ﬂill algehra
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GENERALITIES

Map states to states

‘S> SYM = |S>‘—1d5

Map operators to operators
For example:

SLIPE‘I'COH f()ITﬂLll Lllgl:‘l)l“il

Want to identif}' superconformal multiplets
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In the gravity side the SYM time corresponds to global time
coordinates

3

P - ! ) > :
ds® = —cosh” ;m’f“ + sinh” f!ff!]"; 3 ";f‘l
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[n the gravity side the SYM time corresponds to global time
coordinates

- a9 3 y b | !
ds® = — cosh” pdt® + sinh” pdQ3 + dp

Notice gravitation al pote ntial:

Discrete spectrum
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[n the gravity side the SYM time corresponds to global time
coordinates

3

ds® = — cosh? f””! + sinh’ ,””!”%; B2 'fr”j
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In the gravity side the SYM time corresponds to global time
coordinates

p | y . ? 2 ;
ds* = — cosh” pdt® + sinh” pd€23 + f'{"’l

Supergravity spectrum 1s known.
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[n the gravity side the SYM time corresponds to global time
coordinates

ds®> = — cosh? pdt? + sinh? pd )2 + dp?

Supergravity spectrum 1s known.

The supergravity multiplet 1s BPS (protected by SUSY):

This means we can compare with free held theory.
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In the gravity side the SYM time corresponds to global time
coordinates

b ) 9 . 2 2 :
ds® = — cosh® pdt® + sinh® pd €23 + dp

Supergravity spectrum 1s known.

The supergravity multiplet 1s BPS (protected by SUSY):

This means we can compare with free held theory.
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Choose highest weight state of given representation
Highest weight half BPS states are build out of

only one of the scalar modes

f one complex held of the N=4 SYM theory. Let us call it
Z

Use complex basis tor oscillators, so that that

l § "
a,~4Z az~dz
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Choose highest weight state of given representation
Highest weight haltf BPS states are build out of

Gnly one of the scalar modes

f one complex held of the N=4 SYM theory. Let us call it
Z

Use complex basis ftor oscillators, so that that

i :
a,~ 4 az~ 0z

All :-;ing_‘lc p;u‘tic[u (graviton) states

£ _n,)
are descendants of tT(Z

Witten, Gubser, Klebanov, Polvakon

Pirsa: 05090003 Page 17/87




Are there other interesting protected states?

There are stable D-branes (non-perturbative states)

with the same quantum numbers.
These are called giant gravitons (vcGreevy,Susskind, Toumbas)

A D3 brane u'rapping al sphere
inside the five :-;phr:r::
and with angular momentum

S on the hve-sphere.

These were conjectured to resolve the technical

issue that traces are not ;11gr:hr;1iral[}' imfepemlent
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There 1s another giant graviton

This 1s also BPS and wraps a
th["Et" sphere inﬁide AL{S.
also with angular

\ momentum alung t]’lE‘ 5- Spl’lE‘l'E‘

\ - A (Hashimoto, Hirano, Itzhaki; Grisaru, Myers, Tajtord)
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There 1s another giant graviton

This is also BPS and wraps a
three sphere inside :\dS,
also with angular
( momentum along the 5- sphere

\_ 4 (Hashimoto, Hirano, Itzhak:; Grisaru, Myers, Tajtord)

\\fhﬂf are fl]@ LlLlLll UPL‘I*LIYL)[‘S to giiiﬂfﬁi.’

Neither 1s a trace
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[Look at all states that are half BPS

All of these halt BPS states have to be (descendants of)

multi-traces of the complex scalar field Z

Bt‘Céll.lS(:‘ tl’lESE states are SLlpEI'S}'mmEtI'iC, tl’lt‘[’t‘ are

to their etfective dynamics
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[Look at all states that are haltf BPS

All of these halt BPS states have to be (descendants of)

multi-traces of the complex scalar field Z

BE‘CE:I.USE these states are SLlpEI'S}'mmEEI'iC, tl’lE‘I’t‘ are

to their etfective dynamics

1

1 . |
L d=(BEZY — =Z°
2( A >
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Two simp]e ways to solve system:

Take axial gauge, solve
system (free matrix
harmonic oscillators)
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Two simp]e ways to solve system:

Take axial gauge, solve
system (free matrix Impose Gauss’ law
harmonic oscillators)
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Two simp]e ways to solve system:

Take axial gauge, solve
system (free matrix [mpose Gauss’ law
harmonic oscillators)

Spectrum 1s set of multitraces of Z
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Two simple ways to solve system:

Take axial gauge, solve

system (free matrix Impose Gauss' law

harmonic oscillators)

Spectrum 1s set of multitraces of Z

Algebraically
independent Tr(Z¥*1) = Polynomial in Tr(Z%)

up to order N

This basis in not orthugonal (1t 1S appr(}ximarely
Pirsa: 05090003

OFThOf_’;DHLll iﬂ tht" large N llmlt f(}l' HXE‘d E‘ﬂerf_,f:\")
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A more complicated way to make gauge invariants makes a

complete orthogonal basis. This 1s via characters of U(N).

(Corely,Jevicki, Ramgoolam)

XR(Z)

The label R 1s over irreducibles of U(N) (Young tableaux)

Eﬂiﬂ'l'g}' 1“\ the number {)f.

b(.).‘{t"S O f young '[leltfil Uux

Pirsa: 05090003 Page 27/87




A more complicated way to make gauge invariants makes a
complete orthogonal basis. This 1s via characters of U(N).

( Cﬂﬁ:i}'.JL“.'ickL Ramgoolam)

Xr(Z) T

|'
]

The label R 1s over irreducibles of U(N) (Young tableaux)

Enerf__{\' lh the ﬂlebEI“ OF

bOXE‘S Ol’. young tiiblt"illl_‘{

S- Giants are columns

(Balasubramaman. Berkooz. Nagvi, Strassler)
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A more complicated way to make gauge invariants makes a

complete orthogonal basis. This 1s via characters of U(N).

( Cnrei_r.J-.-vif:ki‘ R.’lm:;¢u11;11‘ﬂ )

XR(Z)

The label R 1s over irreducibles of U(N) (Young tableaux)

Eﬂi’:"‘l*g}' I"x tht" number ()P

b()XES Df. young tableaux

S- Giants are columns

(Balasubramanmian, Berkooz. Nagwvi. Strassler)
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A more complicated way to make gauge invariants makes a

complete orthogonal basis. This 1s via characters of U(N).

(Corely, Jevick:, Ramgoolam)

XRr(Z)

The label R 1s over irreducibles of U(N) (Young tableaux)

EHE"I‘&"}' I"'w thﬁ' ﬂlelJt‘l‘ {)t~

b()XE‘S O f young tubleaux

S- Giants are columns AdS giants are rows.

{ Balasubramaman., Berkooz. Nagvi, Strassler)
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Choose a gauge where Z 1s diagonal
Write everything in terms of eigenvalues

Classica”}' we obtain N free particles In

hurmonic ()SL’i“Lit(}l*.
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Choose a gauge where Z 1s diagonal
Write everything in terms of eigenvalues
Classically we obtain N free particles in

h&ITHUHiC ()SCi“&’[(}I*.

Two importa nt

ettects:
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Choose a gauge where Z 1s diagonal

Write everything in terms of eigenvalues

Classica”}' we obtain N free particles In

h;u‘mc-nic OSCi“ﬂtOF,

}'}L‘E‘IHLHLHIUH Ol L‘I‘_‘,’L‘l]\'illLlL‘S 1S

1,“,0 lmportant d IL‘:‘*Hllli'll S4Ugc ?i_'\'ll'lll'll‘ll_\'

ettects:
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Choose a gauge where Z 1s diagonal
Write everything in terms of eigenvalues

Classica”}' we obtain N free particles In

harmonic OSCi“ﬂ‘[OF.

Permutation ol uit:-*'um'aluu:-; 1S
Two important a residual gauge symmetry
ettects:
Change of variables implies
g p

ch.zmge Dl’ measure
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After all of this 1s taken into account, we obtain
N free termions in the harmonic oscillator

T ] -
( Brezin, ['.:'.'-.":uu'i]'.l. } dTl151, /I:.i!‘lt'f'i
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After all of this 1s taken into account, we obtain
N free termions in the harmonic oscillator

( Brezin, [tzvkson, Pansi, Zuber)

P
-

A(Z) = det

e—
i i
I
——a
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After all of this 1s taken 1nto account, we obtain
N free termions in the harmonic oscillator
2

