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AdS/CFT (and it’s dictionary)
Quantum hall droplets in AdS/CFT
Dual supergravity description
Beyvond halt BPS

All lnnp string energies
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The AdS/CFT correspondence

Conjectured exact quantum duality between:

N=4 SYM on a sphere = Type IIB Superstring on
— AdSs x §°
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We have a lot of reasons the correspondence

ShDUld worl{.
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We have a lot of reasons the correspondence

ShDUld \VDI‘I{.

The big question 1s: how does 1t work?
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We have a lot of reasons the correspondence

ShDLlld \VDI‘I{.

The big question 1s: how does 1t work?

More precisely: where does geometry come from?
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GENERALITIES
Map states to states

\S>5}'_.-u - |-‘-"">Ar.i.5'

;\lap operators to operators
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GENERALITIES

Map states to states

\S>5}';u = |-‘-*'>-4df5*

i\{ap operators to operators
For example:

SLIPEI*C()H{OI*HLHI algebra
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GENERALITIES

Map states to states

\-‘3‘>5}';u = |-‘3'>-4d:5'

i\{ap operators to operators
For uxample:

SUP(:‘I*C()H P()I“Fﬂ{ll algebra

Want to identif:},’ superconformal multiplets

Pirsa: 05090003 Page 9/87




In the gravity side the SYM time corresponds to global time

coordinates

" | ) : 2 2 :
ds® = — cosh” pdt® + sinh” pdQ3 + dp”
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[n the gravity side the SYM time corresponds to global time
coordinates

ds® = — cosh” pdt? + sinh? pdQ2 + dp’

Notice gr;u'imtimml potuntiul:

Discrete spectrum
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[n the gravity side the SYM time corresponds to global time

coordinates

: . N 3 9 . :
ds® = — cosh” pdt® + sinh” pdQ3 + dp”
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[n the gravity side the SYM time corresponds to global time

coordinates

ds? = — cosh? pdt* + sinh’ ;J:f!!f; + dp”

Supergravity spectrum is known.
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[n the gravity side the SYM time corresponds to global time
coordinates

ds®> = — cosh? pdt* + sinh? pdQ3 + dp?

Supergravity spectrum 1s known.

The supergravity multiplet 1s BPS (protected by SUSY):

This means we can compare with free held theory.
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[n the gravity side the SYM time corresponds to global time
coordinates

ds®> = — cosh? pdt? + sinh? pdQ3 + dp?

Supergravity spectrum 1s known.

The supergravity multiplet 1s BPS (protected by SUSY):

This means we can compare with free held theory.
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Choose highest ‘weight state of given representation
Highest weight halt BPS states are build out of

only one of the scalar modes
f one complex held of the N=4 SYM theory. Let us call it
Z

Use complex basis for oscillators, so that that

T _ -
a,~ 4 az~ dz
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Choose highest weight state of given representation
Highest weight half BPS states are build out of
only one of the scalar modes
f one complex held of the N=4 SYM theory. Let us call it
Z

Use complex basis for oscillators, so that that

T _ :
a,~ 4 az~ 0z

All single particle (graviton) states 2
are descendants of tr (Z )

Witten, Gubser, Klebanov, Polvakov)
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Are there other interesting protected states?

There are stable D-branes (non-perturbative states)

with the same quantum numbers.
These are Called giant gl‘a‘vitons i_‘-h'{}rcc\'_\.Su:ﬁkind,—ruumh;jﬂ

A D3 brane u'rapping al 5phere
inside the five :aphcru
and with angular momentum

— on the 1]\‘u~sphcrc.

