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Introducing the problem
— A related problem: estimation of one-qubit gates

A first look to optimal scheme
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— Figures of merit: Holevo error & Fidelity
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The problem

A communicates a spatial frame to B by sending N spin %
Point of view 1 particles. B is allowed to perform generalized measurements.
*No classical communication allowed.

A = / } B i
F B
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The problem

Point of view 2 (Reverse engineering): estimation of unknown 1-qubit gates

We are allowed to make N calls to the unknown gate (but input state made out of as
many qubits as we need). We may use generalized measurements.
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The optimal scheme
(dense covariant coding)

Point of view 1: Preparation
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Additional resources: entanglement + N extra spins
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The optimal scheme
(dense covariant coding)

Point of view 1: The journey

R(g




The optimal scheme
(dense covariant coding)

Point of view 1: communication, measurement and alignment
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The optimal scheme
(dense covariant coding)

Point of view 1: communication, measurement and alignment
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Optimal scheme

Point of view 2:
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Optimal scheme

Journey
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Optlmal SCheme - Communication,

' measurement and |

alignment
Point of view 2: '
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Optlmal SCheme Communication,

' measurement and |

' alignment
Point of view 2:
- » ’? »
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N qubits ¢ O
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Acin, Jane & Vidal PRA 64, 050302 (2001)
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Point of view 1: Holevo error ;f?(_g.. g.)= Z
' a=1

Observer's
reference
frame

Figure of merit

-} |

7, (2) =71, (2]

X = outcomes of measurement {OI}

ﬁ3 (g) \
\

R(g) n,(g)
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Figure of merit
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Point of view 1: Holevo error ?f?(_g. gx) = Z F_T'"a (_g) 7 ﬁﬂ (.f:?x )
a—1

X = outcomes of measurement {OI}

n,(0) i
: n,(g)
t'.

1 II\II‘
Observer's )
reference
frame R(g) .

n,(g)
n,(0)
n,(0) n(g)
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Figure of merit

4
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Point of view 1: Holevo error :f?(_g. g.)= Z ‘ﬁ'a (g)—n,(g.)
a—1

= 7(,.)
=
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Figure of merit

1

Point of view 1: Holevo error f:r'( g.g.) Z —-n,(g. )
a=1
Averaged Holevo error
(hy=Y|dgh(g.g,) p(x| )|
X Outcomes of measurement; g, Guessbasedon X
dg SU(2)Haarmeasure d(gg')=d(g'g)=dg
p(x|g)=t|0.p(9)]: ple)=U(g)|®) DU (g)
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Figure of merit

4

ﬁa (‘é?) 2 ﬁa (gx )

3
Point of view 1: Holevo error ;f?(_g'. g.)= Z
: a1

Aim: minimize <h> over all POVMs
Averaged Holevo error and all |®>

(h)= > | den(g.g,) p(x| R)J

X Outcomes of measurement; g, Guessbasedon X
dg SU(2)Haarmeasure d(gg')=d(g'g)=dg

pixl @) =tlO.p()]:  pe)=U(g)PHDL(g)
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Figure of merit

Point of view 2: Fidelity | F(g.g,)= |tr [”+ - B (g)]: 4

—u(g) —

X Outcomes of measurement; g, Guessbasedon X

It is a measure of how well 7/( g) | (ﬁ> comparesto (g, )| gb>

in average (over all possible states ‘ (/5> )
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Figure of merit

Point of view 2: Fidelity F(g.g,)= |‘1'[”+(Ex)u(_g)]3 /4

Averaged fidelity

(F)= Zfdg F(g.8,)p(x| 8)|

X Outcomes of measurement; g, Guessbasedon X
dg SU(2)Haarmeasure d(gg')=d(g'g)=dg
pix|g)=tlo.p(e)]:  p(e)=U(g)PNDL*(g)
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Figure of merit

Point of view 2: Fidelity @ |[(g.g_ )= |¢1‘[H+(ﬁgx)u(_g)]z "

Aim: maximize <F> over all POVMs

Averaged fidelity and all |®>

(F)=Y [dgF(g.g,) p(x E:’)J

X Outcomes of measurement; g, Guessbasedon X
dg  SU(2) Haar measure d(gg')y=d(g'g)=dg
pix| @) =top(@)]:  ple)=U(g)|O)DU"(g)
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Figure of merit

