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Fermionic coherence (and clocks)

Barrv C. Sanders (with Tomas Tyve! and Brett Hamilton)

Institute for Quantum Information Science, University of Calgary,
Alberta T2N IN4., Canada

e [n {Ulrlllhllu ( }l]Ti{'h. a coherent state of ngllt Call « }11['-1'rltr.'- as a tune reference, 1.e.

il {'lu{'l{

o Within an enc TOV Superse lection framework. the ["llrrllllulll"'[l coherent state rep-

resentation admits clock states that are locked to evolutions of other fields
e WWhat about clocks for fermions?’

[ ] 1&1\_[ 4 {-t}llhi{h'-l' {-t}lit‘l‘t“llf states ;'|11{1 | ;l}t'-l':'ltii }11&1 {-{}h[ rence filll' ft'-l‘lLLI‘lt}llh
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Number vs coherent-state representation

e Based on Sanders, Bartlett, Rudolph & Knight, Phys. Rev. A 68, 042329 (2003 )]

e ["hoton felds at i;]JTi{-rll fe "(l][i"ll{'ii"h are {.Iié'll'-_'\'ﬁill_é'l.l in the number state basis:

i
p = Z j;”|n} -:::u|
n—(

e E_\;]}l'r. bt lllllu]]r.'-l' state as a Hll]h"i’l}{}.‘witiiﬂl uf {'r.}'lu'-l'r.'-uf states on a {'il'{'lr.'-:

x4 T
| ny = | i l‘.”‘ . i ?.}1_:| E r i
! \—¥7i n .I.-'. " . -_.} _I _\ ( ]
Y m=/mn: jo <&

, coherent state .{"i”“:}
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Superselection and entangled coherent states

e [f the entire universe has a definite charge or definite L, ( z-component of angular
momentum ), then the density matrix of anv subsystem 1s diagonal n charge or
L .. respectively [\ Aharonov and L. Susskind, Phvs. Rev. 155, 1428 | J_{.H.}J_T']

e Even with charge or energy superselection, coherence 1s permitted via entangled

coherent state e resentation

e (oherent-state repre wentation of the a two-mode number state

-._I -._I i J. {I.Te I_ ( l."\lﬂ-" A — i fl o2 J. | '|: _j :| = .I'r:l I". _ . | 1—‘-" _,-I I".
|H /1 |H ja = - : c . \/ L e ARY; i e
' T e Myn™in) K ' '
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Number vs coherent-state representation

e Based on Sanders, Bartlett, Rudolph & Iknight. Phys. Rev. A 68, 042329 (2003

® i_}lm’r{}ll ﬁt"l{[h al lﬁil]f:l{'rl.l f1e "(l][i"ll{'ii"h are {.Iié'll'-_'\'ﬁill_é'l.l 111 T.lu" lllllLL.|}i"l' state ]}Hhih:

=
p = Z j;”|ff:::- -:::u|
n—(

° E}{]}l'[ ss number state as a superposition of coherent states on a circle:

_y, ‘I
| [ p— ]- — ( 1‘7': o il | H'r‘-'h | E : ] l‘;
! e m n .I.-'. " . -_.} _I _\ . ]
' me/in. Jo &

, coherent state .{"i”“:}
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Superselection and entangled coherent states

e [f the entire universe has a definite charge or definite L, { z-component of angular
momentum ). then the density matrix of anv subsystem 1s diagonal n charge or
L .. respectively [\ Aharonov and L. Susskind, Phvs. Rev. 155, 1428 J_-[.H.}J_T']

e Even with charge or energy superselection, coherence 1s permitted via entangled

coherent state representation

e Coherent-state representation of the a two-mode munber state

-._I -._I e J. {I.Te I_ ( l."\lﬂ-" A — | ml oo J. | '|: _j :| T .I'r:l I". _ ; | 1—‘-" _,-I I".
|H /1 |H ja = - : c . \/ L e ARY; I e
' T e "mm®/nl P ' '
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Example: interference of two number states

b E};]}t“l‘i]u["ll’rj two number states in li'-rll{_‘a' cavities, outpnt modes combined on
beam h]]liTTl"I. ]}-lmruu numbers A and B are counted

(i\_.{

| " dy digs - |
; e —inlo1+peal v ” )
G e cusiia A B\¥1,%¥2)