These were conjectured to resolve the technical

iblﬁl.ll:‘ [h;it fraces are not Cilg’ﬁ‘l)["&if;i“__\.' i]]dt‘pt"ﬂt]ﬁ*ﬂ[
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There 1s another giant graviton

This 1s also BPS and wraps a
three sphere inside AdS,
also with angular

momentum along t]’lE‘ 5- SPI’H:‘I"E‘

\ - £ (Hashimoto, Hirano, Itzhak:; Grisaru, ﬁ-"x_rcr;:. Tajtord)
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There 1s another giant graviton

This is also BPS and wraps a
three sphere inside :\dS.
also with angular
( momentum along the 5- sphere

\ — £ (Hashimoto, Hirano, Itzhaki; Grisaru, .\1_\1*1'}:. Tajtord)

\\rhilf are th(:‘ dLlill ()perat()rs to giLlHtS?

Neither 1s a trace
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Look at all states that are halt BPS

All of these halt BPS states have to be (descendants of)

multi-traces of the complex scalar field Z

BEC&IUS{:‘ t]’lESE states are super&;}'mmetric, tl’lt‘l‘t‘ are

to their effective dynamics
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Look at all states that are halt BPS

All of these halt BPS states have to be (descendants of)

multi-traces of the complex scalar field Z

B@CHUS{:‘ thESt‘ states are supers"\'mmetric, tl’lt‘[’t‘ are

to their effective dynamics

=
L e
9

1
dt 5 (D:Z)
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TRVD simp]e ways to SO]VE 5}’5tem:

Take axial gauge, solve
system (free matrix
harmonic oscillators)
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Two simp]e ways to solve system:

Take axial gauge, solve
system (free matrix [mpose Gauss' law
harmonic oscillators)
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Two simp]e ways to solve system:

Take axial gauge, solve
system (free matrix [mpose Gauss’ law
harmonic oscillators)

Spectrum 1s set of multitraces of Z
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Two simp]e ways to solve system:

Take axial gauge, solve

system (free matrix [Impose Gauss’ law

harmonic oscillators)

Spectrum 1s set of multitraces of Z

Algebraically
independent Tr(ZN+1) = Polynomial in Tr(Z%)
up to order N

This basis 1n not orthogonal (1t 1s appr()ximately

Pirsa: 05090003

orthogonal in the large N limit, for hixed energy)
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A more complicated way to make gauge invariants makes a

complete orthogonal basis. This 1s via characters of U(N).

( L‘nrc]}',.h:ricki. i{;lmgnnl;lm )

XR(Z) :

The label R 1s over irreducibles of U(N) (Young tableaux)

Energ}’ 15 th{:‘ I“lLlIlefc‘F DF

b().‘{f:‘i% ()f young tableaux
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A more complicated way to make gauge invariants makes a

complete orthogonal basis. This 1s via characters of U(N).

( (_'nr::]}',lh*rifki. l{;lmgnnlam )

XR(Z)

The label R 1s over irreducibles of U(N) (Young tableaux)

Energ}’ IS thﬁ' TlLlIleE‘F OF

b()XES (Jf young tableaux

S- Giants are columns

{ Balasubramaman, Berkooz. Nagvi, Strassler)
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A more complicated way to make gauge invariants makes a

complete orthogonal basis. This 1s via characters of U(N).

{L‘nrci}',ll-:x'icki. i{;lmgnnlam )

XR(Z)

The label R 1s over irreducibles of U(N) (Young tableaux)

Energ}* IS Thﬁ' number ()P

b OXES ()1" young tableaux

S- Giants are columns

{ Balasubramaman, Berkooz. Nagvi, Strassler)
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A more complicated way to make gauge invariants makes a

complete orthogonal basis. This 1s via characters of U(N).

( (_‘nre:!}'.‘furic}(i. [{;1mgm11;1m )

XR(Z)

The label R 1s over irreducibles of U(N) (Young tableaux)

Energ}’ lh Tht‘ number OP

b()XES (}f\ young '[lelt‘illlf'{

S- Giants are columns AdS giants are rows. cr

(Balasubramaman, Berkooz. Nagvi, Strassler)
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Choose a gauge where Z 1s diagonal
Write everything in terms of eigenvalues

Classica”}' we obtain N free particles In

hurmo Il iC ()SCi“Ll’[OF -
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Choose a gauge where Z 1s diagonal
Write everything in terms of eigenvalues

Classica”}' we obtain N free particle&a In

hﬂ.TTﬂ.()ﬂiC ()SCi“thOI*.

