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Traditional
Measurement
Contextuality
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The idea of a deterministic hidden variable theory is that
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The idea of a deterministic hidden variable theory is that

p

. | (A)
(@lolw) > 0, v () P
Tr(p) =1 cpe Tt
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(¢| P|v) > 0,V x1(A) "
SR=1 4 xam 8
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Tr(pPy) = | p(A)xk(A)dA
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There are many ways of measuring a non-rank-1 PVM

BEx. o |
\ I wg,}’

(/'/D ly,)

¥/'

M — measure PVM M’ = measure PVM

{W1) (1], [2) (W2l [¥3)(¥3]} {ld1) (dnl, [¥2) (¥ol, [¥3) (W3]}

then coarse-grain 2 and 3 then coarse-grain 2 and 3
{l1) (W1l [¥2) (¥l + lv3)(¥al}  {|w1)(¥al, [¥5){(¥a] + |¥3)(¥3}
= 1) (W1l 1 — |[¥1)(¥al} = {l¥Y1) (1], I — 1)}
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There are many ways of measuring a non-rank-1 PVM

Ex: lw, » __
\ I gy,

// /D lw;)
\ ;

M = measure PVM M’ = measure PVM

{l0) (@l ) (wals W3 (al} ()W, [h) (whl, [wh) (whl}

then coarse-grain 2 and 3 then coarse-grain 2 and 3
{ln) (W1l [¥2) (W2l + [v3)(Wal}  {lv1) (¥l [¥5) (Y2l + |v3) (v}
= {l1) (1], 1 — |¥1) (1]} = {|Y1){¥1l, I — [v1) (¥1l}

Traditional Measurement Noncontextuality
if M~M’ then \(Mk(’\) = )(Mf‘k,().)
=*Rep'd by same PVM — Rep'd by same indicator functi&fig



The hope is to represent this as follows:

{[¥1) (1l [v2) (¥2l, [¥3) (¥3l} {{1){¥al, W) (Wal. [¥3) (V5] }
x1(A) i x1(A) - )
x2(A) s b (N) -

x3(A) L/\ x3(A) >\

) (], I — |¥1)(¥1l}
x1(A) |

> A

x—1(A) | o

Every P is associated with the same x (M)
regardless of how it is measured
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It was shown by Bell (1966) and Kochen and Specker (1967)
that a noncontextual hidden variable model of quantum
theory for Hilbert spaces of dimensionality 3 or greater is
impossible. That is, quantum theory is contextual

This is the Bell-Kochen-Specker theorem
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Irsa:

___Can we derive a no-go theorem from this? Yes.

Key fact for proof: there is a multiplicity of decompositions
of a rank-2 projector into rank-1 projectors.

I — 1) (¥1| = |¥o)(¥2| + [¥3) (¥3]
|

Recall a similar fact for preparations: there is a multiplicity of
convex decompositions of a mixed state into pure states
a.k.a the ambiguity of mixtures

1 1 1

1 = Z|0)(0|+ 1)

= 3 3 +) = [0) +[1)
= ikt 1 i) = [0) £ 4[1)
= 2 J4) (il + = i) (=i
= 2, | >
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Preparation
Contextuality
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p =Y pjlwi) (il p = > qilxi) (Xl

P = implement P; P = implement Pj—;
with probability p; with probability g;

Preparation Noncontextuality
if P~P’ then pup(\) = pupr(N)
Rep’'d by same density operator — Rep’'d by same distribution

2 A

, U
ahL T il

HEENARE)
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Proof of preparation contextuality

(a preparation noncontextual hidden variable
model is impossible)
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Important features of hidden variable models
Let P — u(\)
P" — p'(X)
Representing distinguishability:
If P and P’ are distinguishable with certainty
then pu(A\) /(A\) =0

1) ,u (A) () /ﬁ\ % p'(X)
il VI

, \
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Important features of hidden variable models
Let P — u(\)
P" — p'(X)
Representing distinguishability:
If P and P’ are distinguishable with certainty
then p(A\) /(A\) =0

() / Gl /ﬂ\ iuj' () pu(A) / /ﬁ\\ / e \\‘\H! (A)
/ >< X \'\ - / \ f- X,

A

-

Representing convex combination:

If P” = P with prob. p and P’ with prob. 1 —p
Then p”’(A) = p p(X) + (1 —p) p'(N)
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Proof of preparation contextuality in 2d
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Proof of pre
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| ("

P, and P 4 with prob. 1/2 each

P, and Pg with prob. 1/2 each

P. and P with prob. 1/2 each

P., P, and P. with prob. 1/3 each
P4, P and P~ with prob. 1/3 each
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If2 = —6u-t-—04

