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Black Holes, attractors, elementary strings
€tC.

Plan:

Lecture 1: Develop some general technigues
for studying entropy of extremal black holes in
gravity coupled to matter with higher deriva-
tive terms.

Lecture 2. Apply this method to the study of
the correspondence between elementary strings
and black holes in string theory.

Reference for lecture 1:

A.S. , hep-th/0506177 (also hep-th/0505122

Related (complementary) work:

Kraus and Larsen, hep-th /0506176
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Plan:

Lecture 1: Develop some general technigues
for studying entropy of extremal black holes in
gravity coupled to matter with higher deriva-
tive terms.

Lecture 2. Apply this method to the study of
the correspondence between elementary strings
and black holes in string theory.

Reference for lecture 1:

A5, hep-th/0506177 (also hep-th/0505122

Related (complementary) work:

Kraus and Larsen, hep-th /0506176




Motivation:
String theory contains gravity + matter fields.

Low energy dynamics — described by an effec-
tive action with tWo derivatives terms.
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e.qg. [d”z\/=det g, [d”z/—det g o, b,
J 1 L‘!IJ_J-"‘:"-..". —det gk, Frv etc.
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The full effective action zlso contains terms
with h_ic_;her derivatives.

e.g. J_~ C.!"DJT vV —detq ~"?;¢;x_'_-‘r Rivpo

— Studying black holes in string theory, —
studying black holes in Nigher derivative the-
ories of gravity 4+ matter fields.

——
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Typically black holes Hawking radiate — are
unstable.

e

For a special class of black holes the Hawking
temperature =0.

e —— —

— extremal black holes.
We shall focus on these black holes.
This leads us to the analysis of extremal black

holes in higher derivative gravity in D dimen-
sions P

—. describes string theory with (10— D) dimen-
sions compactified







In our analysis we shall not assume the theory
to be supersymmetric.

— keeps the analysis as general as possible

— in general it is difficult to supersymmetrize
higher derivative terms

As a result we cannot use BPS condition to
define extremal black holes.

How do we recognize extremal black haoles in
a higher derivative theory?

Take the Clue from usual (super-)gravity.







Begin with the D = 4 case.

Recall the geometry of Reissner-Nordstrom so-

lution:
2 —_— =
~ g = .
. as = —(1—py p)(1 — 1 28 n}dr“
y -2
dp*“
(L—p/p)(1 —p_ p)

L1

L

I 27 2 1 T 2
+p°(df8< + sin“ 8dg~)

Extrema_l limit:

[ — P—
Define
T =1 ,Hf:_. — 0 — P,
Then e R
PR 2 205 20 1. BT 2 102
as— —~ ,J_,r_[—r ar T+ —=) +—p(déc +sin* ‘frfr:l“) ,
i & S )

d

X S

1]

— near horizon geometry AdS¢







)
L |

All known extremal black holes in four dimen-

sions with non-singular near horizon geometry
nave near horizon geometry AdS> x 52

(These include some solutions in the presence

of certain higher derivative terms.)

We shall take this as the definition of extremal
black holes.

Take a general gauge and general coordinate
invariant theory with metric gur, gauge fields
{-4}1‘:',?: neutral scalar fields {¢s}.

Definition: Extremal black holes in this theory
have

L. near horizon geometry AdS, x S2

2. all other background fields respect the SO(2,1)x
e

SO(3) symmetry of AdS> x S2.







General form of the near horizon geometry of
an

extremal black hole:
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U1, Up: sizes of AdS> and S2
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p;/4m: radial magnetic fi
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us: scalar field values at the horizon.

id

(D

n
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radial electric fields st the horizon




an extremal black hol

= f L S
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ua: sizes of AdS> and S2

us: scalar field values at the horizon.

p;/4m: radial magnetic fields at the horizon

€;: radial electric fields at the horizon
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dn extremal black hole
. T 7, I 3 - r_f.l'"":.
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Us. scalar field values at the horizon.

Pi/4m: radial magnetic fields at the horizon

€. radial electric fields at he horizon
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x volume form on S2

¢s =— constant
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Only terms in £ which do not involve explicit
covariant derivatives affect the background.
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covariant derivatives affect the background.
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Let /—detgL be the Lagrangian density.

Define:

f(u.7,e.p) = | d8dd V —detgC

g = — F(iit v o &) = r Fl o o =
s =—— rlu,v,.q,p) :Eri‘f-.-.-{;_.-—jlfu.r_'.f:.;ﬁ)

- —

Thus F/2x is the Legendre transform of f with
respect to the variables e-.







Resulits:

For an extremal black hole of electric charge §
and magnetic charge 7, 3

1. the values of {us}, v; and vo are obtained
by extremizing F(u.v, q,p) with respect to
these variables.