Two impo rtant

effects:
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Choose a gauge where Z 1s diagonal
Write everything in terms of eigenvalues

Claﬁsica”}' we obtain N free partif_‘les In

hurmonic ()SCi“ilTOF.

PL‘I‘IHLI[L{[]UII ol L‘IL]_'L‘I]\'L{ILIL‘S 1S

i‘ﬁ'() lmp()rtant d IL'Hl{lLiLll S4augc :‘4_\'IHIHL‘[I_\'

effects:
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Choose a gauge where Z 1s diagonal

Write everything in terms of eigenvalues

Classica”}' we obtain N free particles In

harmonic ()SCi“{lTDF.

PL‘I‘II]LI[L{[H.‘JI] ot L‘l*_’_’L‘I]\'.’;ilLlL‘H 1S

l“f(} 1mp0r’[an‘f d IL‘HH]L[L‘{] S4Uugc :i_'\.'ITlITlL‘[I_\'

effects:
Change of variables implies

change Ol" measure
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After all of this 1s taken into account, we obtain
N free fermions in the harmonic oscillator

4:11'1.'.'.'.[‘1. ['.;’.‘. K500, }'}hil"..h'.. ;/_’LIIJIL':'h
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After all of this 1s taken into account, we obtain
N free fermions in the harmonic oscillator

Drezin, ['.X.". HKs0n, }'};-_J"..*-'.. ;/_’Ll!!l.'f'l
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After all of this 1s taken into account, we obtain

N free termions in the harmonic oscillator

r['f:I'L‘.’.'.l'fl. 1:K_'- Ks0n, I'J;ii"..‘-l. ZLI‘.JH.'f'f

N |

Transtorm

:H . = 0l 2L b=A""0

A(Z) = det

— .
I

|
R
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Basis of Slater determinants coincides ﬂxautl}'

with character basis (Schur tunctions)
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Basis of Slater determinants coincides ﬂxactl}'

‘s\'ith L‘héil“ilL'EL‘I' l)ﬂ‘:‘ri:; (SL'[]LII' l'\LII]L'Ii(}I"lS)

GO to the phase space ofthe s_ystem,

thlS 1S a two dlmEHSIDHHl plane. (Berenstein) hep-th/0403110
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Basis of Slater determinants coincides exactl}'

with character basis (Schur functions)

Go to the phase space of the system,

thlS iS a two dimensional plane. (Berenstein) hep-th/0403110

Fermi sea 1s a circle centered around origin.
Fermi statistics and uncertainty principle make these

behave as an incompressible fluid (QHE droplet)
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Basic [_)iglin:11;11"_\' between OHE and BPS

States.

- Edge excitations are small gravitons (ollows from

work of M. Stone and others)

¢ Giants growing into AdS are electrons away

from droplet

% Giants growing into S are holes away from

edge.
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i
Staltes

. Particle

o

v @
D-brar
_. Hole
- @\Ah/
L
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Beyond linearized supergravity

What objects are usually well

described by supergravity?
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Beyond linearized supergravity

What objects are usually well

described by supergravity?

Pirsa: 05090003

- Coherent states

of gravitons

- Large stacks of

Coinciding B

branes
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Beyond linearized supergravity

stive that one can describe arbitrar}' (1r()[}]et

r
r—.
 —
g
"1
g
F

shapes 1n supergravity.
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Beyond linearized supergravity

Suggestive that one can describe arl}itrar}' drup[et

—
L

shapes in supergravity.