{.,—i'ri'”?i'i-.;__,.-"”‘: .
X |V (1 —e)meP) /(1 — €)me'?2)
o |C4 plwy, wa)| depends only on ¢y — w9 and is peaked at some value o — o = A

e The states in the cavities become {.'lj.rr|1l:ﬂll[."[l: their relative 1]llr|?“w{" 1S 110 l[}li,':.['-l'
nncertain ]Jhrlhrﬁ- 'l{;{-liill;-_;
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Photonic coherence

* (}]}t“l‘;'ﬁii mal coherence - correlation functions
» T*-.'-{u:; {-1}11{li’ri[}11h1 ii:i Wi '-511{ I rln'-l'r. NCe r|ll'[l i: 11 | strong {-r.:'-ln'-l'f. NCE.

(1) normalized correlation functions are unitv

I:.lflﬁi COTITt "lrITj'Hll functions tactorize tor n“ Or'( Ii"l’H over ’[lu'- entire h]LlTirll {|_[J"1“_r|ill
e ('oherent states of hght:

Ei,‘ilt*llhfsﬂt*h of the annihilation operator

When transtormed on a beam splitter (with vacuum on the other port), remain

11111'-1LTr|1L,:-_",]r.'-{1
e Correlation functions of all orders factorize for them

» h\\'{} means to 1“}1'[}{-[11{'1* X }111"1'[ 1t states at Ii}llfi{'rll f1 '-{1111'-1L{'it'-h at ’r]n‘ prese 1t tune
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Example: interference of two number states

b E};]}t“l‘i]u["ll’rj two number states in li'-rll{_‘a' cavities, outpnt modes combined on
beam h]]liTTl"I. ]}-lmruu numbers A and B are counted

dﬁ

e After detection. the original state |H:} | |H:}3 transtorms mto

l dp1 A2 ingrten) (v (ne oo
T : TR, 72 C4,B(¥1, ¥2)
eTyet § A Ak

=y FEwy

x |V(1 — eym e /(1 — e)m e'?2)

e |(_'-"_1_B': 1, T;“g::i| {h'-l}t'-lulh {}111_‘( OIl {21 — 409 5111{1 ih l}r.'-;fl{t'-{[ at some 1\-r|l-|1{" 01— = _\.

e The states in the cavities become {.'lj.rr|1l:ﬂll[."[l‘. their relative 1]llr|?“w{" 1S 110 l[}li,':.['-l'
nncertain l]]lrlh[" 'l{;{-'l{ill;-_;

Pirsa: 04070017 Page 9/30



Photonic coherence

] (}]}t“l‘n’fii mal coherence - correlation functions
> T*-.'-{u:; {-1}11{li’rii}11h1 ii:i Wi '-511{ I rln'-l'r. 11CE r|ll'[l i: 11 | strong {-[}111*1'[ NCE.

(1) normalized correlation functions are unitv

I:.lflﬁi COLIT¢ "lrl’[it}h functions tactorize tor n“ O li"l’.‘w over ’[lu'- entire h]LlTirll {[[}lllrlill
e (oherent states of hight:

Ei;;t*llhf:ﬂt*h of the annihilation operator

When transtormed on a beam splitter (with vacuum on the other port), remain

nnentaneled
e Correlation functions of all orders factorize for them

L h\\'{} means to 1“}1'[}{-[11{'1* (! }111"1'[ Nt states at Ii}ll’ri{'rll f1e '-{1111'-1L{'it'-h at ’r]n‘ prese 1t tune
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Electronic coherence - Bartlett, Sanders, Oliver, Yamamoto

e Consider coherent electron beam: we need some measure of coherence
e Colierence i: or PI}l’l‘i"lé'lTilﬁ}lliﬁi functions — relate field at different 1}{}111TH
e Analogv with well-known correlation functions for light

e Current correlation functions — conserve particle number (advantage)

o Ralsing J'7) and lowe T J) current operators are 1'1'-51]}1'-{Ti‘ﬂ'-1_‘a' negative- and
positive-frequency parts of the current operator

le

Jet)=2  fiw(r ajar  with fre = T[wﬂ\—nﬂ — (Vo )prle ™ w'?
ER B
e Normallv-ordered correlation functions
Ny e g ) = (J T zq) o T (zg)) T () -+ - T ()
o G\ (xy.,...,: iy -t e r1) should be related to registering particles at points

e Problem: a field with maximum m particles should vield G'™ = 0 for n > m

but does not.
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Photonic coherence

» (}]}t“l‘;'ﬁii mal coherence - correlation functions
> T*-.'-{u:; {-{}11{li’ri[}11hj ii:i Wi '-511{ C rln'-l'r. 11CE r|ll'[l i: 11 | strong {-r.:'-ln'-l'f. NCE.

