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e manifold A"

e replace T by T =T

e inner product of signature (n,n)

(X +& X +&) = —ixé

e skew adjoint transformations:

EndT < A°T* © AT
e .... in particular B < N°T"
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TRANSFORMATIONS

e exponentiate B:

X+¢&—X+E+ixB

e natural group Diff(M) x Q2(M)
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DIFFERENTIAL FORMS = SPINORS FOR 1 !

e Invariant bilinear pairing (Mukai pairing) with values in AT

o0, Y = [ A o(¥)]n

L ."T'- ":? h'?['l-] 'J_q.h:ﬁr.:jljter 4:h I\-{. “'.,'r] s [—[T- U ‘1. .Ir,:
L:h{ E* } —'1 ch[E}
{:h [LEEI- — o1\ L) ':h{ET}
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Apply a 2-form B...

o d— ¢ —fu“,r’ 5 — d — dB

® [_\_ —+— L} —+— fl.'] — [_1\_ —+—,_‘_| Y _Jf_ fl'r] - 2!_\' f'*.l.'{IIJ[;-’

e ... more generally twist by a closed 3-form H:
di—dy=d+ H : Q° - Q°"

X +£Y 01+ X LY $9]— 2ixivH
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GENERALIZED GEOMETRIC S

SO(n,n) compatibility
integrability ~ d or Courant bracket
d 4+ H or twisted Courant bracket

transform by Diff(M) x Q2,__ (M)
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Apply a 2-form B...

o d+— ¢ __F-,'”;' 5 — d - dB

o [X+£6Y +n]— [X+£Y +1n] — 2iyiydB

e ... more generally twist by a closed 3-form H:
d — re‘r:,;.r_rr —3 — H : Q““‘I L

(X +£Y +n]— [X+&Y +9] — 2ixiyH

::ﬂ-h
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GENERALIZED GEOMETRIC STRUCTURES

e SO(n.n) compatibility

e integrability ~ d or Courant bracket

e ~d-+ H or twisted Courant bracket

e transform by Diff(M) x Q2 __ (M)

CLDSEL
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DIFFERENTIAL FORMS AS SPINORS

e No exterior product — use Mukail pairing
e No interior product with vector fields — use Clifford product
e No Z-grading — only even/odd

e Use exterior differential d or d + H
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RIEMANNIAN METRIC

Riemannian metric g;;

X—glX,—-):9g:T->T

gaph of g=V CT

T

Page 15/66



GENERALIZED RIEMANNIAN METRIC

o V T =T* positive definite rank n subbundle

e =graphofg+B:T —T"

e g+ B<cT*T*: g symmetric, B skew

e = B-field transform of a metric
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GENERALIZED RIEMANNIAN METRIC

o V T =T* positive definite rank n subbundle

e =graphofg+B:T —-T"

e g+ B<cT* T*: g symmetric, B skew

e = B-field transform of a metric
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. OR ALTERNATIVELY

e Define REEnd(T =T*), R* =R.R2=1 by...

o R(v) =vonV, R(v) =—vonV-
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e lift R O(n.n) to R = Pin(n.n)

e R:Q* — Q* generalized Hodge star operator

i 1'+'I"'|. ] 1
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e Generalized G5

e Generalized complex structures

e Generalized Kahler structures
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Superstrings with Intrinsic Torsion, J P Gauntlett, D Martelli and
D Waldram, Phys.Rev. D69 (2004)

“...A tvype Il geometry will preserve supersymmetry if and only
there is at least one €T or e~ satisfying”

AT 1 AEAT DY
- .5 =¥E o "

....locally the three-form is given by H = dB

IL|
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¢ Riemannian connections V* with skew torsion +dB < C)-

e unit spinors €=, covariant constant V== = 0

e function & : (dd+£dB) - e =0
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7 DIMENSIONS

Clifford multiplication A%Y/e*T* == End|
E-'J e If ‘{‘-_ E ) & A
®:2 ;28 928 €T € 7

1+214284+7+7 =64 =dimA™
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L ]

7 DIMENSIONS

Clifford multiplication Aod/evT* = End(S) = S

stabilizer G5 >

-2 €TiT € -7

4+ 74+ 7 =64 =dimA*

A

G> (dim1 4 14.13/2 — 64 = 28)
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EQUATIONS:
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EQUATIONS:
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7 DIMENSIONS

Clifford multiplication A%4/evT* 2= Epnd(S) 2= S

stabilizer G5 >

g .