. dF aF
— =0, s — =0
dus duq dus

2. the near horizon electric field variables e;
are given by:

3. the black hole entropy Sgy; is given by

e ——

e

o — —=

Son—FEGE 75 D)
at the extrem




Significance

- If F has no fla t direction, then the complete
near horizon =r:f|ut|t3*| = ﬂetzrmmed from Lhece
equations.

— the near horizon solution and hence the en-
tropy wm.-r =Fis independent of the asymp-
totic values of the moduli fields.

2. If F has 1 Idt directions then sSome parame-
ters are not deterrrmed from F and could de-
pend on the asymptotic values of the moduli
fields.

But F is flat along those directions

— Sgg = F still does not depend on these
dasymptotic moduli.

— 3@ generalized attractor mechanism.

Ferrara, Kallosh, Strominger: . ..







Significance

1 86 1 7 F has no fi“t direction, then the comn[ete
near horizon ‘-‘-C}lutID"l = Getermmed from the':e
equations.

— the near horizon solution and hence the en-
tropy Sgpg = F is independent of the asymp-
totic values of the moduli fields.

215 Fr has flat directions then SOme parame-
ters are not determmed from F and could de-
pend on the asymptotic values of the moduli
fields.

But F is flat along those directions

— Spmg = F still does not depend on these
asymptotic moduli.

— 3@ generalized attractor mechanism.

Ferrara, Kallosh, Strominger: . ..







In deriving these results we

— doO not require the theory or the solution to
be supersymmetric.

dao =+ot
— Iequire any special structure of the higher
derivative terms except general coordinate in-
variance and gauge invariance.

Single entropy function F(a,u, g. p) determines:

— N€ar horizon values {us} of the scalar fields,

— Sizes vy, vy of AdS, and S2
— gauge field strengths {e;}

——

— entropy Spy

Similar results hold in higher dimensions for
near horizon geometry AdS> x D2




In deriving these results we

— do not require the theory or the solution to
be supersymmetric,

de ot
a ot

— require any special structure of the higher
derivative terms except general coordinate in-
variance and gauge invariance.

Single entropy function F (i, 7. §, p) determines:

— near horizon values {us} of the scalar fields,

— sizes vy, vo of AdS, and S2

— gauge field strengths {e;}

— entropy SE‘H

Similar results hold in higher dimensions for
near horizon geometry AdS, x SP—2.
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Derivation of the resuits:

1. f=][ dfdo/—detgL

— requiring the action to be stationary along
the directions of w4, v2 and us deformations
gives

af af d
e o, GRS
dusg duy duo

The SO(2.1) x SO(3) invariance of the back-
ground

— these are the only iIndependent components
of the metric and the scalar field equations.







2. Non-trivial part of the gauge field equations
and Bianchi identities:

[ 85 ) g
&r .-1.-.' — ID- 'r.:*"i-,-;__;’ — CI v
\6F/ )
Evaluate the integration constants at r — oa

— they are proportional to the electric charges
g; and the magnetic charges p;.

When evaluated on the near horizon geometry,
this gives

and

[ d8 dsFY = p,

dlready anticipated in the choice of parametriza-
tion of the background fields (F\¥) = p; sin 8/4x).
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T hus for given g and g the €quations determin-
ing the background are-

e o

af o f of af
dug duq dvo oe;

e ——

f is a function of 7. v, € and 7.

Now recall the definition of F-

F(4,7,4,p) =2~ (T-€— f(@. 5 E.p))

Properties of the Legendre transform — these
€guations are equivalent to:

aF aF aF oF
dug duy duo dg;




Thus for given ¢ and g the equations determin-
Ing the background are:

—

3 f af R
f‘r" — (1L — .—I—ZG. — = q;
dus duy dus de;

f is a function of %, v, € and p.

Now recall the definition of F':

F(u, v,

Properties of the Legendre transform — these
equations are equivalent to:

e

,-_C,i='3. EE——-D UIF: aF=2:P
dus duy dua dg;










Thus for given q and p the equations determin-
Ing the background are:

T of af af of
H" —iaL — =, — =], — = :
Jdus duy dus de; =
f is a function of %, v, € and p.
Now recall the definition of F
F(i,v,.q,p) =2=« (g-e— fiE, . €.D))

Properties of the I_egend_r_e transform — these
equations are equivalent to-

oF aF dF aF
0 ——a, —— —gx ST
dus duq duo dg;
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Alternatively we can define:
F(u,v,€,q.p) =2n(e;q; — f(i. v, e p))

P
oF aF o F JF
=00 — —a  — g e
| Fus duy duo de;
Spg = F

at the e_xt@murn.
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Computation of blac_k hore_entrony:

Higher derivative terms — the entropy is no
longer given by the area law.