Indeed, there 1s a formalism that can reconstruct

a geometry associated to any (macroscopic)
droplet configuration. (Lin, Lunin, Maldecena)
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LLM construction.
Supergravity solutions with isometry so() x so() < =

{fhﬁ = gu(dt + Vda |4+5;3({f.1'ff.1') -+ EXD(f; <+ fl')-.fi-z_ + EKD(I! - (:),."i'z :_:

Pirsa: 05090003 Page 48/87




LLM construction.
Supergravity solutions with isometry so() x so) < =

{152 = gy (dt + Vda .|—._y3(ff.rrf‘f) + EXD(f; + fl')-.’i_z_; + EKD(ff = {:)u’Q :_-

Supersymmetry predicts special coodinate y

Pirsa: 05090003 Page 49/87




LLM construction.
Supergravity solutions with isometry so() x so(4) =

ds®> = gy (dt + Vdx)? 4 g3(dzdz) + exp(G + H)dQ2 + exp(H — G)d$0°

Supersymmetry predicts special coodinate y

Pirsa: 05090003 Page 50/87




LLM construction.
Supergravity solutions with isometry so(2) x so(s) < =

{L\-’,‘E — ‘f}'ffl;.rfllf‘ + Vda :_l_..,._hl')lg(ff.l'tf.f.') + EXD({; + fl’)‘ri_z_ + EKD(II 25 (-")”{Q.: :

Supersymmetry predicts special coodinate y

~h~2(dt + Vidz")? + h*(dy® + dz'dz") + yexp(G erQ% + yexp(—G .er§
2ycosh(G)
€iidiz, y(oV; — OV;) = €0,z

N N

h
yd,V,

T
Ly

— tani

.

L&
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LLM construction.
Supergravity solutions with i1sometry so() x so(4) <=

.:fh: = gy (dt + Vda .|—.4_Lr;3(ff.t_'ff.1_') + EXD(f; + “’)-."f_z_; + EXD(”' e f;)u‘rf? :;

Supersymmetry predicts special coodinate y

3D equation 9idiz +y3y ( — -
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The 3d equation has boundary conditions at y=0

Regularity imples 2z = +1/2

Pirsa: 05090003 Page 53/87




The 3d equation has boundary conditions at y=0

.2
rfrl";—+—rj,fr!__ ( -' ) =
W

Regularity implies 2z = $1/2

ll“llﬂ :’,I‘RL‘* ad TWO L'L‘Jl{}l‘illg Ut. [}U_‘ }‘}]LiHL‘ ‘»\.'lliL'}l 1"~ iLlL'H‘Lit‘IL‘Ll \‘.'i[ll

the droplet picture of the QHE
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The 3d equation has bt{::Llrld;alr_},r conditions at y=0

0y 2Z \
d;0;z + yo, ( x ) -—
W

Regularity implies 2z = +£1/2

ll‘ll‘% L,_’,'i\'L‘S d TWO L'UIUI‘&HE' Ut. [}]L‘ }‘JlLiIlL‘ "ﬂ.'l‘tiL'h 1"- i{lL‘I]Iil‘lL‘{l \‘x'i[l'l

the n;]rup]c[ picture of the (2} 1|

One also finds quantization of area

(Dirac quantization condition)
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3-sphere bundle over disc
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Dihtterent topologies of the two coloring

correspond to ditferent spacetime topologies

3-sphere bundle over disc

rd
o
e

M
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Dafferent topologies of the two coloring

correspond to different spacetime topologies

3-sphere bundle over disc

/o

Suggestive: fermi~liquid
densit}' on phase space 1s

identi ﬁt‘d dS geometry
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How to get fermion densit_y?

:_';-—H':, Zi ) expl Z::'ﬂl
[nterpret square of wave function as probabi]it}f density

pl Z; ) H -_,—-_.-'--x;,-.-.—T-_;: -'.\;];c—z;;—ﬁluui Zi —2il))
P :

Think of p(x) as a thermodynamic ensemble for

Coulomb gas in two dimensions. Introduce p the fermion
densitv

-H--_"h._

E 2log|( |2 // d-yp(T) p(y) log(|Z - 3])
/ JI.r
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We can find the density p by taking a

variational approach: maximize p(x)

One can try to push the ti)lhm'ing Interpretation:

|L-"2 o gravity

One can show that coherent states of traces in the fermion
picture produce
deformations of the fermion densit:y which match the

supergravity deformations of the function z at the boundary
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BEYOND 1/2 BPS
States that respect 1/8 SUSY