(-

M T :T € =7

(diml+14.13/2 — 64 = 28)
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EQUATIONS:
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unfortunately..... If M is compact, then
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H=20
P = const.
VT =V~ = Levi-Civita connection

standard G» manifold + closed B-field.
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GENERALIZED COMPLEX STRUCTUF

Im
¥

A generalized complex structure is:

e (JALB)+(A.JB)=0

o if JA=1iA.,JB = iB then J[A, B] = i[A. B] (Courant bracket)
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EXAMPLES

(i-eigenspace of J =E Cc (T = T*) = C)

Py
o
TR

e complex manifold J = (

M
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GENERALIZED COMPL

Submanifold Y — M.

e O —-TY —TM|y— NY —0

o TY S (TY)°=TY E&N*Y C(TMaT*M)|y

o J preserves TY = N'Y = generalized complex submanifold

(%%
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THE COMPLEX CASE

Generalized complex submanifold = complex submanifc

—4

I[e

THE SYMPLECTIC CASE

!

e w1l cTY = Y coisotropic wX

e = Y is Lagrangian submanifold

34
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THE COMPLEX CASE

Generalized complex submanifold = complex submanifol

THE SYMPLECTIC CASE

e w1l cTY = Y coisotropic wXeN*=>Y
o — Y

is Lagrangian submanifold

34
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a generalized complex submanifold iIs not necessarily a gen-
eralized complex manifold

the intersection of two generalized complex submanifolds is
not necessarily generalized complex

the whole manifold may not be a generalized complex sub-
manifold

a point may not be a generalized complex submanifold

Lid
n
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EXAMPLE: COMPLEX SYMPLECTIC MANIFOLD

complex manifold M

holomorphic symplectic form w = wq + iws

wo = symplectic form = generalized complex
B-field B = wy

a generalized complex submanifold is a

ld (e.g. any complex hypersurface)

structure
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EXAMPLE: K3 SURFACE

Generalized complex submanifolds: complex coisotropic

e the complex manifold M itself

e any holomorphic curve

e NO points
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EXAMPLE: CP2 AS A COMPLEX POISSON MANIFOLD

Holomorphic section of AT ~ cubic curve C = generalized com-
plex structure.

Generalized complex submanifolds:
e the complex manifold M itself

e any holomorphic curve

e cf non-commutative complex plane
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DECOMPOSITION OF SPINORS

e spin representation for U(m.m)

M

o {"ﬁ':'-'] + AI-I: + - ‘i‘ AI::I' .f'.'—)[{l 2

- -

— [),a’\d 1 _E_ ﬁ'_l':": + . + AI.::'.:.'-"—].'}[{- s

-

e differential forms = spinors for SO(2m. 2m

e A

'r.'l - . = = =
“% decomposes into eigenspaces under the Lie

action of J (J* = —J)

-I : % 2 - = T
—i AV hl < has eigenvalue (m — k&)

algebra

Page 43/66



Pirsa: 04110011

THE GENERALIZED dd“-LEMMA

define d¢ = J—1dJ with the Lie group action (J* = J—1) of J

dd®-lemma: da = 0.a = d°7 = a = dd°-

complex structure: usual dd“-lemma (e.g. Kahler) = gener-

alized dd°-lemma

symplectic structure:

strong Lefschetz theorem (e.g. K3hler)

