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Abstract: In this talk I'll discuss recent joint work with Raymond Laflamme, David Poulin and Maia Lesosky in which a unified approach to
guantum error correction is presented, called "operator quantum error correction”. This scheme relies on a generalized notion of noiseless
subsystems and includes the known techniques for the error correction of quantum operations --i.e., the standard model, the method of
decoherence-free subspaces, and the noiseless subsystem method--as special cases. Correctable codes in this approach take the form of operator
algebras and operator semigroups. The condition from the standard model is shown to be necessary for all of the known methods of error correction,
and we'll see this as part of a discussion on conditions that characterize correctability for the general case.
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Introduction

* For every quantum system, there is an associated Hilbert

space H.
—>H —C xsomen > 1
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Evolution of Quantum Systems

(A) Closed Quantum Systems:

* U :"H — H unitary, |¢} € H state;
¥} = Ul

irsa; 05050024 Operater QEC — p.4/27 page 7/56
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Evolution of Quantum Systems

(A) Closed Quantum Systems:

* U :"H — 'H unitary, |¢} € H state;
¥} = Ule)

* At the level of operators this can be written as
p— Upl™,

where p is a density operator (p > 0 and trace(p) = 1).
* As a “superoperator” £ : B(H) — B(H) = operators on H,
E(p) = UpUT.

Clperater QEC — p. 4/27 Page 8/56
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(B) Open Quantum Systems:

Figure 1:

Environment

System

H=Hg®Hs

Pirsa: 05050024
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* A given evolution map
£:B(Hs) — B(Hs)

must be positive and trace preserving.
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* A given evolution map
£:B(Hs) — B(Hs)

must be positive and trace preserving.

» We also need the same for id ® £ on B(Hg ® Hg) for any
choice of £. 1.e. £ 18 completely positive and trace

preserving.
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* Theorem. (Choi-Kraus) Let £ : B(H) — B(H)bea
quantum operation. Then there are operators { 4; } inside
B(H) such that

E(p) =2 _AwAl Yo —(CP)

Y Al =1 —(TP)

2
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* Theorem. (Choi-Kraus) Let £ : B(H) — B(H)bea
quantum operation. Then there are operators { 4; } inside
B(H) such that

E(p) =D _AwAl Yp —(CP)

Y Als=I —(TP)

» We write £ = {A;}. The A; are the errors or noise
operators associated with £.
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Error Correction of Quantum
Operations

Basic Problem: Correct for the errors £ = { A;}
associated with a given quantum operation £.

e £ —{U]

p UplUt error
— UWUpUNU = p recovery

irsa: 05050024 Operater QEC — p.8/27 page 14/56
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Standard Model for Quantum Error Correction:
(Shor, Steane, Bennett-DiVincenzo-Smolin-Wootters,
Knill-Laflamme)

* A quanium code is a subspace C C H.
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Standard Model for Quantum Error Correction:
(Shor, Steane, Bennett-DiVincenzo-Smolin-Wootters,
Knill-Laflamme)

* A quanium codeis a subspace C C H.

* Given € : B{(H) — B(H), a code C is correctable for £ if
there isan R : B(H) — B(H) such that

(Ro&)(p)=p Vpe B(C) < B(H).

Pirsa: 05050024 Operater QEC — p.8/27 page 16/56
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Standard Model for Quantum Error Correction:
(Shor, Steane, Bennett-DiVincenzo-Smolin-Wootters,
Knill-Laflamme)

* A quanium code is a subspace C C H.

* Given € : B{(H) — B(H), acode C is correctable for £ if
there isan R : B(H) — B(H) such that

(Ro&)(p)=p Vpe B(C) < B(H).

» The Standard Model consists of triples (R, £, C). Note that
we could focus on B(C) instead of C.

Pirsa: 05050024 Operater QEC — p.8/27 page 17/56
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Example
» Let C = span{|00}, |11)} C C* and

Xl} where X; =X & 1.

1
e

Pirsa; 05050024 Operater QEC — p. 10727 page 18/56
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* Theorem. (K-L, B-D-S-W) The following are equivalent:
(1) C is correctable for £ = { 4;}.
(2) There are scalars A = ();;) such that

PeATA.Po = AP Vi,7.

» In the previous example, A =

Pirsa: 05050024 Operater QEC — p 11727 page 19/56
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* Theorem. (K-L, B-D-S-W) The following are equivalent:
(1) C is correctable for £ = { 4;}.
(2) There are scalars A = ();;) such that

PoATA.Po = A\ Pr Vi,j.