Wald; Iyer and Wald- Jacobson, Kang, Mvyers

For spherically symmetric black holes:

—,

pes [ oS —
S — 8:.1_ di} d{:" _— 1..-": — rl
"'H - - L gr‘rg!", T
H = J’H f}.!‘?rrr!

In computing 0S /0R o0

1. express the action S in terms of symmetrized
Covariant derivatives of fields

2. treat Ruupo as independent variables.




(3)

Computation of black hole entropy:
e vcentupy

Higher derivative terms — the entropy is no
longer given by the area law.

Wald; Iver and Wald; Jacobson Kang, Myers

For Spherically SYmmetric black holes:
SV VINITICERIC

el .. O e
SBH = 8w -/:r; df rf::bi

V. —Grr Gt ,
er:rr

In computing 0S /0 Ry por

1. express the action S in terms of symmetrized
SAPTE=S — = Thicuisea
COvariant derivatives of fields

2. treat Ruvpe as independent variables.




Computation of black hole entropy:
BEES e — e LN

Higher derivative terms the
longer given by the area

€ntropy is no
law.

Wald; Iver and Wald; Jacobson Kang, Myers

—

For Spherically SYmmetric black holes:
e -V IVITICEEE

S = 8= ;

—— B —
i 0o
dé de —

VvV —89rr g¢t ,
rt

In computi ng .r_iff:‘_e'riﬂu;,_m

1. express the action S in terms of svymmetrized
aellon =y HTiCiriZzea
COvariant derfvativeg of fields

2. treat R i

uvpe aS independent variables.
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« =
f O

Spr =87 | dfdé —3grr gt
DRH — On LV Ly — vV —9rr gtt -
':.:IR."'n‘I

For our background Dyu¢s, DpFpy and DyRy, 0

all vanish.

— Can ignore all terms in £ which involve co-
variant derivatives of ¢s, F.,) and Ry,

T hus:
e S —
SBH —HS.-. ./I:' df do U det q m VvV —O9rr Ott ;
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Define:

1. £y = L with each factor of R,.mg in £ mul-
tiplied by )t.

0

[ 1

of, B, 7,

> = —
H(g,v,e.p) = / df do _-_dzaf:‘\

.
7 T

phenfv=—c—f
dfa(u, v, €. p) 1L
A ) = / d8 do> y —detg R Rrtre

For our background Retrt = ++/—gr r Q¢

—

This gives

afir(i. v, e, D)
9A =1 |

555! —_— — 2

We shall now try to write dfy/0A in_terms of
derivatives of f, with respect to vp and e;.
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Define:

1. £y = L with each factor of Rygrg in £ mul-
tiplied by A.

'_‘.:"f. B T E = 7z =
2- — ——

o
fA(@.7.6p) = [ dddé\/—detg L,
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(inl

u,v,€,p) = | dfdo V—detgl,

—




e — 5: with each factor of Ryparg in £ mul-

tiplied by A.
:.f'". B, 7, &= ) -

|

H(T.7,e,p) = | dodo V—detgl,
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Define:

1. £, = L with each factor of Hygyg in £ mul-
tiplied by A.

of, B, 7, & Fy e =

fA(@.7.8p) = [ d9dé\/—detqg L,
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[

Define:

1. £, = £ with each factor of Rysyg in £ mul-
tiplied by A.

of, B, 7, &

fas

r

2. P) = [ d8do V —detgC,

| .

-

—
o
-
()

- e

o1\ (i, 7. &. p) / —
./""L - j— i -_
{?A 4 -;I||I II'E {f:f__.-‘ ‘.l' detg r'rt H."frf

For our background Brtrt = ++/—grr 0t2
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Define:

1. £, = L with each factor of Fyayg in £ mul-

tiplied by A.

« B, T, a= & L

2. BN C T
J:;"(U._ I E_ﬁ-} = I,l'l dB dod vV — UE’t{JJﬂ:,‘
J L )

Then f.-\';:l = f

i‘) I':\[:!T. U, €. ﬁj r —_— a7
A 4 53 2 - — ,Il ff-{j I'_.f-‘f.:.? o = {jr:.t LL;\"-_ H
dA J V g "'_}H”ﬂ rirt




Define:

L. L) = £ with each factor of Hypyg in £ mul-
tiplied by A

B b = £
'ht"i By 7y & o =

— e

i (o - —
A = 1 .ﬁj =4 I||II ffr'g U.r{.} ".' —det a rié— Hrfrr
o/ of C-}HFI rt 53
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Define:

L. £, = £ with each factor of Fyayg in £ mul-
tiplied by A.

'.‘-{/. B -7'_ ; — ,:'; 'I':
2 B S e
fA(#,%.8,5) = [ d8do\/—detg L,
J #
\
Then fimy = f
dfA(T. 7, &, p) * — 3
o T LS | } U"C
~ =4 [ dfdo, —dth—i—Ff+
r_.})hn J ¥ = Uﬁr!rr rirt