S 3 3

Foa=Fep=~FP.o
~ Pabe = FABc

By preparation noncontextuality

paaA(N) = pupp(A) = pec ()
= F’{Lbc’:(/\) =— fr"*-iEn’C'('x)
= v(A)
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P,i1 = Pq and P4 with prob. 1/2 each
P,z = P, and Py with prob. 1/2 each
P.c = P.and P with prob. 1/2 each
P.e = Pa, Py and P, with prob. 1/3 each
Pipc = P4, Pg and P with prob. 1/3 each
paa(A) = Eﬁﬁn(/\)‘klﬂ-di(}\)
2 2
ps() = Su(N) + 5500
St 1 1
pec(A) = :—2#-::(}*)+5#-cf(h)
1 | 1
Habe(A) = 5#0()\) % g#b(k) + é#rr()\)
uaBc) = =pal) +2ps0) + zuc)

3 < 3
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. 1 1
12 = Em, — EJ'J'
1 1
= —0y —ar
=0 =} 5B
1 1
= ot Soc
1 1 1
— §"-TII ‘|" éﬂrh + gﬂ'r
1 1 1
= a4+ ORI T
3 A 3 B 3 C

pa.% = prB = PCC'
~ Pabe = PABC
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QOur task is to find

ta(A), pa(X), pp(A),
(X)), pe(A), po(A),
and v(A) such that

a(A) pa(n) = 0
up(A) pp(A) = 0
pe(A) pc(A) = 0
V) = Zua(d) + pa()
= %ﬁib(»‘\)**%ﬂg(/\)
= i) + e
1 1 1
— ?ﬂia(f’\) " glﬁb(f\) + g#-c(/\)

= —pa(A) +zup(X) + %ﬁ-f*(/\)-

3 3
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Qur task is to find
ta(A), pa(A), pp(r),

pp(A), pe(A), pc(r),
and v(A\) such that

ta(A) au.—l(}‘) = 0
Hp(A) pp(A) = 0
pe(A) po(A) = 0
(N = %mz.(A)Jr%ﬁ.JL(A)
== %J{Lb(/\)‘Jr‘%ﬁ-B(A)
= %P"C(/\)_E_%”C(A)
1 1 1
— §#a()‘} + %ﬁb(k) = 5#“(’\)

= S + 30 + SucOV).

3 3
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i.e., paralleling the
guantum structure:
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Qur task is to find
pa(A), (X)), pp(X),

,.LLB()\), ,ur;(’\)r P?(_'*(/\)r
and v(\) such that

pa(A) au.—l(’\) =l
pp(A) ug(A) = 0
pe(A) pc(A) = 0
v(\) = %,Laa.(;\)+%#.4()\)
—= %J‘U’b(}*) ‘Jf—%,uB()')
1 1 L
s %Pﬂa("x} = 3 gliub(}‘) + 5-“"—'(}‘)

1
= Z#a(A) + 2up(A) + Juc(A)

z- 3

irsa: 05070100

At a given 4, Suppose

tea(A)
ﬂ'h(’\)
pre(X)

0

Then we obtain
the all-zero solution
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Qur task is to find

At a given A, Suppose

(1 ' £ L ' y 1 fh — £j !
#a(A), pa(A), pp(A) fralh) ) Then we obtain
pB(A), pe(N), pe(r), pp(A) = 0 the all-zero solution
and v(A) such that (X)) = 0
Then
X} g3} = 0 =Hppee 1
up(N) up(A) = 0 pa(V) = 0 v = Fueld)
== I §
pe(N) pe(X) = 0 HlA) = 0 = Zpe(N).
pc(A) = 0 =
3 3 Thus X)) =0
v(A) = EP’**I(’\)‘FE#A(}‘) Again yielding the all-zero solution
1 1
= ifib(}*) +§!LB(/\)
Lo 1 By symmetry,
= Sl ) +5Be(A) all other cases
1 i 1 are similar
= —pa(X) + = (X)) + =pel N
?;u ( )—I-?im( )+3f (A)
= é.ﬂ.ﬂl()\) + 5;1:5(/\) i é,u-r:'(/\)
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For all &, we have the ail-zeropggg%tion

CONTRADICTION



A proof starting from a
Gleason-like theorem
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Consider a function on projectors
P — w(P), satisfying:

1) 0 <w(P) <1 forall P

2) w(l) =1

3) w(Xg Pr) = g w(Fg)

Gleason’s theorem: For dim(H) > 3,
w(P) = Tr(pP)

where p is a density operator
(p >0, Tr(p) =1).
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Consider a function on density operators

p— f(p). satisfying:

1) 0< f(p) <1 for all p

2) f(Ckwipr) = Xrwif(pr) where 0 < wp <1
and > rwp — 1.

The "reverse” Gleason’s theorem:

f(p) =Tr (Ep)
for some effect E (i.e. 0< E<I).

This is the dual of the generalized Gleason’s theorem
Busch, Phys. Rev. Lett. 91, 120403 (2003).

Caves, Fuchs, Manne, and Renes, Found. Phys. 34, 193 (2004).

Also similar to a theorem in
L. Hardy, e-print quant-ph/9906123.
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Suppose p — pp(A) (assume preparation noncontextuality)

Pﬂp(}\) >0
If p =3k wrp then pp(A) = g wrpp,(A)

At a given value of 7., the n considered as a function of p
satisfy the conditions of the reverse Gleason's theorem.