 Point of view 1  Point of view 2
h('-: ‘-u;)_ _j/l(*-:x & F(_gqu)=l+/li“:rx =
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Figure of merit

 Point of view 1  Point of view 2
i =
h(g.2,)=6-2%1(g;'g) P A’li‘é’x g)

8> h(g,g.)> 0

—1= pn(g)=3 0<F(g.g,)=1
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Figure of merit

« Point of view 1 « Point of view 2
h(g.g,)=6-2%(g;'g) F(g.g)="F Zlig; 2
8> hn(g.g.)=20 —1= n(g)=3 "0<F(g.g.)=1
(m)=2]dg m(g' (x| 8)
X  Outcomes of measurement; g. Guessbhasedon X
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Figure of merit

 Point of view 1 « Point of view 2
; -1
h(g.2.)=6-27(2"g F(g.g)= A8 8
8=>h(g.g.)=20 1< Zia)=<] 02 F(g. g )=1

()= [ dg z(g g)p(x| &)/ Am maximize

X Outcomes of measurement; g, Guessbasedon X
dg SU(2)Haarmeasure d(gg')=d(g'g)=dg
p(x| ) =t[0.p()];  P=U@|®)OU (g)
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Preparation
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Preparation

Z‘ ]F’?? ‘ ;m> Referred to B reference frame
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Preparation

‘(I)> Z Z‘ ]m> ‘]m> Referred to B reference frame
i \/7m=—uf

Maximally entangled state in each irreducible representation of SU(2)

A :. e B
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Journey
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‘Journey”
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Measurement
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Measurement
O, =cu(g)®I [¥YY] [u"z""\'— (g. :)]+ & I

¥)=3 4, S| jm) |jm)

m=—j

O
o
o
2]
=
<
®
3
@®
oY)
n
=
=
®
=]
®
S
.

|‘IQ} efficient alignment of reference frames with and without entanglement 21




Measurement
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Measurement

A particular instance of

()_1‘ = ¢ !-ZZ:-_.-‘C | gx) R ] "LP><1P‘ [”-ZZI-N (gT )]+ ® 7
Is the continuous POVM

O =u"()®1 [YX¥| W™ (g)| @1

¥)=3Jd, Z {im) [
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Some technical details

N qubit states belong to ( % )N

M
: 2
PN .
Clebsch-Gordan series for SU(2) (%) —> (—B n.)
=
where
: 27+1 N
B :
S SRS S
m3d &< /A whereas n,=1 i j= /4
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Some technical details

N qubit states belong to ( Y, )N

M4
Clebsch-Gordan series for SU(2) (%) —2 (—B n,)
J=0.14

@ Acin, Jane & Vidal PRA 64, 050302 (2001)

4

D)= ZJ: c;fj‘fI>f>: Zj:ﬁ ZJ: i jmiary | jmia)

't m=—ja=l

But <UY(g)@1 ‘(Df> *ve hasdimension d  (ratherthan n.d. )
We can change bases so than < UV(g)® [‘f113'> >y, isinjust 1 irreducible

representation j.
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Holevo error/Fidelity
<Zl>max

. .
<Z1>mm<:1+2‘305 = a; = =8 ——

N +3 N+3 N+3
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Holevo error/Fidelity
<Zl>max

& | .
27 2 . 27+ D
<Z1>max =1+2cos —— Exact!!! a; = SIN ——
N+3 N+3 N+3
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Holevo error/Fidelity
<Zl>max

) =1+ 2cos Exact!!! e
<,{1 >max N +3 e ), B N+3

Main ingredients of the proof:

*Schur's lemma

«Schwarz inequality

+(1,)<1+dMa M tridiagonal

«Characteristic polynomial is a combination of Chevishev's polynomials

+Continuous POVM saturates bound
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Holevo error/Fidelity
<Z1>ma};

P, 5 i
</71> = 1+ 2cos — Exact!!! a, = ————-sin (-"F_Jr -
g N +3 T JN+3~ N+3

For large N we have _ 4x
</1 >ma§< B 1\.*2 T
87r° —
<h>min e 1\.*2 i <F>ma§§ =1 F—'_
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Saving resources
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£ = E (-)
A x 7 - : 5 " 2 =
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Shared entanglement + N extra spins
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Saving resources
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Shared entanglement + N extra spins
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Saving resources