BEYOND 1/2 BPS
States that respect 1/8 SUSY

In free field limit can be written in terms of 3 s-wave

complex scalar components: X, Y, Z
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BEYOND 1/2 BPS
States that respect 1/8 SUSY

In free field limit can be written in terms of 3 s-wave

complex scalar components: X, Y, Z

Zi = X%~ 4 X%
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BEYOND 1/2 BPS
States that respect 1/8 SUSY

In free field limit can be written in terms of 3 s-wave

complex scalar components: X, Y, Z

Zi = X%~ 4 i X%

; ' et L e S e S
._k_';.ﬂ — / “}-" (Z _)' E},_,\” )" + 3[ _.\F T Z :U{'_\f .\ lr. .\j‘-)
F : l_ - L]

=1
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BEYOND 1/2 BPS
States that respect 1/8 SUSY

In free field limit can be written in terms of 3 s-wave

complex scalar components: X, Y, Z

Zi = X% 4 i X%

: | —~ 1 LS RPN, U
Spe = / dt (Z —(D X' + (X + ) \__,u;”_\*__w-)
3 ; l — — LS |

=

Contributes to E but not to J
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BEYOND 1/2 BPS
States that respect 1/8 SUSY

In free field limit can be written in terms of 3 s-wave

complex scalar components: X, Y, Z

Zi = X% 4 X%

: | — 1 B TS gL, W R
Spe = / dt (Z (DX + (X2 + ) \-:‘fﬁ'”*\“”')
3 g l j— - LS ]

=1

Contributes to E but not to J
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BEYOND 1/2 BPS
States that respect 1/8 SUSY

In free field limit can be written in terms of 3 s-wave

complex scalar components: X, Y, Z
73— X2t . &

‘ —~1 W T, Do
Spe = / dt (Z (DX + (X + ) T-?‘ff”*\“-”‘)
3 ; 1 j— = Ly

1, 71=1

Contributes to E but not to J

Set it to zero by hand (BPS condition)
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Effective dynamics 1s a gauged Matrix
quantum mechanics of commuting matrices
X, X =0
Can c]i;lgmmlizu all matrices simultaneous]y, b}’ gauge

YI"HHS{’()TTHHTIDH S.
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Effective dynamics 1s a gauged Matrix
quantum mechanics of commuting matrices
X, X9] = 0
Can f]i;ignnalizc all matrices simultaneousl}’, b}' gauge

transtormations.

;\SSOL’latE‘ a b-vector pt‘l* f:‘lgf:‘ﬂ‘s'éllllf:‘
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Effective dynamics 1s a gauged Matrix
quantum mechanics of commuting matrices
PN —4
Can a]iagnmulizw all matrices simultaneous]y, b}' gauge

transtormations.

Associate a 6-vector per mgenralue T =~ (X;;)
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Effective dynamics 1s a gauged Matrix
quantum mechanics of commuting matrices
X, X7] =0
Can diagonalize all matrices simultaneously, by gauge

transtormations.
Assoclate a 6-vector per elgen\'alue 53 >~ (XE)

L\XEHSUI"&‘ term h“()lﬂ g01ng fo mgen\'alue l}{lSlS

‘“_’ = H | — & 2
Y
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Effective dynamics 1s a gauged Matrix
quantum mechanics of commuting matrices
X, X7] =0
Can diagonalize all matrices simultaneously, by gauge
transformations.

Associate a 6-vector per mgenralue T; =~ (X;;)

L\XEHSUI“E‘ rerm fI‘()Iﬂ g(]lﬂg fo EIgen\'alue l}ﬂS]S
= H |T; — T; -
1< J

J. ) -l - | 7D
‘[‘[ e Z __} 9 vi;”'-vf x ; Ti|

all” L

i
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One can find ground state, and absorb square root of

the measure 1n wave functions: copied from free

fermions
: - 2
Wo ~ expl— E z. /2)
Y = py

2 2 2 -2 p 24 .
Wl ~ p”exp(— E ;) =exp| — E T, +2 E logls; — 2.
L<.1]

Interpret in same way as halt BPS states
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Interpret collection of eigenvalues as positions of

particles in 6d phase space.