= generalized dd“-lemma

generalized Kahler:

generalized dd“-lemma holds (Gualtieri)
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HODGE DECOMPOSITION

[f the generalized dd“-lemma holds, the cohomology has a de-
composition

H*(M,R)= QU

e complex structure:

Uv= @ HPIYM)

e symplectic structure:
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THE SYMPLECTIC CASE

Lie algebra action on spinors is

{ff—a - A}'.' —— ! 0 — 1 — 1 X

L.A generate an SL(2.R) action on forms:

I\L.L]=H, |[H,L]=-2L. [H,A]=2A

H = (m n) on p-forms
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HODGE DECOMPOSITION

If the generalized dd“-lemma holds, the cohomology has a de-
composition

Tl

H*(M,R) = @ Uj;

e complex structure:

Uy = @ HP9(M)

e symplectic structure:

U, 2= g™ e AN
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HOMOLOGY CLASSES DEFINED BY

GENERALIZED COMPLEX SUBMANIFOLDS

* SP'IHDIECUC: La=0Re=0=-> Ha= [/"\ 1:]': =

e = a< H™"(M?2™_R) primitive class
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HODGE DECOMPOSITION

[f the generalized dd“-lemma holds, the cohomology has a de-
composition

H*(M.R)= QU

e complex structure:

@ 4N

e symplectic structure:
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e Prop: A compact generalized complex submanifold
M<™ js Poincaré dual to a class in Ugn H<""(M.Z)

-

* SE'IHDIECUC: la=0Nha=0=Ha= [fq\ L.I r — U

e — a < H"(M?™ R) primitive class

Pirsa: 04110011
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e Prop: A compact generalized complex submanifold Y™ C
—n( A 7

M<™ js Poincaré dual to a class in Ugn H=

* SFIHDtECtiC: la=0Ra=0= Ha= [;’.\ L}u

e — a < H™"(M?2™ R) primitive class

Pirsa: 04110011
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QUESTIONS

e Is there a generalized Hodge conjecture?

e For what classes a € H*(Y) is ixa € H*(M) in Up?

e What is a generalized holomorphic bundle?

e What has all this to do with noncommutative geometry?

i .=
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QUESTIONS

Is there a generalized Hodge conjecture?
For what classes a € H*(Y) is iva € H*(M) in Up?

What is a generalized holomorphic bundle?

What has all this to do with noncommutative geometry?
.etc.
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7 DIMENSIONS

Clifford multiplication A%4/€vT* = End(S) == S

§-28 ¢t-T € ;7

1+214+284+74+7 =64 =dimA%

stabilizer G5 >

Go (dim1l+414.13/2 — 64 = 28)
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Superstrings with Intrinsic Torsion, J P Gauntlett, D Martelli and

D Waldram, Phys.Rev. D69 (2004)

o L

“..A type II geometry will preserve supersymmetry if and only if
there is at least one € or e~ satisfying”

o = o 1 AT =

‘\_Trf*E[T_\,JIgffq\fr'” e =0
\i 1 \IN F —

(I_ ‘jt.fr(bj:h_,H_",.‘_\-,'”r | o m—

....locally the three-form is given by H = dB
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DIFFERENTIAL FORMS AS SPINORS

No exterior product — use Mukai pairing

No interior product with vector fields — us

No Z-aradina — onlv even/odd
) /

Use exterior differential d or d + H

]
=

M

C

o g

ifford

product
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GENERALIZED RIEMANNIAN METRIC

e V C T =T* positive definite rank n subbundle

e =graphofg+B:T —T"

e g+ B<cT* =T" gsymmetric, B skew

e = B-field transform of a metric

Pirsa: 04110011 Page 62/66



GENERALIZED RIEMANNIAN METRIC

o V C T =T* positive definite rank n subbundle

e =graphofg+B:T —-T"

e g+ B<cT* - T" gsymmetric, B skew

e = B-field transform of a metric
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