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Outline

- Phase space representation of quantum states
- the Wigner function W(q,p)

* Discrete Wigner functions W
- proposal of Gibbons-Hoffman-Wootters

* Negativity of W and quantum computation
- in the model of Bravyi and Kitaev
- in the usual pure-state model

* Open problems
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Classical phase space

* (q,p) are position and momentum of the particle

» a classical ensemble is described by a probability density -- the Liouville
distribution f(q.p) in phase space

* Integrals over phase space give average properties of the ensemble
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Quantum phase space and the Wigner function W(q,p)

» a quantum particle doesn’t have (p,q) simultaneously well-defined

- yet, we can define a quasi-probability distribution \W(q,p) in phase space with
useful properties

- W(q,p) can assume negative values! Hence the term quasi-probability
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Quantum phase space and the Wigner function W(q,p)

» a quantum particle doesn’t have (p,q) simultaneously well-defined

- yet, we can define a quasi-probability distribution \W(q,p) in phase space with
useful properties

« W(q,p) can assume negative values! Hence the term quasi-probability
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Properties of W(q,p)

« W(q,p) is tomographically complete, i.e. is equivalent to the density matrix

| S X
W(g,p)=— |e"{g—=
(g, p) 221'_[: <q >

X
+— Jdx
)

o~

yo,

 Correct marginal probability distributions:

| W (g, p)dg={p|A|p). [W(q,p)dp={(q

”~

yo,

q)
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Properties of W(q,p)

» W(q,p) is tomographically complete, i.e. is equivalent to the density matrix

X
+— dx
h 2)

| S X
W(g,p)=— | {g—=
(g,p) 221'_[: <q >

”~

yo,

 Correct marginal probability distributions:

[ W(q, pydq=(p|p| p). [W(q,p)dp={q|p

q)

» This is true even for other quadratures:
ge=qgcos@+ psin @ ot
pe=—qgsin@+ pcos O pe.
= (qelp|qe) = 91?9
IW(qacos 6 — pssin 8. gesin @+ pecos 8)dps L) .
g




More properties of W(q,p)

» Expected values of symmetrical operators can be calculated as in the
classical case. Example:

Tr[p(q* p+apg+ pg*)/ 31 = | dadpW(q. p)g’ p

« Also true for integrals over strips in phase space:

aq+bp=c

aqg+bp=c’

[ (p.q)dgdp = prob (c < v(ag +bp) < ')
S
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Tomography: reconstructing quantum ‘stuff’ from shadows

Quantum tomography

|

Wigner
-1 function
W(q.p)

* Completely characterises
quantum state

« Can take negative values!

..‘.i‘.
e

Xo—q

D. T. Smithey, M. Beck, M. G. Raymer, and A. Faridani, Phys. Rev. Lett. 70, 1244 (1993)
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Motivating question

* What is non-classical about states with negative
values of W(q,p) ?
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Motivating question

* What is non-classical about states with negative
values of W(q,p) ?

=
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Here | investigate this question using Wigner
functions defined for discrete Hilbert spaces,
l.e. qubits, qutrits, etc.
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Discrete Wigner functions for d-dimensional Hilbert space

» Different proposals for discrete Wigner functions: Feynman 87, Wootters "87,
Galetti and de Toledo Pisa 88, ...

» A particularly elegant formulation is the one by Wootters, extended recently by
Gibbons, Hoffman and Wootters (quant-ph/0401155).
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Discrete Wigner functions for d-dimensional Hilbert space

» Different proposals for discrete Wigner functions: Feynman 87, Wootters "87,
Galetti and de Toledo Pisa "88, ...

» A particularly elegant formulation is the one by Wootters, extended recently by
Gibbons, Hoffman and Wootters (quant-ph/0401155).

Ingredients:

1. Discrete phase space (d x d array)

2. (d+1) striations of the phase space
(= partitions of phase space into parallel lines)

3. (d+1) Mutually Unbiased Bases (MUB's)
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Parallel lines in a dxd discrete phase space

« Line: set of d phase-space points.
« Striation: partition of the discrete phase-space into parallel lines.
» Gibbons ef al. use finite fields to define (d+1) striations of the dxd phase
space with properties:
— there exists only one parallel line containing an arbitrary pair of points;

— given a line L and a point P outside it, there exists only one line parallel
to L containing P;

— two non-parallel lines intersect at exactly one point.