Thus: _
pp(A) = Tr(pE)) for some effect £.

Recall: If p1po = 0, then pp,(A)pp,(A) =0

Let {pr. = |Y)(¥|} be an orthogonal basis
Consider a A such that pp, ., (A) = 0.

Then, E\ = [1)(¥1]

But for {p) = |¢)(¥|} mutually noncollinear
we have ”Pi-(/\) = Tr(p}|v1)(¥1]|) # O for all k.

irsa: 05070100
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Consider a function on density operators

p+— f(p). satisfying:

1) @< f{p) <1 for all p

2) f(Ckwrpr) = Xrwif(pr) where 0 < wp <1
and > pun.— L.

The "reverse” Gleason’s theorem:

f(p) =Tr (Ep)
for some effect E (i.e. O< E<I).

This is the dual of the generalized Gleason’s theorem
Busch, Phys. Rev. Lett. 91, 120403 (2003).

Caves, Fuchs, Manne, and Renes, Found. Phys. 34, 193 (2004).

Also similar to a theorem in
L. Hardy, e-print quant-ph/9906123.
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Suppose p — pp(A) (assume preparation noncontextuality)

#p(/\) > 0
If p= > ) wrpg then pp(A) = 3p wipp(N)

At a given value of 7., the p considered as a function of p
satisfy the conditions of the reverse Gleason's theorem.

Thus:
pp(A) = Tr(pE)) for some effect £.

Recall: If p1po = 0, then pp;(A)pp,(A) =0

Let {pr. = |Y)(¥|} be an orthogonal basis
Consider a A such that pp,_.,(A) = 0.

Then, Ey = |¢1)(¢1]

But for {p) = |¢)(¥|} mutually noncollinear
we have ’upi-(’\) = Tr(p}|v1)(¥1]|) # O for all k.
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CONTRADICTION
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A statistical proof
(Joint work with Terry Rudolph)
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1 1 By preparatlon NC

[/2 = —gut 02 1
- < uX) = 5;1”(/\) + Sra(d)
= 5%t % 1 1
1 1 == Eﬁb(}‘) + 5#5’(’\)
= %t o 1 1
= E:ur_(;\) = 5:"—1(_()\)
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wV (bla) = wy +wo

UJHL_(CM) = wy + wg

WV (AIC) = we +wg
Thus

wHV (bla) — wfV (C|b) + wHV (A|C) = w1 + wg > 0
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oY (), =y
uJHL_(CM) = wy |+ wg
w?V (A|IC) = we + ws

Thus

wiV (bla) — w?V (C|b) + vV (A|C) = wy +wg >0

However, the quantum probabilities are e
w(bja) = 1/4 )l
w(Clb) =3/4 i><

w(AlC) =1/4 &< -
w@(bla) — w?(C|b) + w?(A|C) = -1/4<0 --ME_&%;.
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Proofs of nonlocality from
proofs of contextuality
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Consider the first proof given

1 1
fr;-"'.lz pam— 5!’7” + E{T{
1 1
— —a —
> i > B

Oy

By preparation noncontextuality
v(\)

PNC for /I/2 can be

1 1
pHald) + Sa(A) justified by locality
i 1

- 5#&(/\) + E;UB()Q

= ém A) + %M.(,\) But PNC for o,
cannot be justified

1 1 1

. : | | il
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Consider the statistical proof

/2= o5t Gy

By preparation noncontextuality Thie: proat crlly

S = ;;.s.u(/\)+éﬂ,4(/\) required PNC for //2
1 1
= 5N + 51BN this can be justified
= %Hf_.(;\) + SHe() by locality!

Locality — PNC — CONTRADICTION



Also.

Any bipartite Bell-type proof of preparation
proof of nonlocality —  contextuality

(proof due to Jon Barrett)
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Other resulis

Noncontextuality can be defined for any operational
theory:

If two experimental procedures are operationally
Indistinguishable, they should be represented in the same
way in the hidden variable model

One can also generalize the notion of noncontextuality to
unsharp measurements and transformations and to more
general sorts of contexts

Every proof of preparation contextuality based on the
ambiguity of mixtures yields a proof of contextuality for
unsharp measurements

There Iis a connection between Horn's problem and
=*tontextuality for unsharp measurements
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Open questions

For quantum logicians

- Does preparation contextuality have a natural
expression within the convex set approach to quantum
logic (see e.g. Mielnik's work)

-Does contextuality for unsharp measurements or
transformations have a natural expression in quantum
logic?

- What sorts of theories, besides quantum mechanics, are
contextual (using the operational definition)

For quantum information theorists

- Is contextuality critical for any of the information-
theoretic advantages of quantum theory?

Random access codes? (see Ernesto Galvao's thesis)

ooz Xpponential speed-up?



For quantum foundations types
- Is there a simple physical principle which implies
contextuality?

For more on preparation contextuality, see:
RWS, Phys. Rev. A 71, 052108 (2005) or quant-ph/0406166.
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