. -
{ DIezin, 1-'.J’.'~ kson, Pansi, ./:i.lf'u.':'l

N |

Transtorm

&= — A(Z e
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Basis of Slater determinants coincides cxautl}'

with character basis (Schur tunctions)
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Basis of Slater determinants coincides exact[}‘

with character basis (Schur functions)

Go to the phase space of the system,

tl’llS 1IS a two dllTlEIlSlD[lE:ll plane. (Berenstemn) hep-th/0403110
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Basis of Slater determinants coincides exactly

with character basis (Schur functions)

Go to the phase space of the system,

this 1s a two dimensional plane. (Berenstein) hep-hi0403110

Fermi sea 1s a circle centered around origin.
Fermi statistics and uncertainty principle make these

behave as an incompressible fluid (QHE droplet)
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Basic Dictionary between QHE and BPS

States.

* Edge excitations are small gravitons (llows from

\'.11['1\'. ol ‘\1I. :"-"{HJ"I.L‘ and others)

* Giants growing into AdS are electrons away

from droplet

* Giants growing into S are holes away from

edge.
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Hole

! B
= ]

v

%
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Bevond linearized supergravity
: pcr| :

What objects are usually well
described by supergravity?
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Beyond linearized supergravity

What objects are usually well
described by supergravity?

Pirsa: 05090003

- Coherent states

of gravituns

- Large stacks of

coinciding 1)-

branes

Page 45/87




Beyond linearized supergravity

Suggestire that one can describe arhitrar}' tlroplet

shapes in supergravity.
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Beyond linearized supergravity

Suggestive that one can describe arbitrary droplet

shapes in supergravity.

Indeed, there 1s a formalism that can reconstruct
a geometry associated to any (macroscopic)
droplet configuration. (Lin. Lunin, Maldecena)
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[LI.LM construction.
Supergravity solutions with isometry so() x so) <=

2

ds® = gu(dt + Vdz)? 4 gz(dzdz) + exp(G + H)d23 + exp(H — G)dSY°

Pirsa: 05090003 Page 48/87




[LILM construction.

Supergravity solutions with isometry so) x so(s) « =

>

{fh.-'— — H.”r Ilr'!r _!._ ]L r ____”*E(t.{.f'f!.f') + EXD((; + “)ffz_ + EKD(II — (;)'._IE"E _. .

Supersymmetry predicts special coodinate y
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LLM construction.
Supergravity solutions with isometry so() « so) <=

ds? = gy (dt + Vdz)2+g3(dzdz) + exp(G + H)dQ2 + exp(H — G)d<Ys°

Supersymmetry predicts special coodinate y
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LLM construction.
Supergravity solutions with isometry so() « so) <=

ds® = gu(dt + Vdz )~ 4 g3(dzdx) 4+ exp(G + H)d25 + exp(H — G)dS25”

Supersymmetry predicts special coodinate y

ds? = —h z(zfi' + Vidx ): — h:{rf;;: + dx'dz') 4+ yexp( G -fﬂ% + yexp(—G 'er';:
h™2 = 2ycosh(G)
gV = itz y(KV; — O:V;) = €;;0,2
z - 1l

-
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LLM construction.
Supergravity solutions with isometry so() x so) <=

ds? = gy (dt + Vdz)? ga(dzdz) + exp(G + H)dS23 + exp(H — G)dSYs”

Supersymmetry predicts special coodinate y

3D equation
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The 3d equation has boundary conditions at y=0

{ €)..2
;..F;.JI" —r-— n'f.'r'jl r '

\
) =4

'
Ly

F1/2

Regularity implies 2z
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The 3d equation has boundary conditions at y=0

_ 9, 7,
-0 2 + rju'r'f ( -

¥

5/

Regularity implies  z

Il"llﬂ :IKL‘“ d TWO L'Hi(‘l["i[‘lﬁ L'I'il [}h_‘ }“PILHIL’ ‘»‘.'iliL'}l 1“‘ iLiL'”‘lil}L‘tl ‘u‘x'i'lh

N

l]‘LL' L‘.]['HP]L‘K }]iL'THE'L' Ol 'L]lL‘ (2}11,
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The 3d equation has boundary conditions at y=0

[ €2
;0;z + yo, ( ' ) — 4

Regularity implies 2z = +1/2

ll‘ll‘ﬂ :T"i‘i.'L‘:'i a TWO L’UIUI’&I'\IE' Ol [}'IL' }}I{{I]L‘ Uﬁllit’h 1"- itlL‘[Hil]L‘{l ‘-.‘a'i[l'l

the tlruplcl piriuru ot the (2} 1 E

One ;':1150 ﬁnds quantization D{" arca

(Dirac quantization condition)
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3-sphere bundle over disc

.

