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Fermionic coherence (and clocks)

Jarry C. Sanders (with Tomas Tve! and Brett Hamilton)

Institute for Quantum Information Science, University of Cualgary.
Alberta T2N INJ. Canada

e [ quantum opties, a coherent state of light can operate as a time reference, 1.e.

£l {'14;{1{

e Within an energy superselection framework. the entangled coherent state rep-

resentation admits clock states that are locked to evolutions of other felds
& ‘t“n_anT' rI]}HHT {l{}{ kh f{}l' fi "]_'lll_id s’
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Number vs coherent-state representation

e Based on Sanders, Bartlett, Rudolph & Iknight. Phyvs. Rev. A 68, 042329 (2003 )

e Photon fields at r:a]ﬂ'i{-fll 1 ] HETLL 1es are 11151;_;| mal 1n the number state basis:

b
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nn—LJ
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Superselection and entangled coherent states

e [f the entire universe has a definite charge or definite L, ( z-component of angular
momentum ). then the density matrix of anv subsystem is diagonal in charge or
L .. respectively [1\ Aharonov and L. Susskind, Phys. Rev. 155, 1428 | lf’-“f_}Tf']

e Even with charge or energy superselection. coherence 1s permitted via entangled

( rlu'-l'r._'-ui' state 1 Prese ntation

] ‘51# ilu"L't“lLT—hl'uh‘ l""'l:-l'[ '-H"lLTsuf"l[;-lL 4;-1- HL[ = 0 i'—ll.UH['.‘ ILHMLI er state
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Number vs coherent-state representation

e Based on Sanders, Bartlett, Rudolph & Iknight. Phyvs. Rev. A 68, 042329 (2003

e Photon fields at optical frequencies are diagonal in the number state basis:

b5
P= Z!*’H|”}{“|
n—I\I

2 E}L[H'[ == ll]]lll] er state as a h]ll}{“l-l}iihiti' 11 06 c :lu‘l‘r‘uf states o1 a {il.'{'ll‘:

. | L T R
. — — = ;
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Superselection and entangled coherent states

e 11" Tlli" cntire lLlLi‘x'[ Tee hé'lh bl 4|_[ "ﬁ]lih‘ ( l[é'l]_'.:.' O {[r '-ﬂllih'- J’L | Z=COINPOIL 11t Of .-|1ng|111;|1'
momentum ). then the density matrix of any subsystem 1s diagonal in charge or
L., respectively [Y. Aharonov and L. Susskind, Phys. Rev. 155, 1428 (1967)]

e Even with charge or energyv superselection. coherence 1s permitted via entangled

i rlu'-l'r._'-ui' sfate 1 Prese 11t |1'1{}1L

] (-1¢ ilu“l‘t‘lLT—hl'uh‘ l‘f"l:-l'f '-H"lLTsuf"li;-lL f:-]_- HL[ = 0 ?—lllii{[l' IUHHI el state

: : J_ : "l‘“:l il,.'."-*.n oy e S
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Example: interference of two number states

b Eh:]}t‘l'illlt"m'i two number states m 1{*.!1{3' cavifies. output 1 des combined on

bheam h]!liT'I{*l'. ]}11{.#1‘H1L nimbers A and B are counted

n

L 5 (71 [0,
— .-n il {\—ln'i'l_'rl i 2 {" r:LBII -I-f-ﬁ.l- T:j:l
.'.Il'r'll' i

% | "u [l — el e'-l:r'ﬂl:}| V::. (1 —eim 1'-|'T:fj}

® |( '_.-:__B': 14 ..r;‘-:j i{t'-]}{'-llilr-.{}lil‘f Ol (21— 9 and 1s e ked at some value L= N — /A

e The states 1 the cavities become 1'-11Tr|11;_",1['-{1.‘ their relative l].ler"\l-' 1S 110 lull;_',["l'

uncertain — phase locking
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Photonic coherence

2 (JI‘H Tatle i"llrll {'nlu*l'{*lu'u i }1'1'{*la|fii 11 funetions
o Two conditions: (1) weak coherence and (11) strong coherence.

