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recent observations: universe expands at accelerating rate
Einstein-Hilbert gravity: Rg-2R g, = T, +Agy, A>0
strong energy condition = A = const.
Cosmological Constant Puzzle:

liliﬂ What is the physical origin

of such a ubiquitous vacuum enerqgy ?

e.g. quantum vacuum fluctuations of standard model fields: of f by > 10%°

smells like quantum gravity:
need to understand spacetime structure at very short distances

& key open problem of theoretical physics

unknown —— A classical concept
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Quantum structure Lorentzian manifold
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CONSTRUCT maximal subvariety ¥ of non-null planes

consider Riemann tensor Rl ., as an endomorphism R on AZ,

symmetric with respect to metric & on A?

find all timelike R-ecigenvectors (2, A?  maximally d-1
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Key theorem: The following statements are equivalent

(i) sectional curvatures on U are bounded: o< |SW)| <«Z
(ii) eigenvalues p of the Riemann tensor are bounded: o< |p| <X

ote: . evaluation of d(d-1)/2 eigenvalue conditions much simpler than (i)
- on Riemannian manifold U = 6r,

lectromagnetic analogy: invariants: F_Fe® = E2-B2 , F «F®®=2E.B
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lanes 1 time :xs* e VUV 3 I planes > time axis

pper bounds on sectional curvature:
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3 %///% \ Null surface /l

m. H space-like singularities in static spherically symmetric spacetimes
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ERIMETER H:HS"HUTE FOR THEORETICAL PHYSICS EXAMPLE 2

atic spherically symmetric ds®=-A(r) dt? + B(r)dré +r2dQ; (d=4)

upper bounds: lower bounds:

S -+ -

F i
- _—

no Kepler region Kepler region possible

no horizon-shielded singularities

lower and upper bounds = no static black holes if otherwise acceptable
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pp-wave spacetime ds® = - H(u,x') du® - 2 du dv + dx dx

d/dv covariantly constant null Killing vector

well-known: all curvature invariants vanish

Tr[R"4;] =0  all n21

RAB-eigenvalue equation O = det (R’“B -r EAB) = p d(d-1)/2

bounds o< |r| <« Z satisfied for any plane wave

null-singularities

unavoidable in gravity on Lorentzian spacetime
[Horowitz + Myers 1995]
we could not bound all sectional curvatures,
hence we did not remove all singularities (I)

m. Sectional curvature bounds do not remove all (if any) null-singularities
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gravitational action

f holomorohic

P o I N NS i 4

5= [ v Tr fRAp)

" branch cuts
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gravitational action

f holomorphic
5= [ v Tr fRAp)

f-ambiguity reflects ignorance about

exact quantum spacetime structure ' branch cuts
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gravitational action

f holomorphic

5= [ v Tr fRAp)
f-ambiguity reflects ignorance about

exact quantum spacetime structure branch cuts

-N

)= ¥, B "a, 2 *a""a

n=0

n <

absolutely convergent |

(allows arbitrary re-ordering)




ermeres P ssniriisvan martian o GRAVT TATTONAL DYNAMICS

gravitational action

f holomorphic

5= [ v Tr fRAp)
f-ambiguity reflects ignorance about

exact quantum spacetime structure
matter coupling as usual:

0S5

i e O (Noether constraint)
9 &= ) 270, 2" rd e, ="

n=0

branch cuts

absolutely convergent |

(allows arbitrary re-ordering)
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gravitational action

i 1 § -
f holomorphic

5= [ v Tr fRAp)
f-ambiguity reflects ignorance about

exact quantum spacetime structure ' branch cuts

matter coupling as usual:

v 69_--: O (Noether constraint)
L]

equations of motion

f(R) R-g Tr f(R)+ VVF(R)= T

-N

fz)= ¥, E'"a, =" *a""a

n=0

2

absolutely convergent |

(allows arbitrary re-ordering)
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gravitational action

f holomorphic

5= [ v Tr fRAp)
f-ambiguity reflects ignorance about

exact quantum spacetime structure ' branch cuts

matter coupling as usual:

Vi ? =0 (Noether constraint)
I

equations of motion

f(R) R-g[TPfR)+ VVFR)=T

-N

)= ¥, E*"a, 2" »a""a

n=0

n <

absolutely convergent |

(allows arbitrary re-ordering)




ermeres P snsrrensvon niteriniens st G RAYT TATTONAL DYNAMICS

gravitational action

f holomorphic

5= [ vg Tr fRAp)
f-ambiguity reflects ignorance about

exact quantum spacetime structure ' branch cuts

matter coupling as usual:

Vi ? =0 (Noether constraint)
A

equations of motion

f(R) R-g[Trf®)}: VVFR)=T

-

)= ¥, B "a, 2" +a™"a

n=0

n <

absolutely convergent |

(allows arbitrary re-ordering)

constrains R-eigenvalues: o< |r| < Z

Note: 1. equations of fourth order in derivatives (more d.o.f.'s)
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gravitational action

f holomorphic

5= [ v Tr fRAp)
f-ambiguity reflects ignorance about

exact quantum spacetime structure | branch cuts

matter coupling as usual:

i 3o - O (Noether constraint)
gl_i

equations of motion

f(R) R-g[TRfR)}+ VVF(R)=T

)= ), F"a, ™ 0", "
n=0

absolutely convergent |

(allows arbitrary re-ordering)

:o¢|r| <X

Note: 1. equations of fourth order in derivatives (more d.o.f.'s)

2. as many theories as Laurent series on annulus
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gravitational action

f holomorphic

5= [ v Tr fRAp)
f-ambiguity reflects ignorance about

exact quantum spacetime structure ' branch cuts

matter coupling as usual:

i 3o - O (Noether constraint)
gl_i

equations of motion

f(R) R-g|TrfR)}+ VVF(R)=T

&)= ) E"a = 0" a, "
n=0

absolutely convergent |

(allows arbitrary re-ordering)

igenvalues: o< |r| < X

Note: 1. equations of fourth order in derivatives (more d.o.f.'s)
2. as many theories as Laurent series on annulus

3. Classical limit ill-defined (limits 60 and Z->< unrelated)
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gravitational action

f holomorphic

5= [ v Tr fRAp)
f-ambiguity reflects ignorance about

exact quantum spacetime structure
matter coupling as usual:

85
=0 (Noether constraint)

| 3g; .
.|_| : f = Z!.-ﬂ a ZI"'I + 0.1+ﬁ A Z-n
equations of motion () HZ}O n n

f(R) R-g| !‘ﬂﬁ) + VVFR)=T absolutely convergent |

(allows arbitrary re-ordering)

branch cuts

constrains R-eigenvalues: o< |r| < T

Note: 1. equations of fourth order in derivatives (more d.o.f.'s)

2. as many theories as Laurent series on annulus
3. Classical limit ill-defined (limits 60 and Z—>< unrelated)

4. lose Minkowski as exact solution (may be a virtue)
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eximcrcn PP insrirore ron rutoncarent rursics CLASSICAL LIMIT

equire dS/AdS RAB = ‘SAB exact solutions of f(R) theory
(stepping in for k=0 Minkowski)
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cmmeren [ swsririrecon ruconcricar ruvsics CLASSICAL LIMIT

equire dS/AdS RAg= &%  exact solutions of f(R) theory
(stepping in for k=0 Minkowski)

perturbation theory:

N
& lim 2 f (n-d2)( )" =0
n=1

N—oo

require sum to vanish for
any truncation
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cxmmcren PP insrirore ron rutoncirent rursics CLASSICAL LIMIT

equire dS/AdS RAB = EAB exact solutions of f(R) theory
(stepping in for k=0 Minkowski)

perturbation theory:

N
& lim 2 f (n-d2)( )" =0
=

N—-oo

require sum to vanish for
any truncation

elate scales (k,0,%) = for some y to be determined

determines f_ intermsof f, iy

correct convergence & vy = - - Ern b ot
‘ n-d/2 e
N~ nedsz2 © n
i 1-n
‘Fr1 = X "a

Ty =0 2 a, x" abs.conv. |x|«<l




B E——— CLASSICAL LIMIT

equire dS/AdS R""‘B = SAB exact solutions of f(R) theory
(stepping in for k=0 Minkowski)

perturbation theory:

N
& lm 2 f (n-d2)( )" =0
n=1

N-oo

require sum to vanish for
any truncation

elate scales (k,0,Z) - for some y to be determined

determines f__ in termsof f, s

correct convergence & y=- 3

branch cuts

n-d/2

2 500

o— 0

abs.conv. |x|«1 k = const
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family of gravities without curvature bounds