F
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Ditterent topologies of the two coloring

correspond to different spacetime topologies

3-sphere bundle over disc

o

-

l‘_.-‘
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Ditterent topologies of the two coloring

correspond to different spacetime topologies

3-sphere bundle over disc

i.f‘
-
4

o

F 3

~ Suggestive: fermi-liq uid

densit}' on phase space 18

identitied as geometry
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How to get fermion density?

:_‘;.-—H Zi — 2) expl Z::.‘_‘l
[nterpret square of wave function as probabilit_y densit}r

plx;) II s — 2t expl— ; 2Z) = expl— ; =Z +2logllz — z;5))
—

—

Think of p(x) as a thermodynamic ensemble for

Coulomb gas in two dimensions. Introduce p the fermion
density

; AT . / r.‘r“fr;H r)r-
; _}1‘“1; - r.1 . /[Jf_ ."H'.‘_',f,r-'|.{-:li” ”"I :1!‘_1: f'- J"‘
— 4 |

= /u‘.:.‘,’:l r)
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We can find the densit}' P b}r taking a

variational approach: maximize p(x)

One can try to pu:ah the fullmving intcrprum{iml:

| (9 ‘ %~ gravity

One can show that coherent states of traces in the fermion

picture produce
deformations of the fermion (;lensit_}r which match the

supergravity deformations of the function z at the boundary
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BEYOND 1/2 BPS
States that respect 1/8 SUSY




BEYOND 1/2 BPS
States that respect 1/8 SUSY

In free field limit can be written in terms of 3 s-wave

complex scalar components: X, Y, Z
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BEYOND 1/2 BPS
States that respect 1/8 SUSY

In free field limit can be written in terms of 3 s-wave

complex scalar components: X, Y, Z

Z_a < .\‘2,—1 U3 ‘;_\‘_','
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BEYOND 1/2 BPS
States that respect 1/8 SUSY

[n free field limit can be written in terms of 3 s-wave

complex scalar components: X, Y, Z

Zi = X%-1 4 i X%
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BEYOND 1/2 BPS
States that respect 1/8 SUSY

In free field limit can be written in terms of 3 s-wave

complex scalar components: X, Y, Z

Zi = X¥U-1 4 i X%

; i A Bt iy )L ,
oxge / ” (Z (DX + (X + ) ;T:'f;m‘\”--\'”‘)

i=1 .7 l‘-

Contributes to E but not to J
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BEYOND 1/2 BPS
States that respect 1/8 SUSY

In free field limit can be written in terms of 3 s-wave

complex scalar components: X, Y, Z

Z? = X9 i X4

: | v PO o g i, R .

1=1 k=1

Contributes to E but not to J
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BEYOND 1/2 BPS
States that respect 1/8 SUSY

In free field limit can be written in terms of 3 s-wave

complex scalar components: X, Y, Z
Zi — X% 4 i X%

[ 5] I

- i 1 ] i o ) I- ) - =3 = | ]
== / ct (Z _—;{D;-\”' )” + 3{_‘&f T s Z ;:"rj-l'-_u_-\'r. .\w-)

i=1 .1=1

Contributes to E but not to J

Set it to zero by hand (BPS condition)
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Effective dynamics 1s a gauged Matrix
quantum mechanics of commuting matrices
X, X9 =0
Can diagonalize all matrices simultaneously, by gauge

tI‘ﬁﬂSfDTmEITlOﬂ >.
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Effective dynamics 1s a gauged Matrix
quantum mechanics of commuting matrices
X5, X0 =6
Can diagonalize all matrices simultaneously, by gauge

transtormations.

;\SSDCIHTE a b-vector per E]gﬁ'ﬂ‘s'illllﬁ'
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Effective dynamics 1s a gauged Matrix
quantum mechanics of commuting matrices
X, X9] =0
Can diagonalize all matrices simultaneously, by gauge
transtformations.

—

Associate a 6-vector per eigenvalue Tj = (X};)
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Eftective d}mamics 1S a gauged Matrix
quantum mechanics of commuting matrices
| X7, X7 =0
Can diagonalize all matrices simultaneously, by gauge
transtormations.