» In the previous example, A =
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Noiseless Subsystems and Decoherence-Free
Subspaces:

(Palma-Suominen-Ekert, Duan-Guo, Zanardi-Rasetti,
Lidar-Chmang-Whaley, Knill-Laflamme-Viola, Zanardi,
Kempe-Bacon-Lidar-Whaley)

» Given £ = {4;}, let A= C*({4:}) = Alg{A;, AT} be the

interaction algebra associated with £.

Pirsa: 05050024 Operater QEC — p 12727 page 21/56
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* Theorem. (K-L, B-D-S-W) The following are equivalent:
(1) C is correctable for £ = { 4;}.
(2) There are scalars A = ();;) such that

EAAF— 2P Vi

* In the previous example, A =
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Noiseless Subsystems and Decoherence-Free
Subspaces:

(Palma-Suominen-Ekert, Duan-Guo, Zanardi-Rasetti,
Lidar-Chmang-Whaley, Knill-Laflamme-Viola, Zanardi,
Kempe-Bacon-Lidar-Whaley)

» Given £ = {4;}, let A = C*({4:}) = Alg{A;, AT} be the

interaction algebra associated with £.

Operater QEC — p 12727 page 23/56
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Noiseless Subsystems and Decoherence-Free
Subspaces:

(Palma-Suominen-Ekert, Duan-Guo, Zanardi-Rasetti,
Lidar-Chuang-Whaley, Knill-Laflamme-Viola, Zanardi,
Kempe-Bacon-Lidar-Whaley)

» Given £ = {4;}, let A = C*({4;}) = Alg{A;, AT} be the

interaction algebra associated with £.

* The corresponding notse commutant is the algebra

A' = {p€ B(H) : pA; = Aip Vi}.

Operater QEC — p 12727 page 24/56
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* Assume £ is unital (so E(1) = 1). Then
pEA =E(p)=> ApAl=pE(M)=p

In fact...

Pirsa; 05050024 Operater QEC — p.12/27 page 25/56
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* Assume £ is unital (so E(1l) = 1). Then
pEA =E(p)=> ApAl=pE(M)=p
In fact...

* Theorem. (K., Busch-Singh) If £ is a unital quantum
operation, then A’ = Fix(£) = {p € B(H) : £(p) = p}.

* As a finite dimensional C*-algebra, there are positive

integers myg, 1 ~> 1 such that

Fix(£) = A" = & (1, @ M, ).

Pirsa: 05050024 Operater QEC — p 12727 page 26/56
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* Assume £ is unital (so E(1l) = 1). Then

pe A =E(p) :Z&PAI:QE(H):@-

In fact...

* Theorem. (K., Busch-Singh) If £ i1s a unital quantum
operation, then A’ = Fix(£) = {p € B(H) : £(p) = p}.

* As a finite dimensional C*-algebra, there are positive

integers myg, 1 = 1 such that

Fix(£) = A’ & & (1, @ M, ).

* Hence, p € 1,,,, @ M,,, = E(p) = p.

Operater QEC — p 12727 page 27/56
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* ie.pp EM, = (idoE)(,, R po) = 1,, ® po.

Pirsa; 05050024 Operater QEC — p 14727 page 28/56
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* ie.pp EM, = (idoEY(,, R po) = 1, ® po.

= 1, & M,, 1s a noiseless subsystem (decoherence-free
subspace whenm = 1) for £.

* Note. The commutant (1, ® M,,)' = M,, & 1, contains
“matrix units” { Py : 1 < k,I < m}.

= o Foimm— 72—

Pirsa: 05050024 Operater QEC — p 14727 page 29/56
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Generalized Noiseless
Subsystems

* Assume we have a decomposition

H=H'"@H)BK.

irsa; 05050024 Operater QEC — p. 15/27 page 30/56
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Generalized Noiseless
Subsystems

* Assume we have a decomposition

H—(H'eH)aK.

» Standard NS (for £ unital) we have

E( @™y =1 ®c% Vo € B(H").

Pirsa: 05050024 Operater QEC — p 15/27 page 31/56
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Generalized Noiseless
Subsystems

* Assume we have a decomposition

H=H'@H)BK.

» Standard NS (for £ unital) we have

E(M @™y =1 ®c® Yo € B(H").

* Lemma. The following conditions are equivalent, and are
the defining properties for HZ to be a {generalized)
noiseless subsysiem for £
(DVo*Vo™, ©* : £lo"@a")—7"Ra"

Q) VeB, I : E(I*®@oB) =71 @ 0"
Vo el : (TracPyo€)(o) = Tra(o).

Pirsa: 05050024 Operater QEC — p 15/27 page 32/56
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,r Example.