_ k?
f V-9 Tr[R""B+5 - ]
R™g
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family of gravities without curvature bounds

d 3
. % 1-d/2 > g
/-9 Tr |RA; + O ] G=
J v [ © T RA 1+d/2 X
2 -3
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cemercr [P msrirereicon ruonrrens ruvsics EINSTEIN'S SIBLINGS

family of gravities without curvature bounds

d )
et k2 1-d/2 2 0
-9 Tr |RA, + 0 ] o=
J v [ © T RA 1+d/2 =
£ -1

Note: 1. Einstein only special case k=0
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cemncren [ snsrirere von rucontricad ruvsics EINSTEIN'S SIBLINGS

family of gravities without curvature bounds

d 3
o k2 1-d/2 2 0
/-9 Tr |[RA; + 90 ] 3=
J v [ ° T RA 1+d/2 3 -/
4 -1

Note: 1. Einstein only special case k=0

2. no actual cosmological constant term
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cemmeren [P rusrirere von rucorerrent rursics EINSTEIN'S SIBLTNGS

family of gravities without curvature bounds

d 3
. % 1-d/2 Fg
/-9 Tr|RA, + O ] a=
§ivs [ A 1+d/2 3 -1y
4 -y

Note: 1. Einstein only special case k=0

2. no actual cosmological constant term

3. k>0 determined by what is usally considered cosmological const.
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cemmeren [P usrerirevon rueontrvend pursics EINSTEIN'S SIBLTNGS

family of gravities without curvature bounds

d 3
_ k? 1-d/2 z @
/-9 Tr [RA; + O ] )
e [ 5 pAy 1+d/2 3 -/
4 '1/3
Note: 1. Einstein only special case k=0

|
2. no actual cosmological constant term

3. k>0 determined by what is usally considered cosmological const.
4. theory different from f(Ricci scalar) theories:

Tr'RAB ~ R but Tr — L

A
RA, R
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family of gravities without curvature bounds

d S
N k2 1-d/2 2 0
f i TP[RAB+5 RAB] = 1+d/2 3 iy
4 -1/,
Note: 1. Einstein only special case k=0
2. no actual cosmological constant term
3. k>0 determined by what is usally considered cosmological const.
4. theory different from f(Ricci scalar) theories:

Tr'RAB ~ R but Tr - .

RA R
B
more degrees of freedom than standard gravity (CQ6...)
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eaneren [ nsrivirevon rueoncrrens ruvsics EINSTEIN'S SIBLINGS

family of gravities without curvature bounds

d S
_ A k? . 1-df2 z G
f\--g TP[RB+6RAB] 2 1+d/2 3 -
4 -1/
Note: 1. Einstein only special case k=0
2. no actual cosmological constant term
3. k>0 determined by what is usally considered cosmological const.
4. theory different from f(Ricci scalar) theories:

O

Tr'RAB ~ R but Tr = e

RA R
B
more degrees of freedom than standard gravity (CQ6...)

6. there is no Einstein frame (unlike Ric-1/Ric): ‘irreducible
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enneren [ nsrivireivon ruroncrrens ruvsics EINSTEIN'S SIBLINGS

family of gravities without curvature bounds

d 3
a4 . k2 1-d/2 2 0
f\-g TP[RB+5RAB] o 1+d/2 3 -
4 -1/
Note: 1. Einstein only special case k=0
2. no actual cosmological constant term
3. k>0 determined by what is usally considered cosmological const.
4. theory different from f(Ricci scalar) theories:

>
6.

1 1
A g — —
TrR 3 R but Tr RAB R

more degrees of freedom than standard gravity (CQ6...)

there is no Einstein frame (unlike Ric-1/Ric): ‘irreducible’

work in progress:

study of cosmological and spherically symmetric solutions

nertirirbatinn thearvy araimd A S Galavyv ratatinn Flirve e
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caneren I susrerere on ruconcrrenc ruvsics OPEN PROBLEM

Initial Value Formulation

instein-Hilbert:
G, = O superficially good system of PDEs:

10 equations for 10 functions g,
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Initial Value Formulation
instein-Hilbert:

G, = O superficially good system of PDEs:

10 equations for 10 functions g

Gop, =0 four constraints on Cauchy data
Gqp =0 six evolution equations

well-known: (i) only 6 degrees of freedom in g
(ii) 64 = O partially linear hyperbolic
= locally unique causal solution