(1) normalized correlation functions are unitv

I:.lflﬁi COLTX "lrITj'Hll functions tactorize tor n“ O li"l’.‘w over ’[lu'- entire h]LlTirll {[[}lllrlill
e (oherent states of light:

Ei,‘:lt*llhfsﬂt*h of the annthilation operator

When transtormed on a beam splitter (with vacuum on the other port), remain

11111'-1LTr|1L,:-_",]r.'-{1
e Correlation functions of all orders factorize for them

» h\\'{} means to 1“}1'[}{111{'1* i }lli"l'[ Nt states at Ii}llfi{'rll fre '-{1111'-1L{'it'-h at ’r]n‘ prese 1t tune
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Example: interference of two number states

b E};]}t“l‘i]u["ll’rj two number states in li'-rll{_‘a' cavities, outpnat modes combined on
beam h]]liTTl"I. ]}-lmruu numbers A and B are counted

(i\_.{

| " dy ds .
; e —inloi+weal v ‘o ik
———e& NG nlE )

{.,—i'ri'”?i'i-.;__,.-"”‘: .
X |\ (1 —e)meP) /(1 — €)me'?2)
» |(-.-..—1_B': 01, ~.-:£:i| {h'-l}t'-ll{lh {}111_‘( OIl 21 — (D9 5111{1 18 l}r.'-slllﬂ'-{[ at some ‘{rllllt'- K1 — 9 = A

e The states in the cavities become {.'lj.rr|1l:ﬂll[."[l: their relative 1]llr|?“w{" 1S 110 l[}li,':.['-l'
nncertain ]Jhrlhrﬁ- 'l{;{-'l{ill;-_;
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Photonic coherence

] (}]}t“l‘;'ﬁii mal coherence - correlation functions
@ T*-.'-{u:; {-1}11{11’(1[}11& ii:i Wi '-511{ C rln'-l'r. Nce r|ll'[l i: 11 | strong {-r.:'-ln"l'f. NEE:

(1) normalized correlation functions are unitv

I:.lflﬁi COLITt "lrITjHll functions tactorize tor n“ O li"l’.‘w over ’[lu'- cntire h]LlTirll {|_[J"1“_r|ill
e (oherent states of light:

Ei,‘:lt*llhfsﬂt*h of the annihilation operator

When transtormed on a beam splitter (with vacuum on the other port), remain

nnentaneled
e Correlation functions of all orders factorize for them

L) h\\'{} means to 1“}1'[}{111{'1* C( }lli"l'[ 1t states at Ii}ll’ri{'rll f1e '-{1111'-1L{'it'-h at ’r]n‘ prese nt tune
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Electronic coherence - Bartlett, Sanders, Oliver, Yamamoto

e Consider coherent electron beam: we need some measure of coherence
e Coherence (or correlation) functions — relate field at different points
e Analogv with well-known correlation functions for light
e Current correlation functions — conserve particle number (advantage)
e Raising J'/ and lowering J) current operators are respec Hhh negative- and
positive-frequency parts of the current operator
. : 1 I¢ . —eary o
Jir. By — E f,{;,[;-”f i'f'f.f#rﬂ,{; Wit ]l“lx - [ vw;l — |vw u ] T
EE 2

e Normallv-ordered correlation functions

'gl'”'l'j-“'] ------ Uy YUny + + + 5 Y1) = ':i"rl'_'l' r) II_II Up )J U} =" ¥ iz d " '
o Ey, oy By e r1) should be related to registering particles at points
L .
e Problem: a field with maximum m particles should vield G'™ = 0 for n > m

but does not.
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Correlators analogous to bosonic case

L Dt"hlu* i }1'1'1*L|Tiu1L mnctions
—4[ 72 ] y AT | i f | f \ f Y
T | H] o AR L. Uiy o s oy I"J.'r[ TR ':._.'f'.h g § =~~~ W | Ly T Un )" (TR |',|r] 'I.-':I

with (a;), o (@;) fermion annihilation and creation operators at the point ;.