For our background Ry = ++/—0rr G¢+

—_—
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> 8,7, 3= 5K t
> o e ey
f(u,v.e.p) = J_.l' dédo/—detg L,
o B
Then Ja=1 =f
af\(E. 7. . p) 7
\OR(ET.EP) _ |, ac
\ = =4 [ df0dé\/—detg—2_
# o ri,.f =
e Tirt

For our background Ry = ++/—0rr Gt




= L with each factor of fjj-'r-l!fﬂ in £ mul-

L /o5
tiplied by A.
"""/.:" k= ? = f‘z_ y =
2. R - =
H(E.7.6.p) = [ dfdo /— detg L,
un' ¥
Thi‘:.‘.'"l f:&‘:]_ — JF'

IR(E T &5 @i i ifas e
z “\(ii—ij €, P) =4 | dédo./—detg_ LR-"*”

‘j}?r:rt

For our background Rty = + —Grr Gt

— ————

This gives
- ~. 9fa(u, v, €, p)
QBH — —<W .
g
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Define:

1. £, = £ with each factor of Ryars iV £ mul

tiplied by _\

BT, 3= & +
P.L : —

A(@.3.85) = [ dodg/—detqr, |

|
- 1

ac,

1I:l'-)‘."l:':l"r

3f\(€.7,€p G —_
‘j\ : -'rﬁl: ‘_‘:] — 4 / {IQr‘fD ‘I. —{IE‘[(;
= rirt

For our background Brtrt = +v/—grr 91

—_—— ——
T —

This gives

—_—

dfi\(i.v.€p
Spg = —2=« ,,1{;Af;7)

We shall now try to write 8f,/8) in terms of
derivatives of fa with respect to vy and e;.




Define:

1. £, = £ with each factor of Rygys in £ mul-
tiplied by A.

o, B, 7, 3= A L

— e —

7. s

fii(a, v, e p) = ;."' df do y —detg ey

— e

Then -":;H=1 = J-

d "i[:ﬁ‘ U, {_,.‘E_J":I e {}.-C}l
A—= —4 dfdg/—detg—2_ R
£ ..-/ . g Rt rirt

For our background Ryiry =

+v/ —Grr gtt

This gives

OA A=1

We shall now try to write df\/AA in terms of
derivatives of f, with respect to v; and e;.
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1. Every factor of A in £ must appear in the
combination

A _q."_l‘gf{‘qr:” — ;“.._‘_—l

2. EBEvery F_,'*;:' in £ must appear in the combi-
nation: S S S

-— - "r\' e

V—a"¢ Fy) =emu7t

ifn)

pPanying factor of v; (size of AdS-).

3. Rgsps. F\ and us do not have any accom-

4. There are no covariant derivatives contract-
ing with the metric.

— the only other v; dependence of [y comes
from /—detg multiplying L.

Result: = &

JIA(ET' E',:_Tjrj'} — ;'1_rj.'({_f. U2, P, )ﬁ.t‘-___l. !’ij{'j__:)

for some function g.







EOIRCN—F f—-F

o N

Equation of motion — df/8v; = 0.

T hus

— the desired result.




Test of the final formula

Take Einstein-Maxwell theory in D = 4:
T Vs |
£ — __'_1? — _I";_,;;_/F':‘Lj

157117_\_' 4

Consider an extremal black hole solution with

near horizon geometry:
—-_-—\_-——_‘—_'_‘_‘_‘—'—-—._,_\___

~ = r']'_r.""':-“'. ; y - i -
ds< =uvy | —r<dt= + 5 | T U2 |d6< + sin“8daé<)
| e _.'I F
Err—e Foe =(p/47) sSin 6
T hen
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[EE. ( 2 2 )
16aGy \ v U,
R T
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2 X <=\
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I
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|
5
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1
N
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\%]
hJ
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0F/8e=0, 0F/dv; =0, @8F/8v, =0 gives
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e
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BH 4( p<)
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Test of the final formula

Take Einstein-Maxwell theory in D = 4-

r

r_ln

-
R — —F,, Fuv
167Gy Tl

Consider

an extremal black hole solution with
near horizon geometry:

o

#
F

_'_‘_‘—‘—-\___\__-\__
~ dr<) iy . \
ds< = Uy —r2dt? - = T U2 :r_ré“ + sin? Odd= :'
Frt = e, Fr’.’r:: =(p/47) Sin 6
\"'—-—\_.___‘_\_\_-__ c
T hen
—— — — s — e —— ey
f(vi.v,e.p) = / dfd¢ \/—detg L
i 7 {2 2\
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167Gy \ v wy)
2 | = 1 a2 D *.2-
Y e —1]r —
2 2”2 (4=
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