(1] normalized correlation functions are 111111'_"{

(11) correlation functions tactorize for all orders over the entire ri]lrli'i;ll domain
e ('oherent states of light:

Ei,ﬂ}"llhfuh‘h of the annihilation operator

When transtormed on a beam splitter (with vacunm on the other port). remain

lllu'-lLT.lll,:,lt'-tl
L (' 1{#1'1'{"]5“11}11 fllll{ Ti[illh uf elH Hl'{li"l'h f.‘li T{;'l'i;{r." f[ 1 1'11{"111

e No means to produce coherent states at optical frequencies at the present tiune
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Example: interference of two number states

e Experiment: two number states in leaky cavities. output modes combined on

]”"rull h]!“TTi"l'. l.‘.-lH_#Tt_#ll lilL]u]n o e { uli{l B fare {[Hlim'-el

N

[
S

e After detection. the original state |ij:> | |H:}-_J transtorms mto

J_ i il._:l { I____‘-) . e i s
— ._. = {\_I.'i'lg.—l 2 {T.‘-{_B'- '.:1- 7:;3:'
i ) T

X | V (1 — e)m e'-l:":l:;:-| V"ﬁ (1 —e)m 1'-|'1:f:}

® |( '.-'{.B': 14 _:-I| i{t"] erds onlv on 21— and 1s e ked at some value 21— g = A

e The states 1 the cavities become {"llTrllll'_'ll["{l.' their relative ll.llrlh'ﬁ' 1S 110 lull;_'.['*l'
uncertain — phase locking
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Photonic coherence

e }]H‘l}|Til}11rll {1b11{11“ll{w‘ o 1w;111‘1u1'h#11 functions
o Two conditions: (1) weak coherence and (11) strong coherence.
fﬂluwuudkwlruﬂvLﬂhulhHHThHh(WVlHﬂh'
fii? {ﬁrliT‘l.ITitéll funetions tactorize tiﬁl‘:1ll I;r{lt‘rhatiﬂ'tﬂ' Tlli‘{‘llril1‘ H]lrﬂ'hll 1If}llldill
e ('oherent states of light:
I:i;;i‘llhTilft*h.lrf the annihilation operator

When transtormed on a beam splitter (with vacunm on the other port). remain

1nquwu;hﬂ
l(ﬁannHuufﬂuﬂﬁﬂkwﬁﬁﬂlunhwhﬂMTnﬂm‘hﬂﬁqwul

e No means to produce coherent states at optical frequencies at the present tiune
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Electronic coherence - Bartlett, Sanders, Oliver, Yamamoto

L £1H11h1{|.[ T :-lu"l‘f."llf {"1[_"{'“'{}11 ]}1'-5-111L: W 116 "11 SO e 11easare lri" { Hhi"l’i‘]Li'[ ;

e Coherence (or correlation) functions — relate field at different points
o Analoov with well-known correlation functions for heht
e C'urrent correlation functions — conserve particle nmmber (advantage)

3 f{;'.ihill;__'-\ J'7) and lowe "1'111;_; J') enrrent operators are respe 1'j‘x'{'-l_1' 111'-:-_1.@'117 = and
1]{;Hii'i‘f{‘—f’1'{‘{lll["lu V parts of the current operator

le

JlBt) = Z frplr }r:it,rr,{, with frp = W[T'{'\_ Ok — | T".*A“ ] T'.TL-]{'-_]I"JF?'F?“L
k! -
e Normallv-ordered correlation functions
A T A gy} = (T @y) oo T @n ) I () oo I (g )
o G (.. ..., B i r1) should be related to registering particles at points

e Problem: a field with maximum m particles should vield G'"™ = 0 for n > m

]HH' qlm'-&. 10T,
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Photonic coherence

e (pi rational coherence - correlation nnetions
e [wo conditions: (1) We alk coherence and (11) stromng « oherence,

(1) normalized correlation functions are 111111'_"{

'ﬁiif' COLT "l.l’riull functions tactorize tor :1“ Or'e lt‘l‘h [ L7 5 1'11{'- entire ri]lrli'i;ll 1[I LA
e ('oherent states of light:

{‘j.i,i_‘,i"llh’r:l’rwh of the annihilation operator

When transtormed on a beam splitter (with vacunm on the other port). remain

nnentaneled
L ] (_hl‘l‘{*]s]l’it M1 fllll{ '1'1[}11H uf 5]“ lél'{li"l'h f.‘u Tul‘i;{r." f[ i 1‘11{‘111

e No means to produce coherent states at optical frequencies at the present tiune
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Example: interference of two number states