W\, ) = E Op(T ]['-_.l”"'?-'trf;f

r{1.

respe T1ve '-l_‘fi

o \">™) = () holds for a field with maximum m particles

e For photons: factorization of G'"™ (x4 s Ly Yny e v oy y1) implies coherence

e NMagnitude of normalized correlation function

Gz, y)

_(j;l L) | . [ ¥y —

VGO (z, 2)GD(y, y)

expresses visibility of interference fringes in a double-slit experiment:

il'li'lﬂll[]l_‘_'; wWave ; )_

| detector
.Ir-'r

irsa: 0ok actorization of GW(x, y) implies |.‘f|']

e Y || = 1 and hence 100 % visibility  page 160



Factorization?

e Factorization of G'™ is impossible for n > 1: for any state [1))

lim (4
&€ —SLJ.

U (@1) -+ VN (2n)P(yn) - V(1)) = 0

(for 2 ¢ 7) — universal antibunching

e Example: multi-mode

line 1
B0 —
400

100 ——

Above: A typical second-order correlation function G®Nx, y, y, )
e n > 1 and G\ factorizes = G\™ =0

—

e Perhaps G D(x, y) would factorize

Pirsa: 04070017

state with low occupation number per mode
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Fermionic coherent states

e Dih]}lrl{-t‘llu‘li’r operator actlon on vaciumn 1n r|11;'|lu;g}' with 1111”r.;;11,~w

e 1)

D(A ]|{}:} — et |i}:} = COS |*| |1}:} + SI11 ¢

Jarg(y)

Action of D(~) — rotation of the Bloch h]]]li"].'{"
e \More than one mode:
|"— s = EXp Z[“:I{I.HL — "I;;ﬂ;{] |l}:}
L.
This state contains Hill_‘a' vacuum and hi]l.'-_'\.li"—l]rll'ti{'.li" contributions!
e Consecutive action of displacements instead — problem with non-commuting

e e
Y18 —F1 X T2 — Y503 | 1y FYala —"Yn @3 V181 —1 1 | 7y
[-.-1 1~ 711 l[..._ 379 ||.J|;I ef<®27 12 _{...l 1181 |'~-|'.-:'

f}llﬁ'hi{-nll_‘f different states: which is the "1'1,'1,11T one’ 7
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Two examples of fermionic coherent states

- {

3 . L= . \
¥ =2 PE]lT]‘['li"H PEeT 1110 e

e N = 40 modes. average 1.1 ]JrllTi{'lt‘h total |
o E(lltsll]_‘a'—hllrl{'i"{l ‘-."{rl‘ﬂ"lllLllll}t‘l‘h ':' "{'1}1111 ]“ hlh‘{'fl‘lllllf‘

probability

wavemunber %

|..f_ ‘.H-i[..]-i..[::- — (cosT -+ =m *,H'l )(cos y + sin 1 o)+ | COs Y + sin Ya '\- :i|i:|':}
‘ , i = i N e 5 . e +
|-.f_ random/ — (COSA -+ =111 I-H:.l )| COB 7 -+ =111 .”;‘i } ~~-|€08 + =111 -”4".\.,' ._'|'~.|'.-'.
21... . 2N I8 a 1}1'-1'1LLI1T5'|H|:}11 of mdices 1.2 ... N
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Above: the normalized first-order correlation function |g! (z, y)|? for the ordered state

[ Yordered) el randomly ordered state |L11'i111ili1111:::- respectively
e Even for weak states the order matters

e Factorization of G'W(x. y) occurs in a verv small domain only
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Above: the normalized first-order correlation fimetion [gt(z, y)|? for the boson state

analogous to |2_.‘[ ,1-,[[1“,,[:}
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Above: the normalized first-order correlation function |g! (z, y)|? for the ordered state

[ Vordered) anel randormly ordered state [¢pandom ). respectively

e Even for wealk states the order matters

e Factorization of G'W(x. 1) occurs in a verv small domain only
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Above: the normalized first-order correlation fmetion [gt(z, y)|? for the boson state

el11El |-. wols Lo | Uarderer l
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Above: the normalized first-order correlation function |g! (z, y)|? for the ordered state