« Examples
» the 3 striations for a qubit (d=2):

 the 5 striations for d=4:

N
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Mutually unbiased bases in d-dimensional Hilbert space

» Let’s take different bases for a d-dimensional Hilbert space:

lau)|aiz)... |ava)} favs|au) =i
ﬂa'z,1>,|Q’2,2>,....,|O!2,d>}, |<a'z,ﬁf|t:i?t’z,f)l2 = Ok.1

MUBI1

MUB?2

» They are called mutually unbiased bases (MUB’s) If:

-

2 L for 1#]
I<Q’i:k| (Zi‘{,r‘J)H =<d J
Ok for 1=

» Facts:

» (Wootters and Fields): for d=p* (p prime), there exist (d+1) MUB'’s.

- Projectors onto the basis states of these (d+1) MUB’s form a tomographically
- onmomplete set of observables.
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Defining a class of discrete Wigner functions

« Associations:

MUB,

| 5){es. 5

MUB’s and striations

MUB projectors and lines

=i

jth line in i"th striation

» Imposing the following requirement defines W uniquely:

[
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pfszTr(ﬁ

o Y )=

2 W (r)

reline(i, )

Each choice of associations picks one definition of Wigner function.
Gibbons-Hoffman-Wootters use the recipe above to define
a class of Wigner functions.
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Example: W for a qubit

Striations Requirements:

W | T Z =prob (o&-=+1)

1 ) Wi | W5z Z = prob (C&=—1)
2 _ Wi | Wiz Z =prob (03- = +l)
' W | Ws > []=prob (o =-1)
W | T Z =prob (0'3 = +1)

3' Wi | Was Yy =pr0b(0'z=—1)
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Example: W for a qubit

Striations Requirements
wa | W Wii+Wiz=p,,
W5 | 5> Wa+W22=p,,
W | W Wi+W2a=p,,
W, | 5> Wi2+W22=p,,
% W WLI == WE:Z = p3:1
W5 | W Wi2+Wai=p;,
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Finding the resulting Wigner function W

» We solve the system of equations:

rWLl + WL_"' = _le
Wi+ Waz2= J 28 =1 — B

Wu+Wu=p,, Wi2- z (pl_.l i pE_.E + pS:E = 1)
Wiz+Wa2= 4 % :]_p_‘-‘J : WE:I =21 (pl.fl + P> + Pz — 1)

Wl_l—l—W:-_::p,l

Wix+Wau=p;,=1-p;,;

= (Pu + Pyt P3y 1) 2 (p1:1 TPy, T P3o 1)
%(PL;; TPyt Pss _1) (pu + Pyo T Ps; _1)

bof =
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Wigner function for some states

| g
14 W . — R

08" ( ) 0 %

y 010

,, W(©)=t
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Wigner function for some states
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Wie)=

0.25

—0.10

0.25

0.60

V(@)=

W(O)=
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One-qubit states with non-negative W

For one particular definition:

Fplrl + Py Dy 21
Py~ Py P3y 21
Pyt Py P21
PPyt P52 -1
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One-qubit states with non-negative W

For one particular definition: For a different definition of W-

Fplrl + Dyt D5 2 1

P
11]
D
) N

| HP1,1 + Dy P332 0
s Py Bon = -1 — I ‘ Py~ Py tP32 0

3L _ p

Pt Po =Py =1 Pt Py tp 20
= = + — s>l e
T P11 Pyt Ps3y p3a J 48B! — P~ Poy— P51 > =

il e
[ L ]
jah)
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One-qubit states with non-negative W

Pi

For one particular definition:

le,l + Py Py 21
Py~ Py P3y 21
Pyt Py P21
PPyt P52 =1

fsa: 04100008

)
=

N TS
(D
QW

Ly

|

p31€<>1—psa

The set of states

with non-negative
W depends on the
definition we pick

E

For a different definition of W-

fp1,1 + Py =P3320
Py~ Pyt P32 0
—Piyt Dy P35 20
— P11~ P2y P32 2
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‘Classical’ states in d dimensions -- definition

+ Let's define a set C, of ‘classical states with properties:
1- is based on non-negativity of W ( ‘no negative probabilities’);
2- is independent of the particular definition of W we pick;

3- includes only physical states;
4- states in C4 display ‘classicality’ in a concrete computational sense.
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‘Classical’ states in d dimensions -- definition

+ Let's define a set C, of ‘classical states with properties:
1- is based on non-negativity of W ( ‘'no negative probabilities’);
2- is independent of the particular definition of W we pick;
3- includes only physical states;
4- states in C4 display ‘classicality’ in a concrete computational sense.