® E}i]}“l‘ilurﬂfi two number states l{"rll{_‘f cavities, output 1 des combined on

bheam h]!liT'I't'-l'. ]}11{}1'Hll nimbers A and B are counted

N

I

o After detection. the Iél'i,;illrll state |H | |H:j:--_J transtorms mto

b | V':: [l — el e'-l:r'ﬂl:}| V 1] —elm 1"|.T:3:::.

e |(-.'.-{_B': 14 ..I;Tjj i{t'-] erds onlv on 21— 9 and 1s e ked at some value ST R A

e The states in the cavities become entaneled: their relative llllrlhl‘ 15 1o longer

nuncertain — phase locking
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Photonic coherence

2 (JI‘H Tatle }'llrll {'H]u"l'i'-'m'u* = 1-u1‘1'vls|1‘ii 11 functions
e Two conditions: (1) weak coherence and (11) strong coherence.

(1) normalized correlation functions are 111111'_"{

'i.lifl COLT "l.IT'iull functions tactorize tor :1“ Or'( li‘l’h Over ’rlu‘ entire =] Lli"l;ll 1[I 1LA11]
e ('oherent states of light:

{‘:i,i_‘,i"llh’r:l’rt*h ot I'hl‘ s]]Llli]L'll:M'lf )11 f;]}{'-l‘;lfnl‘

When transtormed on a beam splitter (with vacunum on the other port). remain

nnentaneled
L] {_ 'ul'l't'-lntil. M1 fllll{ 1'1[5-11h nf sl“ lél'{li"l'h f.‘u Tul‘i;{r." f[ i 1‘11{‘111

e No means to produce coherent states at optical frequencies at the present tiune
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Electronic coherence - Bartlett, Sanders, Oliver, Yamamoto

L (1{#112“-11[[ T ¢ rlu*l‘f.“uf {*1[ eiron ]}1'-5-111L: We 116 "11 =0T e 1neasiure lﬂ" { {}11{'-1'1‘]“-[‘

e (oherence (or correlation) functions — relate field at different points

o Analogy with well-known correlation functions for light

e C'urrent correlation functions — conserve particle number (advantagg

e Raising J'~) and lowering J'") current operators are respectively negative- and
1]uﬁ.ii'in*—h'{*{[H["'lu'_‘a' parts of the current operator

]'Ir & e % ._'.l -
J(r,t) = E m“i"'rf sap  with fepr = —[ppVor — (Vop)erle 't
_H.f
kK

L j\_til'lanHﬁ'—[.}l‘{11"1'[ "{I COTT ‘Ll’[i{.‘:]L fmu'i'iulth

i 77T T SRR ) = (V@)oo I (@) S ':'[;;”]~--.JT':':'[;;[]}
o G wy. ..., S r1) should be related to registering particles at points

Bise vios B

e Problem: a field with maximum m particles should vield G = 0 for n > m

|'||]1' il{i'{"i'“- 10T,
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Correlators analogous to bosonic case

o Define correlation functions

(:-Trl. ”I'__-i"[ ...... Ly [ . I",Ir[ i' == ':::'?.'l |..|"[ AR f'.‘| |:.|'§|l'|l f' '!'..I: ,"Ij'i-,l :' gty f'.": ffj |\

with (2, o (@;) fermion annihilation and creation operators at the point ;.

wir.t) = E PplT F['-_i”""t-'rrm.

Iﬁ].

respe tivelv:

o (7'">™) = () holds for a field with maximum m particles

e [or lllJHTI ms: factorization of G'™ | s Lys Yny oo o s Y1) 11“13“[ s coherence

e NMapnitude of normalized correlation function

Gz, y)

gz, z) =

VGO (z, 2) G (y, y)

expresses visibility of interference fringes in a double-slit experiment:

:||]|.'IP]||['||__:_': Wave ; )_

I ilq'lt-ilirl'

7 ‘

Mg [/ :'| = | and hence 100 I.»";r visil ’i“h_ Page 16/30

orea oaor Mt ACtorization of el i ol ilM“Mfﬁ |.ff| |



Factorization?

e Factorization of G'™ is impossible for n > 1: for any state [¢>)

l11m1 {E_‘ f_‘lli.f'l oo {_‘I[_.l‘” 1 Yy )=+ WY :||; *} — ]

.TI;—IIJ;
(for ¢ &£ ) — universal antibunchine

e Example: multi-mode state with low occupation number per mode

line 1
10 ——

100 ——

Above: A typical second-order correlation funetion G@x, y, y, )
en > 1 and G factorizes = G'™ = ()
o Perhaps G D, 4) would factorize
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Fermionic coherent states