B Wi ol o 1 -
instein's siblings: f v-g Tr [QAB + 8 —— ] initial value problem

RAS well-posed?

ounded curvature

theories: f v-g Tr f(RAB)

B il amm e i s AR e L BN L B SR L T Rk e TOR )

well-posed initial value problem
further constrains function f
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ERIMETER P:[:HSFHLFE FOR THEORETICAL PHYSICS sUMMARy

sectional curvatures = tidal accelerations bounded by quantum mechanism
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PERIMETER H:NS'L'IU'E FOR THEORETICAL PHYSICS SUMMARY

sectional curvatures = tidal accelerations bounded by quantum mechanism

rigidity of Lorentzian manifolds: cannot bound all sectional curvatures
= cannot remove all curvature singularities
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ERIMETER H:NS'lHJ'E FOR THEQORETICAL PHYSICS sUMMARy

sectional curvatures = tidal accelerations bounded by quantum mechanism

rigidity of Lorentzian manifolds: cannot bound all sectional curvatures
=> cannot remove all curvature singularities

curvature bounds on maximal subvariety of Grassmannian
© bounds on eigenvalues RAB € End(A2TM)
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ERIMETER H:NS'EJUTE FOR THEORETICAL PHYSILCS

sectional curvatures = tidal accelerations bounded by quantum mechanism

SUMMARY

rigidity of Lorentzian manifolds: cannot bound all sectional curvatures

= cannot remove all curvature singularities

curvature bounds on maximal subvariety of Grassmannian
© bounds on eigenvalues RAB € End(A°TM)

upper bounds (asymptotically flat) lower bounds
remove Schwarzschild singularity

remove Minkowski vacuum



ERIMETER H:NSTLTUTE FOR THEORETICAL PHYSICS SUMMARV

sectional curvatures = tidal accelerations bounded by quantum mechanism

rigidity of Lorentzian manifolds: cannot bound all sectional curvatures

= cannot remove all curvature singularities

curvature bounds on maximal subvariety of Grassmannian
© bounds on eigenvalues RAB € End(A2TM)

upper bounds (asymptotically flat) lower bounds
remove Schwarzschild singularity remove Minkowski vacuum

dynamics S= f v-g Tr f(RA;)

branch cuts



|

PERIMETER H:n&'lTU?E FOR THEORETICAL PHYSICS SUMMARY

sectional curvatures = tidal accelerations bounded by quantum mechanism

rigidity of Lorentzian manifolds: cannot bound all sectional curvatures

= cannot remove all curvature singularities

curvature bounds on maximal subvariety of Grassmannian
© bounds on eigenvalues RAB € End(A2TM)

upper bounds (asymptotically flat) lower bounds
remove Schwarzschild singularity remove Minkowski vacuum

dynamics S= f v-g Tr f(RA;)

3 constant curvature solutions

branch cuts

fixes z " coefficients in terms of z" coefficients
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sectional curvatures = tidal accelerations bounded by quantum mechanism

rigidity of Lorentzian manifolds: cannot bound all sectional curvatures

= cannot remove all curvature singularities

curvature bounds on maximal subvariety of Grassmannian
© bounds on eigenvalues RAB € End(A2TM)

upper bounds (asymptotically flat) lower bounds
remove Schwarzschild singularity remove Minkowski vacuum

dynamics S= f v-g Tr f(RA;)

3 constant curvature solutions

branch cuts

fixes z " coefficients in terms of z" coefficients

removal of two-sided bounds requires specification of 'vacuum’ curvature

2
unique classical theory: f v-g Tr [RAB +3 R’; ]
B
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sectional curvatures = tidal accelerations bounded by quantum mechanism

rigidity of Lorentzian manifolds: cannot bound all sectional curvatures

= cannot remove all curvature singularities

curvature bounds on maximal subvariety of Grassmannian
© bounds on eigenvalues RAB € End(A°TM)

upper bounds (asymptotically flat) lower bounds
remove Schwarzschild singularity remove Minkowski vacuum

dynamics S= f v-g Tr f(RAB)

3 constant curvature solutions branch cuts

fixes z " coefficients in terms of z" coefficients

removal of two-sided bounds requires specification of 'vacuum’ curvature
2

unique classical theory: f v-g Tr [RAB +0 R:B ]

open questions: Cauchy problem, stability, exact solutions: f(R) and R+1/R
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