Definition: the set C, of ‘classical’ states are those with non-negative W
in all definitions of W (using a fixed set of MUB'’s).

« The set C, (one-qubit ‘classical’ states) is
the intersection of the two tetrahedra above — ¢
an octahedron. -
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One-qubit states with non-negative W

Pi

For one particular definition:

Fplrl + Py +p5; 21
Pii— Py P32 =1
Pyt Py Py 21
PPyt P52 =

fsa: 04100008

()

“ 0

[ ] ]
L)

(D

[ (¥ )]

|
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definition we pick
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For a different definition of W-
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‘Classical’ states in d dimensions -- definition

+ Let's define a set C, of ‘classical states with properties:
1- is based on non-negativity of W ( ‘'no negative probabilities’);
2- is independent of the particular definition of W we pick;
3- includes only physical states;

4- states in C4 display ‘classicality’ in a concrete computational sense.

Definition: the set C, of ‘classical’ states are those with non-negative W
in all definitions of W (using a fixed set of MUB'’s).

« The set C, (one-qubit ‘classical’ states) is "

the intersection of the two tetrahedra above — 0"
an octahedron. i

{

|

. |
1
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Why do | call states in C; ‘classical’?

d=2 (one qubit case)

+ One-qubit ancillas in states in C, are useless to obtain universal
quantum computation in a recent model by Bravyi and Kitaev.

« Bravyi-Kitaev QC Model (quant-ph/0403025):

« |nitialization in |00 B 0> . I_:‘repar_atiodn ?fta one-qubit ancilla
in a mixed state O

» Unitaries from the Clifford group
(eg. CNOT, H, phase gate)

» Measure single-qubit Paulis.

- States in C, fail to provide for universal quantum computation;
- Bravyi-Kitaev showed that many states outside C, are ‘non-classical’ in the
sense of attaining universal quantum computation in this model.
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Why do | call states in C; ‘classical’?
general d case

+ Theorem: for any power-of-prime Hilbert space dimension d, C; is the
convex hull of the d(d+1) MUB projectors, i.e.

peCas p=>gq, |ou;)a.j|, with0<g, <l and Y g, =1
I.j i.j

peCis

‘shadows’ (i.e. measurement outcomes) compatible with
classical model in which only one MUB has sharp value.
Complexity of model (in bits) = log,(d)
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Why do | call states in C; ‘classical’?
general d case

+ Theorem: for any power-of-prime Hilbert space dimension d, C; is the
convex hull of the d(d+1) MUB projectors, i.e.

peCas p=>gq, |a;)a.j|, with0<g, <l and Y g, =1
I.j i.j

peCis

‘shadows’ (i.e. measurement outcomes) compatible with
classical model in which only one MUB has sharp value.

p hasnegative W <
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Why do | call states in C; ‘classical’?

general d case

+ Another reason: pure states in C, have an efficient (size log(d)) classical
description using the stabilizer formalism.
* How?

Fact: MUB basis vectors can always be chosen to be stabilizer states
(eigenstates of generalized Pauli operators)

* Example: 5 MUB'’s for 2 qubits can be defined as joint eigenstates of Paulis in each line.
Efficient description: generators of the subgroup {each line, identity}, and their eigenvalues.

MUBI1 | o, ol | o0’ —
MUB2 | o, ol |olo?
MUB3 | o, o, |o,0,
MUB4 | o.0. | 0,0, | 0.0,
| MUBS | o,0, | 0,0, | 0,0, s




Open problems

* Apply insights from the discrete case to the continuous Wigner
function W(q,p), and other quasi-probability distributions. In what
computational sense are non-negative W(q,p) classical’?

« Characterize unitaries (and general operations) which keep W non-
negative.

* Visualize quantum computing algorithms (cf. Bianutti et al., Miquel et
al., Paz) and other quantum information protocols.
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Conclusions

« | characterized the set C, of states with non-negative discrete Wigner

function W in all definitions of W. The set C, is the convex hull of a set of
stabilizer states.

- OStates in C, are “classical’ in many senses:

— they can be described with non-negative quasi-probability distributions;
— they have an efficient (size log(d)) classical description;

— one-qubit states outside of C, are necessary for universal quantum
computation in the Bravyi-Kitaev model;

— d-dimensional states outside of C, are necessary for pure-state
universal quantum computation.
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