N Bosons in 6d with logarithmic repu]':;ive Interactions.

| ~ p’ exp(- Z €] —f\]}( Z Z DE | X; — X )

Introduce Boson density, etc, and study the thermodynamics

of this ensemble in the saddle point approximation.
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Density of bosons 1s a singular configuration. Symmetries of

ensemble suggest the following density of “eigenvalues”

F""i: !.f-:l % .“]]_:|'

rat—'Vol(S2d-1)

p=N
\/VE' gEt a I‘OLIntl H\’e Spher‘e

Can also add coherent states by traces of the complex

matrices. These keep the singular aspect of density, but
deform the shape. This 1s very similar to what happens

in gravity, we therefore identity it with gravity.
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Approximations that lead to commuting matrices improve at

strong coupling! Off-diagonal modes become heavy.

p e

- e ,"II e o T - P S S
Eose = \ L Sy bt~ v
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Approximations that lead to commuting matrices improve at
strong coupling! Off-diagonal modes become heavy.

3 I l ) 1 ) - L ga 314
5= /rH ( (DX + (X + ) Jp2 IV M \r"\ili)
i=1 = s, ig=1

Page 77/87
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Can also suggest : oft-diagonal modes are
massive and can be represented by lines joining eigenvalues

(points on the sphere): STRING BITS. Need to dress them

with gravity (eigenvalues).

One can also verify string tension
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One can calculate the radius of the sphere exactly

0 —

Size 1s im_[epemglent of number of matrices
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One can calculate string energies for BMN states:

J
O ~ vapir#! Na(Z Y, Z12" ~IX. 25
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One can calculate string energies for BMN states:

J
O ~ ZP:‘{])E ikl/ alZ 'Y, Z1Z" ™ "IX._ 2}

Diagonal modes
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One can calculate string energies for BMN states:

J
Oy ~ Z exp(ikl/.J)tr( Z’_li)'. ZjZ";_"_L[‘\'. Z))

[={)

Diagonal modes

Oftt-dia gon al modes
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One treats the oft-diagonal modes as free helds.

One calculates the energy of the BMN state assuming the off-
diagonal modes don't attect the diagonal ones to first order.

The calculation of energies can be done 1n a saddle point

approximation.

<Uk | Htota[ ’ L.'.‘,cl->

o
(k| V)
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g e Result localizes to a string bit
of particular fixed length

0 =k/2J

o N -k
Iy M sin“(k/2.J)

g

B R ) =2 \1 =
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_-_"“--.__j . . -
ol 2 Y Result localizes to a string bit
: - of particular fixed length

6 = k/2

gf ;\r .

—~2

mh’“'w--__ o __--f-"'“'}ﬁ rEuwH o ._.\ 1 g

Matches BMN string calculation to all orders in the ‘t Hooft
coupling exactly, by taking J large k hixed. (Small angles)
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| N Result localizes to a string bit
e\ of particular fixed length
28
6=ELE/2}
x\“"x_%_ ?ﬂ,f";; r'f qgv vV
e e ) =12 v i ‘: sin? (k/2.J)

Matches BMN string calculation to all orders 1n the ‘t Hooftt
coupling exactly, by taking J large k hixed. (Small angles)

Does not match string sigma model: approximation of

free string bits 1s naive, but not in BMN limat.
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Conclusion

® New understanding of AdS/CFT

e Gravity appears as hydrodynamics (collective
phenomena). Locality can be addressed

® Background independence: can address many
topologies in one CFT

® Picture the origin of strings and calculate

~N e _
1€ NOoN-BFS energies exactly
1 e 1 1%F1 1 et | -t Y 1 &1 w el wllN )

® Many questions and leads to follow
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