® Dih]}lrlf't‘]m_"lli' operator actlon on vacuun 11 nlmlu,ﬁ}' with 11111:1'!.;11h

iarg(v)

_E__z}lﬁ: I|!|':::- = ['-ﬁ"{'!.i'__"ln i |{|-:l:: — (0OS

i | |U; -+ S111

L)
Action of D ~ | — rotation of the Bloch 5] yhere
® j\[{}l'f‘ 1'][:111 O11¢ ]ll{H[i":
F)s =exp | Y[y — viar | 10)
L.
This state contains only vacunm and single-particle contributions!
e Consecutive action of 1|.ih1]li]{ ernents nsteacd ]11'{:-1111;-111 with non-c g

3y — " Ny — Ve (15 ! Vg — Ve 39 W1 — " (1 3
e 1101~ 7141 0207 ~||;|t; £ 1292122114 ] l|m
I & {

Physically different states; which 1s the “right one™?
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Two examples of fermionic coherent states

- . B i . \
e N = 40 modes. averape i1 ]Jrll'Tli'li‘h total \ |“,- |‘ = LS partic les peT Il e |
® E{lllil“_‘k'—h]]fl{'{“{l wavenumbers ( “comb” spectrim |

probability

wavenumber k&

|.r_‘._.1-.[..l-.;..[_;e = (COo8 7Y SN yay )(CO8 7Y + Bl Yds ) »++ (COSY + Sl YAp _I|H_;a
|s_ vandom; — (€087 - sm 74, )\cOs +smaya; |- (CoS7Y + Sl ye; . ,.'|“..a"-

1, ...,0N 18 a permutation of indices 1,2, ... N
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{mlm]ofulalsle]lelo)
= 3 Ja LN

Above: the normalized tirst-order correlation netion I,':TI:L]':J'- uy .'ilz for the ordered state

!i'_ ‘r'_l'l'rl_[_‘-]_"('\-l:l_::' AN | Teilld l' i |||‘l.- e l' i i 'f] ?"'-l I || & |.E‘.11't11|.[ I.l]].ﬂ :' =i 'i"l wi 'l i"--l. '|_1'.-

e Fven for weak states the order matters

e Factorization of G'(x, y) occurs in a very small domain only
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Above: the normalized firs for the hoson state

analogons to !f. ‘ordered /
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{ulm]olnlalslelelo)
= 3 Ju LT

Above: the normalized tirst-order correlation netion i,gl:“':i'- uy .'ilz for the ordered state

!i‘_ ‘r-.ll'll.[_"n"l:l.::l -” 14 | ].m | |.|'- [' |] Illﬁ'. L |.|.'. l' '] LS | :"-l I | o !L 11'&1[[ I.l.]u]. :' A |I|. ':"-l wi 'l i"--'. ']_1'.-

e Even for weak states the order matters

o Factorization of G'(x. y) oceurs i a very small domain only
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i g

Above: the normalized first-order correlation function [gtt (2, y)|? for the boson state

AllE |. s Lo | M ordered
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{ulm]ofnlelnle]eln)
= 3 Ju LV

Above: the normalized hrst-order correlation hmetion I.':TI'LJ':J'- Y .'ilz I

1 the ordered state

!i'_ ‘I'-.I'l'll.[."n"l:l.::l AN | Teilld l' i |||". B l' e | ?"'-l 1 | { !L 11-t11|.[ I.l]].ﬂ II' i 'i"-l wi | i"--'. ']_1'.-

e Even for weak states the order matters

o Factorization of G'Y(x. y) oceurs in a very small domain only
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by

: . ; . ; fo Ay 1%
Above: the normalized first-order correlation function [g!t (2, y)|? for the hoson state

alls | 1wils Lo | (4 'i|1'||l.‘IT*|'l;'
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Problems with fermionic coherent states

e Coherent states we have dehined lack the desired properties
e There exist no elgenstates of annihilation operator
|(!}:fi|]|”:}+ri[|l} = H|ri:} =r31|“:}€=’:r'|ra}

