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Our program

e Generalize notions like entanglement, “local
operations and classical communication”
(class of physical operations that do not
increase entanglement), measures of
entanglement, asymptotic measures of

entanglement, etc. to our setting.

e Use GI to understand issues in condensed
matter, e.g. quantum phase transitions,
applicability of mean-field-like theories based
on quasiparticles. Do the quasiparticles
interact sufficiently weakly? How much
“oeneralized entanglement” of the

quasiparticles exists in the ground state?

e Nther anecial ctriictiiree of anheorvahloe
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Outline

1

Generalize entanglement: generalized
entangled pure states are those that are mixed

with respect to a reduced set of observables.
A measure: quadratic purity of reduced state

Examples: Spin-S representations of su(2); N“R
fermionic U(N), SO(2N).

(GGeneral semisimple Lie algebras
Measures of generalized entanglement

Generalizing notions of local (unilocal,

separable, locc) maps

. Application in anisotropic XY model
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t]ttl gtllt II:II:J‘II?I‘IIL

e Setting: Quantum system with distinguished
subspace of the full space of “observables”
(Hermitian operators). Generalized
entanglement is relative to a choice of
reduced observable space. Example: To
recover standard bipartite entanglement,
“Local” observables: linear combinations of
XA®I, I®Y?, but not XAQYB.

e A state gives a set of expectation values of a
basis for the traceless observables. (E.g.
Bloch representation of spin-1/2 density
matrix in terms of expectation values of

Og J_U: 0z )

e Any state induces a set of expectation values

of the reduced set of observables: a “reduced™

72




e The set of states, and the set of reduced
states, form “nice” (closed, pointed) convex
positive cones. The normalized ones form a
convex set, so there is a notion of pure
(extremal) ones.

(Note: the reduced states in general form a
smaller cone than the full cone of positive

linear functionals on the reduced observable

el Beyond QM abshmdanes|

e Definition of generalized entangled pure
state: one that induces a mixed reduced

state.
e Ixtend to mixed states as in standard case.

e Motivation: reduced observable space may
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Important special case: reduced observable space
1s a Lie algebra g, of traceless Hermitian
operators. “Distinguished family of

Hamiltonians.”

e Lie group e?: Interpret skew-Hermitian part as
generating unitary dynamics via e® | other

exponentials (and limits of them!) as

Lie-algebraically definable Kraus operators.

I
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T'he purity

e One (inverse) measure of generalized
entanglement: “purity trp? of reduced state p.
Can be defined for reduced states in Lie algebra
setting, theorem below states that it’s maximal
for pure (extremal) states of the reduced algebra.
&lrdf‘)
e Sum of squared expectation values of operators
in a basis for our algebra or subspace. Invariant
under unitary change of basis in our operator
subspace.
e Lic-algebraic case: e.g., sum of squared
expectation values of a Hermitian orthonormal (in
the trace, i.e. Killing form, inner product trARB)
mogoos DASIs for the Lie algebra. Invariant under the "

1
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3-d |'t*pl't*r-l'lllilthm ol sulZ).

Basis| — 1),]0)| + 1) (labeled by o eigenvalues).

Reduced observable space 04,0y, 0z: Purity =
(fr;,._)."’.(ny)“’ +{0,)? . | = 1),]1) have pure reduced
states (are generalized unentangled). |0) has
maximally mixed reduced state.

e The unentangled pure states are precisely the
“spin-coherent states.”

e Exemplifies some concepts of semisimple
Lie-algebra representations:

Cartan subalgebra (CSA): Maximal
commuting subalgebra. Here, the one-dim algebra
generated by 0.

o ('SA’s are conjugate under the Lie group el
Here: the CSA’s ¢, are 1-d algebras, each

generated by a spin component 0. Conjugate
J
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Kxample: Spin-1

3-d representation of su(2).

Basis| — 1),(0)| + 1) (labeled by o, eigenvalues).
Reduced observable space 04,0y, 0,. Purity =
(02 40y)? + (02)? . | = 1),|1) have pure reduced
states (are generalized unentangled). |0) has
maximally mixed reduced state.

e The unentangled pure states are precisely the
“spin-coherent states.”

¢ [ixemplifies some concepts of semisimple
Lie-algebra representations:

Cartan subalgebra (CSA): Maximal
commuting subalgebra. Here, the one-dim algebra
generated by o,.

e CSA’s are conjugate under the Lie group e".
. Here: the CSA’s ¢, are 1-d algebras, each akt
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[lach space has a distinet pattern of real
eigenvalues for CSA basis elements (i.e. linear
functional on the CSA ¢), called a weight.

In our spin example, the weights are expectation
values of the chosen spins o4, the weight spaces
0),[1),]| — 1) (labelled by their spin
component in direction .

arc

e Weights form a (special kind of) convex
polytope. Extreme points (vertices) of the
polytope are highest weights of the
representation. States in (necessarily
one-dimensional) weight spaces with highest
weights (for some choice of CSA) are highest
weight states. In our example: |1),|—1).
(Polytope is the interval [—1,1].)

ENRY 1 o) P S L T mnﬂ;".ﬁlﬂ ﬁF "'l‘.lﬂ"‘l.ﬂﬂ'l'
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component in direction a.
e Weights form a (special kind of) convex
polytope. Extreme points (vertices) of the
polytope are highest weights of the
representation. States in (necessarily
one-dimensional) weight spaces with highest
weights (for some choice of CSA) are highest
weight states. In our example: [1),|— 1).
(Polytope is the interval (-1,1].)

® There is a continuous manifold of highest
weight states: the orbit of any one such state
under the Lie group (because there is a
continuum of CSA’s conjugate under that group,
and a state is a highest weight state if it is in a
highest weight space for some chojce of CSA).

e Lie algebra has (many) orthonormal
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Example: BCS
N sites/modes. Fermion creation operators CL ,

| 1

. y P!
Representation of w(lV). Citi ) A o

4

expu(N) = U(N), t ransformation to new modes
d} > ) 1 'ff.gk{fll. P

BCS Hamiltonian € 9 (2N) (includes operators
CrCl, r‘.l_{'j ); ground state always generalized
unentangled for 2N).

Symmetrization nfstnte with definite numbers of
Cooper pairs per mode (k, —k) available to pairs.

Mean field theory.
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Example: BCS
N sites/modes. Fermion creation operators ¢

J

Representation of u(N).
expu(N) = U(N), transformation to new modes

f]: > 2:}; 'H.;L.{’i_. S0
BCS Hamiltoman € M (2N) (includes operators

CkCl, flf}) oround state always generalized

unentangled for 2N).

Symmetrization nrst,nLu with definite numbers of
Clooper pairs p
Mean field theory.

40709"_ 8. .. (e ,"’. r.l

or mode (k, —k) available to pairs.
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Disorder

Measures of Entaneglement
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