; L f? -
£ = "» Q
A B £ i B : " ? k —
.': "*..'L. I—I-I : 2
= PAX-\ ) =) L o " 2 > =
iy L5 LR = @ : : <
s N 1.-{; -.l;* E 3 1:5 : m
| / ! @ g = : g E l 3
® I o : (1]
— —~+ : . W
20 5 p e —
S S| =
m E 4 ,ﬁ_},_ o : > @
£ ™ "o ™ SO0 N ® e =
\ A \ A / : E @D
S \{_L/ ; > -
: —

Shared entanglement + N extra spins
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Saving resources

* \We can cut number of spins down to V
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Saving resources

* \We can cut number of spins down to V

» Save shared entanglement

 Attain the same fidelity/holevo error ...
assymptotically

* How !1??
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Saving resources

Recall
Clebsch-Gordan series for SU(2) 13_"'; —> (—B n, ]
7=0.}
where
wra W j< - whereas n.=1 & j= o

-SI)-T 3 Shlima)

j m=ja=1
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Saving resources

Recall
Clebsch-Gordan series for SU(2) .13_':':' —> (—B n, ]
7=0.}%
where
wrd . E < . whereas n.=1 i j= -
| F | A W i . B
T Z‘¢j> Z Z 2?5 ‘]m U> -7 J
j i m=—ja=1 N )
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Saving resources

Recall
Clebsch-Gordan series for SU(2) .12_{'} —> (—B n, ]
7=0.}%
where
. ® < e whereas n=F § j-= o
A = :*-f 5
-S|#)=3 3 Seilm a> S 28
i j m=—ja=1 . ff B

) ' '
belongsto d. representations j at most. : :

;
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Saving resources
preparation

D)= Z C“; > ‘;'m>A jm) B- §) = Z _ Z_.‘;'m:aw

{ ey

Rather than entangling two different parties, we entangle different degrees of freedom
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Saving resources
journey

D)= Z\/—Z‘m? jm) - |f)= Z;:\;T j_

e
)

Justlike j, o is a scalar under SU(2).

) U0 ) b )01 [
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Saving resources
journey

D)= Z\/—Z‘m jm) - |¢)= Zj:ji? j_

F =
)

Justlike j, o.is a scalar under SU(2).

)PSO ) wmp [¢)UDEN o)
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Saving resources
measurement

D)= Z\F Z‘”’” jm) - |f) = Z\F Z‘f”?‘f"'>

‘(I)f> —> [f} (g)D1 B‘ @’ > BE = ‘¢J'> SUD (g)@I® M}' >

S, Slom) ) - )= 3
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Saving resources
but.....

}?j.=1<dj. ¥ =

‘(D>=§: i _ Zj: jm) | jm) -— ‘¢>=§ s . Zj:‘ m.a,, )

|‘IQ} efficient alignment of reference frames with and without entanglement




R

Saving resources
but.....

n,=1<d, it =%

J'
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Saving resources
but.....

Hj.=1<dj. ¥ =
a, L |
U ) |jm) |jm) - |g)

7 A m— 1

ok

9)= > lime,) +ay, |5 %)
J?{Nﬂf dj' m=—j
Bagan, Baig & Muhoz-Tapia, PRL 87 257903 (2001)
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Saving resources
as to the measurement.. ...

=>4, i\]’m;amh\/di%\%%)

i< m=—j
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Saving resources
as to the measurement.. ...

)= a3 ima )+ [d, )

i< m=—j

This scheme is not optimal but saturates de optimal bound

asymptotically
o
/ = N2 \
8 x
(B) = = - (F) :I—FJF...

Bagan, Baig & Muhoz-Tapia, quant-ph/0405082
Chiribella et al., quant-ph/0405095
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Summary & conclusions

* Quantum systems can
— transmit spacial reference frames
— be used for reverse-engineering
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Summary & conclusions

Peres & Scudo. PRL 87. 167901 (2001). Bagan. Baig & Murioz-Tapia. PRL 87. 257903 (2001)

 Quantum systems can
— transmit spacial reference frames
— be used for reverse-engineering
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