Associate a 6-vector per mgenralue T = (X;;)

AXEHSUI“E‘ term fI'()H"i g01ng o mgenvalue bams

¥ - - ]
= H |Z: — T;|°
i<
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Effective dynamics 1s a gauged Matrix
quantum mechanics of commuting matrices
1 X, X7 =0
Can diagonalize all matrices simultaneously, by gauge

L -

transtormations.
Associate a 6-vector per mgenralue % =~ (X3.)

L\XEHSLII“E‘ term h‘()ﬂ] g0I1ng to mgenvalue baSlS
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One can find ground state, and absorb square root ot

the measure 1n wave functions: copied from free

termions
2 /5
Wo ~ expl— E x./2)
L_‘ — P{_{_‘

rlr_ 't'

j 2' _-_'j t) = 4 =
I XD — ;) =exp| — 3 d log |Z;, — Z;
1< j

Interpret IN same way as halt BPS states
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Interpret collection of eigenvalues as positions of

particles in 6d phase space.

N Bosons in 6d with lﬂgarithmic repu]sire Interactions.

:l‘:| ~ ;!_}l‘."{l][_ - Z T) = exp ( Z T: + 2 Z log |z; — Z; )

Introduce Boson density, etc, and study the thermodynamics

of this ensemble in the saddle point approximation.
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Density of bosons 1s a singular configuration. Symmetries of

ensemble suggest the following density of “eigenvalues”

Fi' |I: i .r” F

J",'-,“r LV ol ( §24-1)

p=N
‘Ve get a round H\"E‘ Sphere

Can also add coherent states by traces of the complex

matrices. These keep the singular aspect of density, but
deform the shape. This 1s very similar to what happens

in gravity, we therefore identity it with gravity.
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Approximations that lead to commuting matrices improve at

strong coupling! Oft-diagonal modes become heavy.
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Approximations that lead to commuting matrices improve at

strong coupling! Oft-diagonal modes become heavy.
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Can also suggest - <cale: off-diagonal modes are
massive and can be represented by lines joining eigenvalues

(points on the sphere): STRING BITS. Need to dress them

with gravity (eigenvalues).

One can also verity string tension
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One can calculate the radius of the sphere exactly

Size 1s indupcndunt of number of matrices
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One can calculate string energies for BMN states:

f
Oy ~ Zf‘};]]{fﬁ.'f HalZ2— Y, Z]Z2" X, Z})
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One can calculate string energies tfor BMN states:

/
O ~ Y exp(ikl/ J)te(Z'Y, 2|27~ [X, Z))

1

Uigtgﬂn;u modes
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One can calculate string energies for BMN states:

/
Oy ~ va}':{r!.-f [k ZY, 2127 "I X, Z})

{=0

L_)i'agﬂn;t] modes

Ott-dia 20 nal modes
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One treats the off‘-diagonal modes as free helds.

One calculates the energy of the BMN state assuming the oft-

diagonal modes don't attect the diagonal ones to tirst order.

The calculation of energies can be done 1n a saddle point

approxlmatlon.

<L'-‘R' | Ht‘.ufu[ ’ L'I"k>

<L:‘k‘t'k>

E ~
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Result localizes to a string bit
of particular hixed length

0 =k/2J

rnr e l f \* = 2 A :.)}
___,\ ——, sm-(k/2.J)
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O P Result localizes to a string bit
. of particular hixed IL-H;'E h

0 = k/2J

sin®(k/2.J)

— (B™) =24/1+

Matches BMN string calculation to all orders in the ‘t Hooft

coupling exactly, by taking J large k hixed. (Small angles)
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| Result localizes to a string bit
SR of particular hixed length

28

0 =k/2J

-L_H ) ] r
o (E%€) = 24/1 + e M sin®(k/2J)

Matches BMN string calculation to all orders in the ‘t Hooft
coupling exactly, by taking J large k hixed. (Small angles)

Does not match string sigma model: approximation of

free string bits 1s naive, but not in BMN limat.
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Conclusion

New understanding of AdS/CFT

Gravity appears as hydrodynamics (collective
phenomena). Locality can be addressed

Background independence: can address many
topologies in one CFT

Picture the origin of strings and calculate

y r y -\ ‘jr af =1, | - i"'
some non-BPS energies exactly

af & 1
Ll
-

Many questions and leads to follow
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