* Let ¥ = {E,, E; } on B(C?) — “spontaneous emission” —
where Ey = |0X0|, E; = |0X1| and let @ : B(H) — B(H)
be a quantum operation with a NS H? C X, so that
®(o) = o forall ¢ € B(H?E).

Pirsa; 05050024 Operater QEC — p. 18/27 page 33/56




bgec. ps - GSview
Edit Ophkions Yiews Crientation Media Help
ogeC.pz Page: "16™ 40 of 61

Example.

* Let ¥ = {E,, E; } on B(C?) — “spontaneous emission”™ —
where Ey = |0X0|, E; = |0X1| and let @ : B(H) — B(H)
be a quantum operation with a NS H? C X, so that
®(o) = o for all ¢ € B(H?E).

* Let £ = ¥ ® ® on B(C?> ® H). Then H? is noiseless for £
and ¥p € B(C?), Yo € B(HP),

E(p@ o) =¥ (p) @ P(o) = (ZEEQEJ) R o.

Pirsa: 05050024 Operater QEC — p 18/27 page 34/56
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» Given a decomposition H = (H? ® HZ) & K, the previous
Lemma suggests consideration of the operator semigroup
inside B(H),

A ={o?®@c" :0? € B(H?), o° € B(H")}.

Pirsa; 05050024 Operater QEC — p. 17727 page 35/56
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» Given a decomposition H = (H* ® HZ) & K, the previous
Lemma suggests consideration of the operator semigroup
inside B(H),

A ={o?®@c" :0? € B(H?), o° € B(H")}.

* Suppose dimH? = m, dimH?Z = n. Let
{P;i.g : ]_i k’,g ﬂm}

be a family of matrix units for B(H*) ® 1°. Further let Py
be the projection of H onto H? ® H? and let Py be the

map Pe(-) = Pa(-)Pax.

Operater QEC — p 17/27 page 36/56
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* Theorem. Let £ = {E;} be a quantum operation on B(H)
and let 2 be a semigroup in B(7) as above. Then the
following statements are equivalent:

(1) 2l encodes a noiseless subsystem for £
(decoherence-free subspace in the case m=1), as in the
previous Lemma.

(2) The following two conditions hold:

Peebi Py = MipilPa ¥,k 1
for some set of scalars { \;5 } and

B Py = Pyl Py Vi

Pirsa: 05050024 Operater QEC — p 18727 page 37/56




Edit COphbions Yiess Crientation Media Help

Dgec.p: Page: "15" 44 of 61

* In particular, each £; must have a matrix representation
with respect to H = (H* ® HZ) ® K of the form

(}\iki ]lB) #*
0 *

Pirsa; 05050024 Operater QEC — p. 15/27 page 38/56
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Unified Approach: “Operator
Quantum Error Correction”

* The unified scheme consists of triples (R, £, %) where R
and £ are quantum operations on some B(?), and A is a
semigroup in B(7) defined as above with respect to a fixed
decomposition H = (H* @ HZ) & K.

irsa: 05050024 Operater QEC — p 20727 page 39/56
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Unified Approach: “Operator
Quantum Error Correction”

* The unified scheme consists of triples (R, £, %) where R
and £ are quantum operations on some B(?), and A is a
semigroup in B(7) defined as above with respect to a fixed
decomposition H = (H* @ HZ) & K.

* Definition. Given such a triple (R, £, ) we say that 2 is
correctable for £ if

(TraoPyoRof)(o) =Tralo) forall o€

» ie. (R,£,2) is a correctable triple if the HZ sector of the
semigroup X encodes a (generalized) noiseless subsystem
for the error map K o £.

Pirsa: 05050024 Operater QEC — p 20727 page 40/56
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* Theorem. The following conditions are equivalent:
(1) 2 is correctable for £.
DOVo "Vor, 5" - (Raoflo"@c™)—3"@o".
Ve, 2 - (RoE){( @c™)— " @a”
@Voed : (TracPuoRo&)(0) = Tralo).

Pirsa; 05050024 Operater QEC — p 21727 page 41/56
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Unified Approach: “Operator
Quantum Error Correction”

» The unified scheme consists of triples (R, £, ) where R
and £ are quantum operations on some B(?), and A isa
semigroup in B(7) defined as above with respect to a fixed
decomposition H = (H* @ HZ) & K.

* Definition. Given such a triple (R, £, %) we say that 2L is
correctable for £ if

(TraoPyoRof)(o) =Tralo) forall o€

» ie. (R,£,2) is a correctable triple if the HZ sector of the
semigroup % encodes a (generalized) noiseless subsystem
for the error map K o £.