“Weak states” | |ru |

< 1) are approximate elgenstates

e No state except vaciun transforms into product state on a beam splitter:

|.“|_.|[]:‘;-] + 1 [| l}| ) & ||:‘:.‘-;_) r!.;||[}:_‘.i-||H}-_v + fovg | lx||”,_J = I'(!-|||\F:} | | li_J

satishied by weak states approximately
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(General fermionic state and sectors

e ['roblems with fermionic coherent state: most ;-;c‘M#‘l‘Hl ,'Qi‘lh*l‘s]l pure state 18

i l i
I'-I — . | - ¥ i _i_ : ,I‘I
|H; = | o+ E v —|—1_} E “:.;”,:""J-"‘ |H_.-*
i=1 =l
E E 0 u . -rxi— |H"2-.
F]_;"'J 1 '?'I.' K,

|| Ii'l

@ Hllln‘-'i‘lmrwifiuli of number “sectors” | h'll]ml aces of the Hilbert mpace with exar I‘l_‘x'
1 ]};11'1'1{ les )

® ¢ ]Lil"‘a'llll::, cl P neral state is a I_J'L'u]rli"'lu. first 1 « l‘{'-s'|1'111,':. il .‘w]l]]t"l']li.‘éhh'i' i1 {_‘al"]lr|1'1_'i¢’1{-'-

nimber, and also in achieving a superposition in a particular number sector
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Coherent states defined in terms of Grassmann variables

e The problems can be avoided by using Grassmann variables

e (irassmann variables mutually anticommute. also anticonunute with fermioni
creation and annihilation operators, e.g

e )

o .
L e i | B S L = {
&= —né, =0 Fa— —ag

e The vector space of states 1s lsll','_",{"l' than the Hilbert space of 1}1L_\'hi{ al states

e Define a sinele-inode coherent state as
[l (27 AN Y (2t RN 0N z J'( Fy '* 1)
|¢;_,;- =expla'c — ¢ H__'|“I_.- = expla' + aé 3|H; == == pop i ¢ |“£‘ — -H|l_|:-

e This state — elgenstate of @ with elgenvalue &:

k._lu
(1 l _ ek e -:'”'i' |“'x. = {'””'i'|“'~._ == ||5|'x.
Yy 9 S T Fri A
{ - i _ L”'I' |“'ﬁ. . N =4 .3 = {"—J”'i' |“'x - ~:'|“'~.f
5 Ay S 5 Mo S s % 5 o SYY

e Hence also nice transformation on a beamn .a.l}]ii'i'['-i'
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e \Nulti-mode coherent state 1s .“11'1'5_11'}_-'\111'1.[ rward:

ENE — a'-};]liri"-i —£%a) expl F,l-"xl.' — 1 I }|i}}

= exp(b'n —n'bjexpla’ —&'a _||i}:;'-
= expla'é — a+blnp—n'b)|0)
e Order of the exXponents does not matter now as h"'f; anl IJ.'EFJ commte with HT:.
and £ a

@ 1\_1"1'3' convenlent 1}1'1}11{"1'1'\'. T'lu'- ;lll’rinﬂulm'l’[.l'rit il ih ]li{l# 1{‘11 111 Tll[‘ {:':l'rlhhlllélllll
‘-.'rll‘in ] 11{ tha)

e [actorization of all the correlation functions is satished:
S — ! "|-.‘ ‘TI:.J'l ) ow el T )W\ Yr) =+ -V j'| b
< r ':.-*"I - Jr‘ {528 I.ll[l ] = Jfl Y1)
B _-i"Lf—'Ll'['-Urh. with nniversal antibunc hill_f—"\: it sy then f o f.i:i.r‘}. :I

L '[:'Jll'é'l?'-?"»lllrlllll {-u_rlu"l'r."ui' states lLH‘a't" 1Li{ e lllilTlli"'lllclrii ell 'J.‘-l'[}ln'-l"ri['-&. ]HH' e'll:"-ti' =O1Te

1111‘-,'{;|]11'{"{1 I,]ll_‘fhi{'a‘]l 1}1‘[,}]}{-“1'Ti{ s le.p, EX]EC tation ‘{5111 les of 1"[!,'-1‘1“11"1;111 upera LOrs

- T
|78 i |
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Conclusion

e Coherence are approached operationally in terins of coherence funetions
e Coherent states vield clocks as phase references
e Coherence tunctions and coherent states are ]}1‘[_}] lematic tor fermions

e Cirassmann variables allow TN i coherence functions but are not obvion lr-.l_‘f re-

lated to 1?:-1&'.%1{ al svstens

e Homodyne detection 1s possible for fermions by splitting and recombining beams

ANTOC a]'l‘t,'-lrl H{}Ji HETVES a5 =6 '-M'—l'r i{ T '-1Ltie |1 {-l._ a{'li
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