[ Vordered) aniel randormly ordered state [Ypandom ). respectively

e Even for wealk states the order matters

e Factorization of G'Y(x. y) occurs in a verv small domain only
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Above: the normalized first-order correlation fmetion [gt(z, y)|? for the boson state

analogous to |2_.‘[ ,1-,[[1“,,1:}
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Problems with fermionic coherent states

e (oherent states we have defined lack the desired l}l'lﬁil}{"]_'ri["h
e There exist no elgenstates of annthilation perator
|n:} = u|;.|{}:} + l|l::- — rf|ra:;:- = q l|i}:;:- = r'|ra:}
“Weak states” | |ru ]| < 1) are approximate elgenstates

e No state except vacuuln transtorms mto ]Jl'u{huT state on a beam h]]li’r’[["lﬁ

[ r||;.|{?:}] + a [| 1)) & |{}:}g : r].;||{}::- [|{?:}g + fory | 1) |i}:}g + rayg |{?:} l |l:}g

satisfied l}_‘f weak states APPIt }};iILLrIT["]_‘a'
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(General fermionic state and sectors

e Problems with fermionic coherent state: most o neral o neral pure state 15

n ]_ n
|rr::- — | & E r],-rf} 53 e E rnurr}u} = |[}:;:.
i—1 - dg=l
E E (v S |'l}"},
TRy l if, /

|| ,!‘l

L Fﬁlllh"l’lH;-hiTiHll of number “sectors” | h]l']h]]rl{'i‘h of the Hilbert space with f."};i'li"rl_‘a'
n patricles)

® _%{'llit'-\'ilil':. a gerie ral state 1s a 1]1'{}]}11‘1l1. frst1n {'l't"HTi]L;:. il h]ll]i"l’]](?hiri[}ll {}f]hll'ri{'lt'-

number. and also in achieving a superposition in a particular number sector
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Coherent states defined in terms of Grassmann variables

e The problems can be avoided by using Grassmann variables

e Grassmann variables mutuallv anticommute. also anticommute with fermionic

creation and annihilation operators, e.g

e The vector

—

2

e p . ¢ ey
Sl NG g — St ——8g

space of states 1s larger than the Hilbert space of ]}h_‘a'hi{'rll states

e Dehine a hi]i,‘ilt*—lili;{lt* coherent state as

E
</
e [his state

(i

& Hi"]i‘['[ ; E'Ilhi}

Pirsa: 04070017

) = expla'é

A ;:E” .|H = r_'-_\;]][fr.l.f; -+ Hf: '|H

["i,'i[ nstate of a with i"ilﬂll"lﬂ_rlllli" i
l—f}i'{ —&a'l |0) = &aa'|0) = £|0
[ K wied e ol 5 ,
I —=&¢) = &al| |0y = |&—=e&¢—¢al| 0y = ¢[o

111{'['- Tl‘s'llihful'lils]Ti[}]l OI1 a ]}['-;'llll hl}li’rf["l'
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e Multi-mode coherent state 1s htl’i]il'-_"\hTf[}l"'-.‘fi'll"[[:

€n) = exp(a'é — £%a) exp(b'n — n*b)|0)
exp(b'n —n'bjexpla’é — £ a)l0)

— 1'-_‘{]1[n'i'f; — &a + ."J'i'f; —1°b)|0)

e Order of the exponents does not matter now as b'n and n*b commute with a'¢

and &*a

e \Verv convenient property, the anticommutation is hidden in the Grassmann

\'rll'irllllt'-h
e Factorization of all the correlation functions 1s satished:
aQm : ~|! ~'i'i:.i"] e ~'i'{ T ) U(yn) - - - (s j.| ]
= fMz) - (2, flyy) - fly)
e Agrees with universal antibunching: if x; — x;, then f*(z;) — f*(z;)

e (Grassmann coherent states have nice mathematical ]}l"i}l“"l'fif."h but also some

unwanted phyvsical properties (e.g. expectation values of Hermitian operators

7 Y
" b |
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Conclusion

e Coherence are approached operationally in terms of coherence functions
e Coherent states vield clocks as phase references
e Coherence functions and coherent states are P blematic for fermions

e Cirassmann variables allow 0O d coherence functions but are not n:;h‘fi[ﬂhl_‘f e

lated to 1}111'hi{-r|1 svstens

e Homodyvne detection 1s possible for fermions by splitting and recombining beams

autocorrelation serves as self-referential clock
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