Pirsa: 05050024 Operater QEC — p 20727 page 42/56
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* Theorem. The following conditions are equivalent:
(1) 2 is correctable for £.
DVo " Vo, " - (Raof)lo"@c™) —7"@o".
) Ve?B, I : R E) I @6%) = 1 @65
@Voed : (TracPuoRo&)(0) = Tralo).

Clperater QBEC — p 21727 Page 43/56
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» Table: Special Cases of Operator QEC

Given an error triple (R, £,2):

2 — subspace Standard QEC
T id Generalized NS
R =12d + A = algebra Standard NS
R =1d + A = subspace DES

irsa: 05050024 Operater QEC — p 227237 page 44/56
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Conditions for Correction

* Let 9, be the C*-algebra Ay = 1 @ B(HF) C 2.

irsa; 05050024 Operater QEC — p.22/27 page 45/56
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Conditions for Correction

» Let 9, be the C*-algebra Ay = 1* ® B(HF) C 4.

* Correctability of a given semigroup 2 1s equivalent to the
precise cotrection of the algebra 2g:

Pirsa: 05050024 Operater QEC — p 22727 page 46/56
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Conditions for Correction

» Let YUy be the C*-algebra Ay = 1* @ B(HF) C 2.

* Correctability of a given semigroup 2 is equivalent to the
precise correction of the algebra 2g:

» Theorem. Let £ = {E;} be a quantum operation on B(H)
and let 2 be a semigroup in B() as above. Then 2 is
correctable for £ if and only if there is a quantum operation
R on B(H) such that

(Ro&¥o)=0 VYo,

Pirsa: 05050024 Operater QEC — p 22737 page 47/56
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» Theorem. Let £ = {E;} be a quantum operation on B(H)
and let 2 be a semigroup in B(7) as above. If A is
correctable for £, then there are scalars A = { \;;1 } such
that

PuElE; Py — MjuPy forall ikl

Pirsa; 05050024 Operater QEC — p 24727 page 48/56
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» Theorem. Let £ = {E;} be a quantum operation on B(H)
and let 2 be a semigroup in B(7) as above. If A is
correctable for £, then there are scalars A = { A1} such
that

PuElE; Py — MjuPy forall ikl
* The converse implication holds under the additional

hypothesis:

)L,;jkg — V2 7é j and ‘)ﬂi&g‘z - )tﬁkk)tiﬂg W E':, k‘.ﬂ, L

Pirsa: 05050024 Operater QEC — p 24727 page 49/56
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* Remark. Observe that setting £ = [ in the equation above
gives the condition from the Standard Model with
Fe— ep.

Pirsa; 05050024 Operater QEC — p 25727 page 50/56
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* Remark. Observe that setting & = [ in the equation above
gives the condition from the Standard Model with
Foe— Fep.

» It follows from this that the standard error correction
condition is necessary for the existence of correctable codes
in all of the known schemes for the error correction of
quantum operations (Standard NS, Generalized NS,
Operator QEC, etc).

Operater QEC — p 25/27 page 51/56




Edit Ophtions Yiews Crientation Media Help

DgeC.pz Page: "24™ 54 of 51

- * Theorem. Let £ = {E;} be a quantum operation on B(H)
and let 2 be a semigroup in B(7) as above. If A is
correctable for £, then there are scalars A = { Az} such
that

Py ElE; Py — MjuPy forall ikl
* The converse implication holds under the additional

hypothesis:

)L,;jkg =0 ¥z 7é j and ‘)ﬂi&g‘z - )tﬁkk)tiﬂg \W”i.‘, k‘.ﬂ, E

Pirsa: 05050024 Operater QEC — p 24737 page 52/56
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* Remark. Observe that setting & = [ in the equation above
gives the condition from the Standard Model with
Fe— ey

» It follows from this that the standard error correction
condition 1s necessary for the existence of correctable codes
in all of the known schemes for the error correction of
quantum operations (Standard NS, Generalized NS,
Operator QEC, etc).

Operater QEC — p 25/27 page 53/56
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Conclusion

-

» Operator quantum error correction is a scheme for the
error correction of quantum operations that includes the
Standard Model, and the NS and DFS methods as special

Cases.

Pirsa: 05050024 Operater QEC — p 28/27 page 54/56
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ql.

Conclusion

' » Operator quantum error correction is a scheme for the
error correction of quantum operations that includes the
Standard Model, and the NS and DFS methods as special

Cascs.

* In addition, Operator QEC includes a generalized version
of NS that applies to arbitrary (not necessarily unital)

quantum operations.

* A consequence of the error correction conditions derived 1s
that the condition from the Standard Model 1s a requisite for
any of these schemes to be feasible.

Pirsa: 05050024 Operater QEC — p 28/27 page 55/56
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